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1 Finite Matroids

There are at least two reasons why one would want to generalize the notion of a
graph.

(1) Usual benefits of abstraction: Proofs become simpler and more robust.
(2) Duality: Two proofs for the price of one.
The following two theorems of finite graph theory are dual to each other.
A graph is bipartite iff it has no odd cycles.
A graph has an eulerian cycle iff all vertices have even degree.

Implementation 1.1. For a finite set E, a set Z is the set of independent sets
of a matroid on F iff

(I1) ez
(I12) For I C J € 7 we have I € T.

(I13) For I1,I, € Z, x € I \ Iz such that Ir + x ¢ Z, there is y € I, \ I with
L —z+yel.

A set not in Z is dependent.


http://www.math.uni-hamburg.de/spag/dm/IMT/IMT.html
N.Bowler1729@gmail.com
N.Bowler1729@gmail.com

Examples 1.2. (1) Given a family (p. : e € E) of vectors in some vector
space, let I be independent when (p. : e € I) is linearly independent.
(Representable matroids)

(2) If E is the edge set of a graph, take I to be independent if it is the edge set
of some forest in G. (Graphic matroids)

(3) For m <n €N, Uy, n, the uniform matroid, has ground set F = [n], and T
independent iff |I| < m.

Exercise 1.3. Which uniform matroids are also graphic?

Definition 1.4. A maximal independent set in a matroid M is called a base,
the set of bases is denoted B(M). A minimal dependent set is called a circuit,
and the set of circuits is denoted C(M).

Lemma 1.5. Any two bases in a finite matroid are the same size.

Proof. Suppose not for a contradiction, and consider as a counter-example
By, By € B(M) such that |By| > |Ba| and |B; N B2| maximal. Pick z € By \ Ba.
Since By € B(M) we have By + x ¢ Z. By (I3) there is y € By \ By such that
By —xz+y €Z. Now let Bs be a base extending B; — x +y. We then have
| B3| > |B1| > |Bz| but |Bs N Bz| > |By N Ba| + 1, a contradiction. O

Theorem 1.6. A set B C PE is the set of bases of some finite matroid M iff B
satisfies

(B1) B is nonempty.

(B2) For B1,By € B and = € B; \ By there has to be y € By \ B; with
Bl—l‘+y68.

In these circumstances a set is independent in M iff it is a subset of some base
in B.

Proof. Suppose B is the set of bases in some matroid. (B1) is clear since {)
extends to some base in the matroid. For (B2) suppose we have By, By € B,
x € By \ Bs. Since Bj is a base we know that By + x is not independent in M.
By (I3) there is y € Bz \ By such that By —x +y € Z(M). Let B3 be a base
extending By — z + y. By lemma [L.5] it follows that By — z +y = Bs € B.

For the converse let B satisfy (B1) and (B2), and let Z be the set of subsets
of elements of B. It is clear that 7 satisfies (I1) and (I2). For (I3) let I, > € Z,
x € I \ I, such that Iy +x ¢ Z. Let By 2 I;, By 2 I be bases extending I, I
such that |B; N Bs| is as large as possible. Then & € By \ Bo and Bo +x ¢ 7.
So there is some y € By \ By with By —x +y € B. If y € I, we are done.
So suppose y ¢ I for a contradiction. Using (B2) again we get z € By \ Bs
with Bo — y + 2z € B with Iy C By — y + 2. This contradicts the maximality of
|B1 N Bs|. O

The circuit axioms for a set C of subsets of a finite set E are



(C1) p¢cC.
(C2) For C; C Cy € C we must have Cy = C.

(C3) For C1,Cy € C, 2z € C1\ Cq, x € C; NCy there is C € C with z € C C
(ClUCQ)—.Z'.

Lemma 1.7. If C satisfies (C3), then is also satisfies

(C3)s Given z € C € C and X C C — z and for each z € X a C, € C with
Co N (X + 2) = {z}, there is " € C with z € C' C (CUJ,cx Cz) \ X.

Proof. Suppose not and take a counter-examples (C, z, X, (Cy, : x € X)) with X
of minimal size. Then X # (), so pick zy € X and apply (C3) to C, z, zg and Cy,
to get C" with z € C' C (CUCCy,) — xg. Let X' := X NC’". Applying (C3)s to
(C',2,X',(Cy : x € X)) we get the following contradiction

zeC”"c(C'u | e\ X

zeX’

c(ulJ o\ x.

zeX
U

Theorem 1.8. A set C C PFE is the set of circuits of a matroid M iff it satisfies
the circuit axioms. In such a case a set is independent iff it includes no element

of C.

Proof. First suppose C is the set of circuits of a matroid M. (C1) and (C2) are
clear. For (C3) suppose we have C1,Cy € C, z € C1\Cq, z € C1NCy. Let I be a
maximal independent subset of C; UC5 —x — z. Suppose for a contradiction that
I+z € Z. Then by (I3) applied to I +z,C; — z and z thereis y € C; —z\ (I +2)
with I +y =1+ 2z — 2+ z € Z. By maximality of I we have y = x and thus
I+ 2 €Z. By (I3) applied to I + z,Cs — x and z thereis ¢y € Cy — 2z \ (I + )
with I + ¢’ € Z. This contradicts the maximality of I. So I 4+ z ¢ Z and thus it
contains some minimal dependent set C. We have z € C C C; UCy — x.
Conversely, if C satisfied the circuit axioms let Z be the set of sets not including
an element of C. (I1) and (I2) are clear. For (I3) suppose we have Iy, Iy € T,
z € L\ withIh+2z ¢ Z. Let C € Cwithz € C. Let X := C\I;. If there is some
x € X with I1 — 2+« € T we are done. Let us suppose not for a contradiction.
Then for each z € X pick C, € C with x € C, C I; — z 4+ x. By lemma we
can apply (C3)s to get a ¢’ € C with z € C" C (CUJ,cx Ce) \ X C 11, a
contradiction. O

Definition 1.9. For X C E the restriction of M to X has as independent sets
those independent sets of M which are subsets of X. A base of X in M is a
base of the restriction of M to X for which we write M|X := M\(E \ X). The
rank of X is the size of bases of X.



Exercise 1.10. If a set C satisfies (C3) then minimal nonempty subsets of C
give the circuits of a matroid.

Exercise 1.11. A function r: PE — Z>¢ is the rank function of a matroid M
on F iff:

(R1) VX C E:r(X) < |X|
R2)) VX CEVz ¢ X:r(X)<r(X+z)<r(X)+1
(R3) For X, Y C E we have r(X UY) +7r(X NY) <r(X)+r().

Definition 1.12. If I is independent but I + x is not, a fundamental circuit CL
is a circuit with x € CL C I + z.

Lemma 1.13. In the above context, there is at most one fundamental circuit.

Proof. Suppose for a contradiction that there are two such circuits C' and C’
with C # (', so there is z € C'\ C’. Since x € C N C’ there is by (C3) some
C" e C(M) with ze C" CCUC" —z C I, a contradiction. O

Theorem and Definition 1.14. If B is the set of bases of a finite matroid M,
then the set B* of complements in E of elements of B is the set of bases of a
matroid M™*, the dual of M.

Proof. We check the base axioms. (B1) is clear by the fact that B satisfies (B1).
For (B2) suppose we have By, By € B* and « € By \ Be. Let B} := E \ By and
Bl := E\By. Sox € By\B,. Now C* ¢ B} since B} is independent, so we can
choose y € ch \ B}. Then B’ := B} +x —y is independent by lemma m, so it
is a base because it is the same size as B]. So letting B:= E\ B'=B; —z +y,
we have B € B*. O

Definition 1.15. The span Sp,;(X) of a set X in a matroid M consists of
X together with those x € E \ X such that there is some independent set
I with I C X and I + z dependent. (Equivalently there is a circuit C' with
xeC CX+x.) Wesay aset X is spanning iff Sp,,(X) = E.

Examples 1.16. (1) A set of edges in a connected graph is spanning in the
associated matroid iff it is connected and it meets every vertex of the graph.

(2) If (pe : e € E) is a family of vectors in a vector-space, X C E is spanning iff
(pe:e€ X)=(p.:e€ E).

Lemma 1.17. If X C F and [ is a maximal independent subset of X in M
then Sp,;(I) = Spy;(X).

Proof. Evidently Sp,,(I) € Spy,;(X). Suppose for a contradiction that there
is x € Spy(X) \ Spp;(I). Then there is an independent set J C X with
J + x dependent, but I + x independent. Applying (I3) to I + x and J we get
y € J\ (I +z) with I + y independent, contradicting the maximality of I. O



Lemma 1.18. For A C B C E we have Sp,;(A) C Sp,,(B), and for A C E,
Spar(A) = Spas(Spas(A4)).

Proof. The first part is clear. For the second part, let I be a maximal independent
subset of A. Then I is also a maximal independent subset of Sp;,;(A) =
Spy(I), by lemma [1.17] So Spy(A) = Spy(I) = Spar(Spas(A)) again by
lemma [L17 O

Lemma 1.19. A set I C F is independent in M* iff F'\ I is spanning in M.

Proof. Equivalently, we just need to show that a set is spanning iff it includes a
base. This is immediate from lemma [[.I7 O

Note. It is also possible to axiomatise matroids in terms of closure axioms, that
is in terms of the endofunctor Sp: £ — F.

Definition 1.20. A cocircuit of a matroid M is a circuit of M*.

Examples 1.21. (1) A cocircuit in the matroid associated to a graph is a bond,
a minimal nonempty cut.

(2) A cocircuit in the matroid associated to a family of vectors (¢, : e € E) is
the complement of a hyperplane in (¢, : e € E).

Lemma 1.22. No circuit C and cocircuit D of the same matroid M can intersect
in just one element.

Proof. Suppose for a contradiction that C N D = {e}. Let I O C — e be
a maximal independent subset of £\ D. Then Spy,(I) 2 (E — D) + e, and
Spay(E—D)+¢) = Spys (B\ (D—e)) = E by lemmal[1.19} By[L18 Spy, (1) = F,
so I is a base of M. Thus D C E'\ I is independent in M*, contradicting that
D is a cocircuit. O

Lemma 1.23. For any circuit C' of M and any distinct elements e, f of C', there
is a cocircuit of M with CND = {e, f}.

Proof. Let I O C — f be a maximal independent subset of E. So f ¢ I and
C = C;. Let D be the fundamental circuit of e in E \ I with respect to M*.
Then C N D C {e, f}. By lemma it follows that {e, f} CCnND. O

Definition 1.24. If X is a subset of the set of the ground set E of a matroid
M,and Y = E'\ X, then the restriction of M to X, denoted M|x or M \ 'Y, is
a matroid on the set £\ Y = X with independent sets those independent sets
of M which are subset of X. The contraction of M onto X, denoted M.X or
M/Y, is given by (M*|x)*.

Examples 1.25. (1) If e is an edge in a graph G, the matroid we get by
contracting e in the matroid corresponding to G is the matroid corresponding

to G/e.



Lemma 1.26. Let B be a base of a matroid M with ground set £ = PUQ.
Then PN B is a base of M\Q iff BN Q is a base of M/P.

Proof. By duality, it suffices to prove that if B N Q is a base of M/P then
BN P is a base of M\@Q. Suppose for a contradiction that B N @ is a base
but BN P is not. Then B N P is independent, so it cannot be maximal in P.
There is € P\ B such that (P N B) 4 z is independent. Let B’ be a maximal
independent subset of B + z including (BN P)+x. Then B+x C Sp(B’), so B’
is spanning, so B’ is a base, so B’ is of the form B + x — y for some y € BN Q.
Now let B” :== E\ B’ € B(M*),so B"NQ € Z(M*), so Q\ B’ € Z(M*). But
Q\BZQ\B', 50 Q\B ¢ B(M*\P), s0 BNQ ¢ B(M"\P)") = B(M/P). [
Lemma 1.27. Let M be a matroid on ground set E = PUQ, Bp a base of
M\Q and Bg a base of M/P. Then Bp U Bg € B(M).

Proof. By duality it is enough to prove that Bp U B is spanning. But P C
Spa(Bp), so PU Bg C Spy,(Bp UBg), and P U Bg is spanning, so Bp U Bg
is spanning by lemma O

Corollary 1.28. Let M be a matroid in £ = PUQ. For By C @, the following
are equivalent:

(1) Bq is a base of M/P

(2) 3Bp € B(M\Q) such that Bp U Bg € B(M)

(3) VBp € B(M\Q) : Bp U Bg € B(M)

Corollary 1.29. In the above context, I C @, the following are equivalent:
(1) ITeZ(M/P)

(2) 3Bp € B(M\Q) such that Bp UT € Z(M)

(3) VBp € B(M\Q) : BpUI € Z(M).

Corollary 1.30. (M\C7)\Ca = M\(C1 U Cs), M/C1)/Cy = M/(C1 U Cy), if
C and D are disjoint, then (M/C)\D = (M\D)/C.

Proof. The first two statements are clear. For the third, the independent sets on
both sides are those I for which there is a base B of M\C with BUI € Z(M). O

Lemma 1.31. Let C C E, M a matroid on E, C € C(M/X). Then there is a
circuit C' of M with C C C' C CU X.

Proof. Let p € C. Then C —p € Z(M/X), so by corollary there is a base
B of X with BU (C — p) € Z(M). Let ¢ := CZ*°™ Then ¢' C CUX.
It suffices to show C' C C’: for any f € C, (C — f)U B is independent in the
original matroid by corollary so f € C' and thus C C C". O

Lemma 1.32. Let M be a matroid on £ = PUQU{e}. Then precisely one of
the following happens:



(1) 3IC eC(M) withee CC P+e
(2) 3D € C(M*) withee D C Q +e

Proof. We can’t have both, as if we did we would have C N D = {e}. Let
M’ := (M/P)\Q. The ground set of M’ is {e}. Either {e} is a circuit or else it
is a circuit in M’. If it is a circuit, then we get the first condition by applying
lemma [T-31] If it is a cocircuit, we get the second condition by applying the dual
of lemma [[.31] O

Lemma 1.33. Let C be a circuit of M, and X C E. Then C'\ X is a union of
circuits of M/X.

Proof. Tt is enough to show that for any e € C'\ X, there is some circuit C’ of
M/X with e € ¢’ C C'\ X. But by lemma [1.32 there is such a C’ unless there is
a cocircuit D of M/X withee D C (E\ X)\ (C\ X)+e. There can’t be such
a cocircuit, because it would be a cocircuit of M and C' N D = {e}. So there is
such a C’. O

Definition 1.34. A scrawl is a union of circuits in a matroid.

Lemma 1.35. A subset S of E is a scrawl iff it never meets a cocircuit of M in
just one place.

Proof. We apply lemma |1.32] as in the proof of lemma [1.33 O
Corollary 1.36. The scrawls of M/P\Q are the sets of the form S\ P, for S a
scrawl of M not meeting Q.

1.1 Matroid Union and Intersection

In this section things may not be true in the infinite case.

Definition 1.37. Let B be a base of M and e € B. Then the fundamental
cocircuit DB of e with respect to B is the fundamental circuit in M* of e with
respect to £\ B.

Lemma 1.38. Let B be a base of M, e ¢ B, f € B. Then the following are
equivalent. If any of the following condition is true we write eB f.

(1) B—f+e e B(M)
(2) feck
(3) eED}B

Proof. 1f B— f +e € B(M) is independent it cannot include CZ, so f € CB. But
for f € OB, B — f + e is independent because of the uniqueness of fundamental

circuits. The equivalence of the third condition is dual. O



Lemma 1.39. Let B be a base of M, and (z; ¢ B :i € [n]) and (y; € B : i € [n])
be such that x; By; for each ¢ but x;By; = i > j. Then

is a base of M.

Proof. By duality, it suffices to show B’ is spanning. Let F' := Sp,,(B’). We will
proof by induction: for each i € [n], y; € F. This is true since by the induction
hypothesis CZ —y; C F. So y; € Spy(CE — ;) C Sppy(F) =F. So BC F

:Ei_

and thus E C Sp,;(B) C Sp;(F) = F. So B’ is spanning. O

At some point we will need the following equivalence.

rav(X) = rv(E\ X) + | X| = ru(E)
= ryu(E\X) + X[ = ry(X) =rm(E)

Definition 1.40. Let M; and M> be matroids on the same ground set E. Let
B; € B(M;), i = 1,2. An exchange chain for By and By is a sequence of
(z; + k < i <) such that for all ¢ odd with k < i <, z;B12;41 and for i even
with k£ <i <, ZZ‘BQZiJrl.

Lemma 1.41. In the above context, if there is an exchange chain from x to y
with € F\(B1UBsg) but y € B;NBy. Then there are B} € B(M), B, € B(M,)
with

BiUB, =B UBy+u

Proof. Let (z; : k < i <) be such an exchange chain of minimal length. For
each odd i with k¥ < i < [, we have z;B;z;41, but for any other odd j with
k < j <1, we have

2iBizjy1 = 12> ]
by minimality of the length. So
By =By U{z :iodd,k <i<I}\{zy1:io0dd, k<i<I}eB(M)
by lemma [1.39 and similarly
Bl :=ByU{z i even k <i<I}\{z1:ieven k <i<Il}eB(M)
and Bf UB) = By UBs + x. O

Theorem 1.42. Let M; and M5 be matroids of the same ground set £. Then
the size of any largest set of the form I1 U Iy with I; € Z(M;), i = 1,2, is

gtig(TMl(P)Jr?"Pg(P)HQD



Proof. First let I € Z(M;) and I, € Z(Ms), E = PUQ. Then

L UL < |[(LhUl)NP)|+ (11 Ul2) NQ)
<|ILNPlU|LNP|+]|Q|
<7 (P) + 7, (P) +1Q]-

It remains to show that if I; U I is largest possible, then there is £ = PUQ for
which the above inequalities are equalities. Without loss of generality I; and I
are bases of the respective matroids.

We will take @ to be the set of 2’s for which there is an exchange chain for
I and I from z to some y € I1 N I and we take P := E'\ Q. Then

1) I; NI, N P = ) by definition

2) I; N P spans P in M since for any x € I; \ P we have C’fl CcP

3) I; N P spans P in M similarly

(1)
(2)
3)
(4) I UL, D Q by lemma lemma [1.41]
So

|[LUL|=|(LUL)NP|+|(LLHUulL)NQ)|
=L NP+ |LNP|+]|Q
= TJ\/Il(P) +TM2(P) + |Q‘

O

Theorem and Definition 1.43. Let M; and M5 be matroids on the same
ground set E. The union My A Ms of My and Ms is the matroid whose indepen-
dent sets are those of the form I U Iy with I; € Z(M;), i = 1,2.

Proof. Define the function r: PE — Z>( by

X) = LUL|= mi P P
r(X) = omax UL = min ran (P)+ 7 (P) +1Q)

by 1emma applied to M |x and Mas|x.

The function r satisfies (R1) and (R2) by considering the left-hand side and
r satisfies (R3) by considering the right-hand side of the above expression. So
r is the rank function of some matroid on E. A set I is independent in this
matroid iff r(I) = |I|, and this is equivalent to I = I; U I for some I; € Z(M,)
by the left-hand side. O

Theorem 1.44 (Edmond’s intersection theorem). Let M; and Ms be matroids
on the same ground set F. Then any largest set I independent in both matroids
has size ming_pog(ran (P) + 710, (Q)).



Proof. Let I, € T(M;), i = 1,2, as large as possible and with I; NI, = I also
as large as possible. Then I, I> are bases of the respective matroids. But then
I U(FE\ I,) is a base of My A M. So by lemma

[N Io| = [ U (BN )| = (JE| = [I])

= EE;ISQ(TMI (P) +raz (P) + Q| — (|E| =, (E))

=7, (P) +70:,(Q).
O

Theorem 1.45 (Menger’s theorem). Let A, B C V(G) for some graph G. Then
the size of the largest set of vertex-disjoint paths from A to B is the same as
the size of the smallest A — B-separator.

We will only sketch the proof since we will repeat the proof with more detail
for the infinite case.

Proof. Without loss of generality G is connected and so are G[A] and G[B].
Let M be the matroid associated to G. Let M; := M/E(G[A])\E(G[B]) and
M, := M\E(G[A])/E(G[B]). If T is a maximal set independent in both matroids,
then

|T| = |V(G)| —|A| — |B| + |{A — B-paths in T}|.

Now suppose we have a partition E(G) = PUQ. Let X be the set of vertices
joined to A by edges in P. Let P’ := E(G[A]), @ := E(G) \ P’. Then

rkas, (P) + kar, (Q) = rkar, (P) + kg, (P \ P') + 1k, (Q \ P)
> rkar, (P) + rkag, (P\ P') + rkag, (@ \ P')
> I‘le (P/) + I‘k]\42 (Q/)
= |X| — |A| + |{ vertices adjacent to an edge of Q'}| — | B
= |V(G)| + |{ boundary of X}| — |A| — |B|

with the boundary of X being an A — B-separator. O

This document has only been proof-read until here. The rest of the
document probably contains several errors. You have been warned!

2 Basic examples and axioms

From now on matroids are considered to be infinite. Proofs from section 1 still
apply to infinite matroid theory.

(C3)oo Forallze CeC, X CC—2z (CpeC:xeX)st. CponN(X+2)={z},
there exists C" € C with z € C' C (CUJ,cx Cz) \ X.
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Definition 2.1. A scrawl-system on a set is a set C of subsets of E closed under
taking unions and satisfying (C3) ..

Lemma and Definition 2.2. If a set C of subset of F satisfies (C3)s, then (C),
the closure of C under taking unions, is a scrawl-system, called the scrawl-system
generated by C.

Proof. Suppose we have C, 2, X, (C; : z € X) as in the setup of (C3). Let
CeCwithze CCC let X:=XNC and for z € X let C; € C with
z € Cp C C,p. By (C3)s applied to C there is C' € C C (C) with z € ¢’ C

CUU,ex Ca\ X CCUU,ex Ca \ X. O

Remark 2.3. If C is a set of finite subset of E satisfying (C3), then is also
satisfies (C3)oo as in lemma lemmal[L.7} so (C) is a scrawl-system. Scrawl-systems
occurring in this way are called finitary.

zeX

Examples 2.4. (1) U, g is generated by the set of subsets of E of size n + 1.

(2) If G is a graph, Mpc(G) is generated by the edge-sets of the finite cycles in
G, and Mpp(G) is generated from the finite cuts in G.

Some potential unions for sets C, D of subsets of E.

(O1) There do not exist C' € C and D € D with |CND| = 1.

(02) For any partition E = PU{e}UQ, at least one of the following holds
e dCcC:ecCCP+e
e dDeD:eecDCQ+e

Definition 2.5. For any set C of subsets of E, C* := {D C E : VC € C :

|CNDJ|#1}.

Remark 2.6. C and C* satisfy (O1).

Theorem 2.7. Let C C PE. Then the following are equivalent:

(1) C satisfies (C3)oo

(2) C and C* satisfy (02)

(3) 3D CPE:C and D satisfy (O1) and (02)

Proof. 1t is clear that (2) = (3).

(1) = (2) Suppose C satisfies (C3)o, and E = PU{e}UQ such that there is no C € C
with e € C C P+ e. We must show 3D € C* with e € D C Q + e. We set
D:={feQ+e:ACeC:feCC P+ [} Bydefinitionee D CQ+e.
So we just have to show that D € C*. Suppose not for a contradiction.
Then there is C' € C with C N D = {z}, say.

Let X := (C'\ P) — z. Then since X C (Q +¢) \ D, for each z € X there
is Cy € C withz € C, CP+x,and C, N (X + 2) = {z}. So we can
apply (C3)e to get C" € C with z € C' C (CUU,cx Ca) \ X € P+ 2,
contradicting z € D.

11



(3) = (1) Suppose C and D satisfy (O1) and (02). Let C,2,X,(Cy : z € X) as
in the setup of (C3)s. Let P = (CUU,cx Co \ X) — 2, e := z and
Q := (E\ P) — e. Suppose for a contradiction that there is D € D with
z € D C Q+ 2. Since C and D satisfy (O1), there is some z # 2 € C N D,
sox € X, so DNC, = {z}, contradicting (O1). So by (02) there is C € C
with 2€ " CO+2=CUJ,cx Co \ X.

O

Example 2.8. Let C be the set of infinite and D the set of cofinite, a set whose
complement is finite, subsets of E. Then C and D satisfy (O1) and (02), so C
satisfies (C3)so. We will write Uso, g for (C).

Lemma 2.9 (Kénig). Let T be an infinite tree in which all vertices have finite
degree. Then T includes a ray. O

Definition 2.10. Let G be a graph. Then Ca¢(G) is the set of edges of finite
cycles and doublerays in G, and D¢ (G) is the set of cuts in G of which at least
one side is rayless, called a skew cut.

Remark 2.11. Cac(G) and D4c(G) satisty (O1).

Lemma 2.12. Let H be the Bean graph as given by figure 2l Then Cac(H)
does not satisfy (C3)s.

Proof. Take C' to be the doubleray of G, and X to be the right side of C'. For
each # € X take C, to be the K? containing 2 in H. By applying (C3)., we get
a graph which does not contain a cycle or a double ray through z.

O

Remark 2.13. C4c(G) does not satisfy (C3)s if G includes a subdivision of
the Bean graph.

Lemma 2.14. If C does not include a subdivision of the Bean graph, then
Cac(G) and Dac(G) satisfy (02).

Proof. Let E = PU{e}UQ. Let e = vw and let K be the subgraph of G with
edge set P. If v and w are in the same component of K, there is some path
joining v and w, which together with e gives a finite cycle whose edge set C
satisfies e € C' C P + e. Otherwise, if the components of K containing v and w
each include a ray, we get a double ray whose edge set C' satisfies e € C' C P +e.
Finally, if one of the components (say the one containing u), includes a ray, let
A be the vertex set of the component, and let D be the cut with one side given
by A. Then e € D C @ + e and it remains to show that D € Dy (G). Suppose
not for a contradiction. Let R be a ray in G[A], T be a spanning tree of the
component of K containing u, and let 77 be the subtree of T" whose edges lie
on paths from u to R through T'. T’ is infinite and rayless, so by lemma [2.9] it
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has some vertex w of infinite degree. Now we get a subdivision of H, c.f. the
following figure.
O

Definition 2.15. M4c(G) =< Cac(G) >

Theorem 2.16. Let C and D be sets of subsets of F. The following are
equivalent:

(a) C is a scrawl system and D = C*.

(b) C and D are closed under taking unions, and they satisfy (O1) and (02).
Proof.

(a) = (b) C and D are closed under unions by definiton and satisfy (O1) by definition
and (O2) by theorem 2.727.

(b) = (a) C is a scrawl system by theorem 2.7?7. D C C* by (O1). Now let D € C*
and let e € Dand P = E\ D, Q := D —e. Since D € C*, there cannot
be C' € C* with e € C C P + ¢, so by (02) there is some D’ € D with
e€D CQ+e=D. SoD is a union of elements of D, so D € D.

O

Definition 2.17. If C is a scrawl system on a set F, then the dual scrawl system
isC*. If X CE,Y C E\ X, then the restriction C|x (or C\Y) of C to X is
{C €C:C C X}. The contraction C.X (or C/Y) of C into X is (C*|x)*.

Lemma 2.18. C.X ={CNX:C e}

Proof. C*|x and {C N X|C € C} are both closed under unions and satisfy (O1)
and (02), so by theorem 2.16?7 {C N X|C € C} = (C*|x)* =C.X. O

Corollary 2.19. C/X/Y =C/(XUY),C\X\Y =C\ (XUY) and if X and Y
are disjoint then C/X\Y =C/X\Y.
Examples 2.20. (1) U, g|lx = Up x

Un,E/Y _ Uo,E\y ?f |Y| >n
Upn—iyi, ey Y] <n

(2) Uso,Blx = Uso,x

U07E\y if Y is infinite
Uso,p\y it Y is finite

Uoo,E/Y = {

Definition 2.22. Let GG be a graph and X a set of G. We say two vertices of
G are X -equivalent if they are in the same connected component of X. The
contraction G/X has as vertices equivalence classes of vertices of G under X-
equivalence, the edge set E(G) \ X and e joins the equivalence classes of its
G-endpoints.

13



Lemma 2.23.

rc(GN\X = Mpc(G\ X),
rc(G)/X = Mpc(G/X),
re(G)\X = Mrp(G/X),
Mpp(G)/X = Mpp(G\ X),
Mac(G\X = Mac(G\ X).

SEE

Proof. All of these are clear except the second. For the second, any finite cycle
in G/X extends using edges in X to a finite cycle of G. Conversely, let C' be
a finite cycle in G and let ¢ € C'\ X. Then C never meets a cut of G/X just
once, so let D be the set of cuts in G/ X, we have C € D*. But Crc(G/X) and
() satisfy (O1) and (02), so D* = {Crc(G)) = Mpc(G). O

Remark 2.24. Any minor of a finitary scrawl system is finitary.

Definition 2.25. If C is a scrawl-system, then a set I is C-independent iff it
does not include any nonempty elements of C.

Lemma 2.26. The C-independent sets satisfy (I1), (I2) and (I3).

Proof. (I1) and (I2) are clear. For (I3), let I; and I be C-independent and
x € I1 \ Iy with Iy + 2 C-dependent. Let C € C with x € C C Iy + x. There
is no ¢’ € C with x € ¢! C I, so we can apply (O2) to get D € C* with
x €D C(E\I)+x Since CND # {z}, thereis z # y € CND. We will
show I} — x + y is C-independent. Suppose not, then there is a C’ € C with
yeC' CI; —x+y. But then C'ND = {y}. O

Lemma 2.27. Let I be a subset of F, C a scrawl-system on E. Then the
following are equivalent:

(1) I is a maximal C-independent set.

(2) E'\ I is a maximal C*-independent set.

(3) Tis C-independent and F \ I is C*-independent.
Proof.

(1) = (3) Let I be a maximal C-independent set. Suppose for a contradiction that
there is ) # D € C* with D € E\I. Let e € D. Since I + ¢ is C-dependent,
there is C € C with e € C C I + e. But then C N D = e, a contradiction.

(3) = (1) Let I be C-independent and E \ I be C*-independent. Suppose for a
contradiction that I is not maximal. Then there is e € E'\ I with [ + x
C-independent. So there is D € C*withe e D C E'\ I.

The equivalence of (1) and (2) is dual to the equivalence of (1) and (3). O

Definition 2.28. In these circumstances I is a base of C and C is based.

14



Remark 2.29. Uy g is not based if E is infinite.

Implementation 2.30. A matroid is a scrawl-system all of whose minors are
based.

Remark 2.31. Since C is based iff C* is, the collection of matroids is closed
under duality and under taking minors.

Exercise 2.32. Let G be a graph not including a subdivision of the Bean graph
C € Cac(G), D a cut of G with at least 1 side connected, then C' N D is finite.

Lemma 2.33. Let G be as in the exercise above, C' € Ca¢(G), X a connected
rayless subgraph of G. Then the number of pairs (e, z) with e € C'\ E(X) and
X an endpoint of e in X is finite and even.

Proof. Without loss of generality, all edges of G are in either E(X) or C, and by
subdividing edges in C'\ E(X) we can also assume that no edges in C'\ E(X) have
both endvertices in X. Now let D be the cut induced by (V(X),V(G) \ V(X)).
By Exercise 2.3277, D is finite. The pairs in the statement can be identified with
elements of D. D has even size because each connected component of C N X
meets precisely two or none of the edges in D. O

Definition 2.34. Let G be a graph. K a set of vertices of G. Then the algebraic
cycles of (G, K) are edge set of:

e finite cycles in G

e finite paths in G with both endpoints in K
e rays in G starting in K

e double rays in G

Lemma 2.35. Let (G, K) be as above, and let C C E(G) be nonempty and
such that any vertex at which C' has degree 1 is in K. Then C includes an
algebraic cycle of (G, K).

Proof. Suppose not. Then let xy = e € C. Since C includes no finite cycles, z
and y are in disjoint components of G \ C. Both of these components are bases,
and one of them, the on containing = say, is rayless and contains no vertex of
K. but then all vertices of the component have degree > 2 in C. So we can
recursively build a ray from z through this component. O

Lemma 2.36. Let (G, K) be as above, and let C' C E(G) such that the degree
in C of any vertex not in K is both finite and even. Then C' is the disjoint union
of algebraic cycles of (G, K).

Proof. Let F be the set of sets of disjoint algebraic cycles of (G, K) in C ordered
by inclusion. F' is nonempty and for any chain in F, the union of that chain
is still in F. So by Zorn’s Lemma F has a maximal element F'. Since for any
algebraic cycle C’ of (G, K) and any vertex v ¢ K, the degree in C’ of v is zero
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or two, C'\ |J F satisfies the premise of Lemma 2.35?7?. So, if it were nonempty,
it would include an algebraic cycle of (G, K), contradicting the maximality of F'.
So it is empty, so C' = UF', which is a union of disjoint algebraic cycles of (G, K)
as required. O

Lemma 2.37. Let G be a graph not including a subdivision of the Bean graph.
Let X be a set of edges of G and let K be the set of vertices of G/X that include
aray of X. Then M4c(G) is generated by the algebraic cycles of (G/X, K).

Proof. Any algebraic cycles of (G, K) can be extended to some C € Cac(G)
using only extra edges from X. Conversely for any C' € Coc(G), C'\ X has finite
even degree at every vertex of G/X not in K, by Lemma 2.33?7. So C'\ X is a
disjoint union of algebraic cycles of (G/X, K) by Lemma 2.3677. O

Theorem 2.38. Any finitary scrawl-system is a matroid.

Proof. Since the class of finitary scrawl-systems is closed under taking minors,
it is enough to prove that any finitary scrawl-system (C) is based. Since any
union of a chain of C-independent sets is C-independent, by Zorn’s Lemma there
is a maximal C-independent set. O

Theorem 2.39. Let G be a graph not including a subdivision of the Bean graph.
Then Mac(G) is a matroid.

Proof. By Lemma 2.2377 and 2.3777 it suffices to show there is a maximal
element of the set Z of subsets of F(G’) not including an algebraic cycle of
(G',K) for any graph G’ ad set K of vertices of G'. Let R be a maximal
collection of disjoint rays in G \ K which exists by Zorn’s Lemma. Let I be the
union of the edge-sets of the rays in R. Let Z' be the set of sets in Z including I.
Let (I;|l € L) be a chain in 7', and suppose for a contradiction that Ujerf; ¢ Z'.
Let C be an algebraic cycle included in UjcrI;. By maximality of R, C' includes
a finite set P which is neither the edge set of a finite cycle or the edge-set of a
path in G with both endpoints in K UV (E). Each edge of P is in some I;, so
since (I; : 1 € L) is a chain and P is finite there is some [ with P C I;. But then
I; includes an algebraic cycle of (G, K). So any such chain has an upper bound,
so by Zorn’s Lemma 7’ has a maximal element, which is also a maximal element

of 7. ]

Lemma 2.40. Let Z be the set of M-independent subsets of E for some matroid
M. Then 7T satisfies:

(IM) For any I C X C E with I € Z, there is a maximal element of
{JeI:ICJCX}.

Proof. Take a base B of (M/I)|x. We will show that taking J = I U B works.
Suppose for a contradiction that there is a nonempty scrawl C of M with C' C J.
C ¢ 1I,since I € Z,so C'\ I is a nonempty scrawl of (M/I)|x with C\ I C B.
So J € Z. Suppose for a contradiction that there is x € X \ J with J +z € P.
Then B + x is not independent in (M/I)|x, so there is a nonempty scrawl C’ of
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the matroid with C' C B 4+ x. Let C be a scrawl of M with C' = C'\ I. Then
C C J + z. So there is no such x, so J is maximal. O

Convention 2.41. For n € N we will refer by 1.n., to 1.n not restricted to
finite sets. 1.n is usually proved in the same way as 1.n and we will most of
the time omit the proof.

Definition 2.42. An I-matroid on ground set E is a set Z of subsets of F,
satisfying (I1), (12), (I3) and (IM). Elements of Z are independent, other subsets
of E are dependent, maximal independent sets are bases and minimal dependent
sets are circuits.

Lemma 2.43. Let By, By be bases of an I-matroid Z with B; A By finite. Then
|B1\ Bz| = |B2 \ Bil.

Proof. Suppose not for a contradiction, and let By, B be a counter-example with
|B1\ Ba| > |B2\ Bi| and | Bz \ B1| as small as possible. Since |B; \ Bz| > 0, there
isz € By \ Be. So by (I3) thereis y € By \ By with By —xz+y € Z. Let Bf be a
base including By —z +y which exists by (IM). Then B, By is a counter-example
with | B\ Bz| > |B2\ Bi| but |Ba \ B}| < | B2\ Bi|, contradicting the minimality
of ‘BQ \Bl| O

(IM) Forany I C X C Ewith I € Z, theset {J €Z:1CJC X} hasa
maximal element.

I-matroid: 7 satisfying (I1), (12), (I3) and (IM).

Theorem. A set B C PE is the set of bases of an I-matroid Z iff it satisfies
(B1), (B2) and

(BM) The set of subsets of sets in B satisfies (IM).
In these circumstances, Z is the set of subsets of elements of B.

Proof. We only prove the ’only if’ direction. The ’if” direction is proved as in
chapter 1, using lemma 2.4377 instead of lemma 1.577.

For the ’only if’ direction let B satisfy (B1), (B2) and (BM). Let Z be the set
of subsets of elements of B. T satisfies (IM) by definition, and it clearly satisfies
(I1) and (I2). For (I3), let I,Is € 7 and « € I; with I + = ¢ Z. Chose By € B
extending I. By (IM) there is a maximal set J € Z with I C J C By U I,. Let
By € B with J C By. Notice that € By \ Ba, so by (B2) there is y € By \ By
with By — 2 +y € B. Suppose for a contradiction that y ¢ Ir. Now apply
(B2) to Bs,B; and y to get z € By \ Be with By := B —y+ 2z € B, so
B3 N (Io U By) extends J + z, contradicting the maximality of J. So y € I and
L—-xz+yCB—x+y,sol1 —z+yel. O

Lemma 2.44. Any dependent set X of an I-matroid Z includes a circuit.
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Proof. Pick a maximal independent set I C X. Since X is dependent, there is
ze€X\I.Let C:={zxel:T—x+z€Z}+2zC X. Suppose for a contradiction
that C' is independent. By (IM) we can extend C to a maximal independent
subset J of I + z. Since I + z is dependent by the maximality of I, there is
some z € I + z\ J. By the maximality of J, J +x ¢ Z. So applying (I3) to
I,Jand z wegety € J\I withI —x+y€Z. But J\ I ={z},s0y =z, so
I—z+4+2z€Z SoxeC C.J. This contradicts the fact that J + x is dependent.
To prove minimality of C' note that every set C' — z is independent. If z = z,
since C —zC I, andifx # zsince C—ax CI+2z—x €Z. So C is minimal. [

Definition 2.45. If X C F, E the ground set of an [-matroid Z, the span
Spr(X)isXU{e¢ X:FICX:TeZbutl+ax¢TI}.

Lemma. If X C F and I is a maximal independent subset of X then Spz(I) =
Spz(X).

Lemma 2.46. Let x ¢ X. Then = € Spz(X) iff there is some circuit C with
reCCX+ux.

Proof. The ’if” direction follows from the fact that C' — x is an independent
subset of X. For the ’only if’ direction, let I be a maximal independent subset
of X. Then z € Spz(I) by lemma 1.165,??, so I +x ¢ Z. So by lemma 2.4477
there is a circuit C with C C I 4+ xz. Since [ € Z,C € I, so x € C. O

Lemma. For A C B C E, then Spz(A) C Spz(B), and Spz(A) = Spz(Spz(A4)).

Theorem. A set C C PF is the set of circuits of an I-matroid Z iff it satisfies
(C1), (C2) and (C3)s and

(CM) The set of (C)-independent sets satisfies (IM).
In these circumstances, Z is the set of (C)-independent sets.

Proof. We may use the proof of theorem 1.1877 to prove all but the fact that
the circuits of any I-matroid satisfy (C3)s. For this, let C, z, X and (C, :
x € X) as in the setup of (C3)s. Let P := (CUU,cx Cz) \ X — 2. For
each x € X, we have C;, —x C P, so x € Spz(P). So C — z C Spz(P), so
z € Spz(Spz(P)) = Spz(P) by lemma 1.17,,7?. By lemma 2.4677 there is a
circuit C' with 2z € C" C P+ 2 = (CUJ,cx Cs) \ X. O

Remark 2.47. We now get all the results of chapter 1 for I-matroids up to
lemma 1.33,,77, except lemma 1.5. In particular, we get a theory of duality for
these I-matroids, which coincides with the duality of matroids and the same is
true for minors.

Theorem 2.48. A set Z is the set of independent sets of some matroid M iff it
is an I-matroid. In these circumstances, M is generated by the circuits of Z.
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Proof. The ’only if’ direction is lemma 2.2677 and 2.4077. For the ’if” direction,
let M be the scrawl-system generated by the circuits of Z. By theorem 1.18,,77,
7 is the set of independent sets of M. Given disjoint subsets P,Q of E, let I
be a maximal independent subset of P and let J € 7 with be maximal with
I CJCFE\Q. Then by corollary 1.25,,?7?, J is a base of M/P\Q, so M is a
matroid. Every Z cocircuit is in M and so by lemma 1.32,,?77, M is generated
by the circuits of Z. O

Definition 2.49. The sets of independent sets, bases, circuits and scrawls of a
matroid M are Z(M), B(M), C(M) and S(M) respectively.

Lemma 2.50 (The Characterisation Lemma). Let M be a matroids on a ground
set E, and C,D C PE. Suppose every circuit of M is a union of elements of
C, and every cocircuit of M is a union of elements of D and that C and D
satisfy (O1). Then C(M) CC C S(M), C(M*) C D C S(M™*). In particular, the
circuits of M is the set of minimal nonempty elements of C and S(M) is the set
of unions of elements of C, similarly for the duals.

Proof. By definition, no element of C ever meets a cocircuit of M just once. So
C C (C(M*))* =8(M). Now let C € C(M), and suppose C' ¢ C. Pick C' € C
with ) #C" C C. Let e € C'. Let P =C'—e, @ = E\ C’'. There is no
D e C(M*) with e € D C Q + e since then C' N D = {e}. So there is a circuit
C" of M with e € C"” C P+e, by (02) for C(M) and C(M*). But then C"” C C,
a contradiction. So C' € C. That is C(M) C C. The last sentence is clear. [

Dual pairs of matroids asociated to a graph:

e finite cycles and bonds

e algebraic cycles and minimal skew cuts

e 77 and finite bonds

Facts about compact topological sapces:

e Any product of compact spaces is compact.

e A subspace of a compact Hausdorff space is compact iff it is closed.
e Any image of a compact space under a continuous map is compact.

e Any continuous injective map from a compact space to a Hausdorff space
is a homeomorphism onto its image.

Definition 2.51. Let (X, <) be a partially ordered set. A diagram of topological
spaces on X consists of a topological space T, for each € X, and a continuous
map @z, : Ir — T, whenever y < z in X, such that:

(1) @g,q is the identity on T,

(2) Forx >y > 2, 0u>= Py 0Py
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A cone for such a diagram consists of a topological space T' and a family of maps
(fo: T = Ty : 2 € X) of continuous maps such that

forz>yin X fy =vzy0 fa

Theorem 2.52. For any such diagram of topological spaces there is a universal
cone (T, (m; : € X)), that is, one such that for any other cone (T, (f; : x € X))
there is a unique continuous map 7" — ¢T such that (Vz € X)f, =7, 0g.

Proof. Let T' be the subspace of [[,cy T: given by {k € [[,cxs, @ (Vo >
y in X)g (ks) = ky}, with 7, given by the projection map. So for any cone
(T, (fz : © € X)), there is only one function 77 — ¢T with f, = m,0g for x € X,
namely [ — (fz(I) : # € X). We just have to check that g is continuous. So
take some basic open subset U = {k € T : (Vi < n)k,, € U;}, and observe that
g7 (U) = Ni<nfy,' (U;), which is open. We call T' the limit of this diagram. [

Fact 2.53. Any limit of a diagram of compact Hausdorff spaces is compact and
Hausdorff.

Now we fix some connected graph G, and let X be the set of all finite subsets
of G, partially ordered by inclusion. For each z € X, let G, = G/(F \ z). Each
G has a corresponding topological space T, whose points are either vertices of
G, or the interior points of edges of GG,. These are compact and Hausdorff, and
we ahve continuous maps ¢, ,, from T, to T,, when y C z. Let |G| be the limit
of this diagram: |G| is compact and Hausdorff.

Definition 2.54. Let P be an interior point of an edge of G, then [p] € |G| is
given by

[[pﬂzz{p ecr

the component of G \ x containing e otherwise

Lemma 2.55. If k € |G| such that for some x € X k, is an interior point p of
an edge of G, then k = [p].

Proof. For any 2’ € X with x < 2’ then ¢, 4 (ky) = ks, S0 kyr = p. So for any
ye X, ky = (Pny,y(kay) = ‘sz%y(p) = [[pﬂy O

Remark 2.56. If p, ¢ are interior points of edges of G with [p] = [q], then
pP=4q.

Definition 2.57. If v is a vertex of G, [v] € |G| is given by

[v] = the component of G — x containing v.

Lemma 2.58. Let k be a point of |G| and = € X such that k, is a finite
component of G — x. Then either k is of the form [p] for p an interior point of
an edge of k,, or of the form [v] for v a vertex of k.
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Proof. Let y be the set of edges of k.. Let ' := x Uy. If k;/ is an interior point
of an edge of k,, we apply lemma Otherwise, k,» = {v} for some vertex
v of ky. For any 2/ > 2’ in X, @ p(ky) = {v}, so kg = {v}. So for any
y' € X, we have kyr = @uruy o (karuy') = @aroy y ({v}) = [v]y, so k= [v]. O

Remark 2.59. If v, w are vertices of G, [v] = [w] iff there is no finite set of
edges separating v from w in G.

Example 2.60. Let G be the graph as in figure ??, called the ladder.

For each x, G — = has precisely one infinite component, so there is precisely
one point of |G| not of the form [p] or [v]. The space |G| is given by the following
figure with its topologicy as a subspace of the plane.

Definition 2.61. A graph G is finitely separable iff and two vertices of it can
be separated by removing finitely many edges. For any G, the finitely separable
quotient F _sep(G) of G is obtained from G by identifying any pair of vertices
that cannot be finitely separated.

Remark 2.62. A set of edges of G is a finite cut of G iff it is a finite cut of
F _sep(G). We assume from now on that G is finitely separable.

Lemma 2.63. Let G be a graph, A, B sets of vertices of G. Then there are
infinitely many vertex-disjoint A — B-paths iff A and B cannot be separated by
removing finitely many vertices.

Proof. The ’only if’ direction is clear. For the ’if’ direction, by Zorn’s lemma
there is a maximal collection of disjoint A — B-paths, whose vertices separate A
from B, so which must be infinite. O

Lemma 2.64. Let G be a graph, A, B disjoint sets of vertices of G. Then there
are infinitely many edge-disjoint A — B-paths iff A and B cannot be separated
by removing finitely many edges. O

Definition 2.65. Let R be aray in G. Then [R] € |G| is given by taking [R],
to be the unique component of G —x which contains a tail, an infinite component,
of R.
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