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Exercise 31 (total of seven points).

In this exercise, you are not supposed to use the result xk + A = k- A = max(k, \) that we
proved in class. Instead, you are supposed to prove the equalities between cardinals directly
by giving a bijection. For example, in order to show « - A = A - k, you should give a bijection
between x x A and A x . As in Exercise 30, let Fun(X, Y") be the set of functions from X to
Y.
For cardinals x, A and p, prove:

(1) k- X=Xk (1point),

(2) (k- \)-p=r- (- p) (2 points),

) (k+A)-u=k-pu+A-pu(2points),

(4) Card(Fun(u, Fun(\, k))) = Card(Fun(u X &, )) (2 points).

Exercise 32 (total of nine points).

Let x be a cardinal. We call a set X x-splittable if there is a family { X, ; a < &) such that
forall o < &, Card(X,) < k,and X =, Xa-

(1) Prove that every nonempty set X is Card(X)-splittable (1 point).

(2) Use the axiom of choice to prove that no cardinal x > R is Ry-splittable (2 points).

(3) Without using the axiom of choice (!), prove that no cardinal x > Ry is Rg-splittable
(6 points).
Hint. If X C & is countable, then o.t.(X) < w;. Use a family witnessing that « is Rq-splittable to
define an injection from & into X; x ®y. Derive a contradiction.
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Exercise 33 (total of seven points).
Recall the definition of the Gddel s-function: If ~y, d, ', 6" are ordinals with p := max(~, d)
and x' ;= max(v/,4"), we let

(7,0) < (,0") <= (p< )V (p=p" &y<y) VvV (u=p &y=+"&§< ).
As proved in the lecture, < is a wellordering on any set of pairs of ordinals. For fixed (v, ¢),

we let

Ons = {{&m); (€& m) < (7,0}
and then 3(7,0) := 0.t.((O,4, <)).
Prove that the ordinal operation o — 5(a, 0) is normal (i.e, for all v < §, we have 5(v,0) <
(6,0) and for limit A\, we have 3(),0) = J,., (e, 0)) (2 points). Therefore, this opera-
tion has arbitrarily large fixed points. Note that in class, we proved (without using that the
operation is normal that all infinite cardinals are fixed points of the operation o — §(a, 0).

Isw-2 afixed point of a — («, 0) (prove your claim, 2 points)? Are there fixed points of the
operation that are not infinite cardinals (prove your claim, 2 points)? Compute S(w+2,w+1)
(1 point).
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