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Exercise 30(9 points).

Translated into the language of Boolean algebras,Celarent became

For alla, b, andc, if ba = 0 andc(1 − b) = 0, thenca = 0.

RephraseBaroco, Darapti , andFelapton in a similar way in the language of Boolean alge-
bras (1 point each). Find out whether these statements are true in Boolean algebras. If they
are, prove it from the axioms of Boolean algebras. If not, givea counterexample. (2 points
each).

Exercise 31(3 points).

Let B = 〈B, 0, 1, +, ·,−〉 be a Boolean algebra. Define an operation⋆ by x ⋆ y := −(x +
y) (the NOR or Sheffer operation). Give formulasϕmult, ϕadd, ϕcomp in the language just
containing⋆, = and parentheses such that

ϕmult(x, y, z) ≡ x · y = z

ϕadd(x, y, z) ≡ x + y = z

ϕcomp(x, z) ≡ −x = z

(1 point each). (In other words, the⋆-language is expressive enough to define the language of Boolean

algebras.)

Exercise 32(6 points).
A structure〈R, +, ·, 0, 1〉 is called aring if + is a commutative and associative binary oper-
ation onR, · is an associative binary operation onR, · distributes over+ (i.e., a · (b + c) =
a · b+ a · c and(a+ b) · c = a · c+ b · c), 0 is the neutral element of+ (i.e., 0+ a = a+0 = a)
and1 is the neutral element of· (i.e., a · 1 = 1 · a = a).
Examples of rings are: the integersZ, the rationalsQ, the realsR.

Let B = 〈B, 0, 1,∨,∧,−〉 be a Boolean algebra. ForX,Y ∈ B, define

X + Y := (X ∧ −Y ) ∨ (−X ∧ Y ), and

X · Y := X ∧ Y.

We writeR(B) := 〈B, +, ·, 0, 1〉.

(1) Prove thatR(B) is a ring (3 points).
(2) Give an example of a ringR such thatR is not isomorphic to anyR(B) (with a proof;

3 points).
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Exercise 33(4 points).
In a small Irish village, there are three children, Sean, Mairi, and Breandan, all of which like
icecream. Sean likes Mairi and Breandan. Mairi likes Breandan, but not Sean; and Breandan
doesn’t like either of the other two.
Consider the setV := {S, M, B, I} whereS represents Sean,M represents Mairi,B represents
Breandan, andI represents icecream. Consider the following setL of two-element subsets of
V :

{x, y} ∈ L if and only if eitherx likesy or y likesx.
Show that〈V, L,∈〉 is a plane.
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