EXTREMAL RESULTS FOR RANDOM DISCRETE STRUCTURES
MATHIAS SCHACHT

ABSTRACT. We study thresholds for extremal properties of random discrete structures.
We determine the threshold for Szemerédi’s theorem on arithmetic progressions in random
subsets of the integers and its multidimensional extensions and we determine the threshold
for Turan-type problems for random graphs and hypergraphs. In particular, we verify a
conjecture of Kohayakawa, Fuczak, and Rodl for Turan-type problems in random graphs.

Similar results were obtained independently by Conlon and Gowers.

§1. INTRODUCTION

Extremal problems are widely studied in discrete mathematics. Given a finite set I' and
a family F of subsets of I an extremal result asserts that any sufficiently large (or dense)
subset G < I' must contain an element from F. Often all elements of F have the same size,
ie, F < (1;) for some integer k, where (I,;) denotes the family of all k-element subsets of I'.

For example, if I';, = [n] = {1,...,n} and F,, consists of all k-element subsets of [n]
which form an arithmetic progression, then Szemerédi’s celebrated theorem [40] asserts
that every subset Y < [n] with |Y| = Q(n) contains an arithmetic progression of length k.

A well known result from graph theory, which fits this framework, is Turdn’s theorem [41]
and its generalization due to Erdés and Stone [12] (see also [10]). Here I';, = E(K,) is the
edge set of the complete graph with n vertices and F,, consists of the edge sets of copies of
some fixed graph F' (say with k edges) in K,,. Here the Erdés-Stone theorem implies that

every subgraph H < K, which contains at least

(sm=10) ()

edges must contain a copy of F'; where x(F') denotes the chromatic number of F (see,
e.g., [2,3,5,7]). The connection with the chromatic number was explicitly stated in the
work of Erdés and Simonovits [10].

We are interested in “random versions” of such extremal results. We study the binomial

model of random substructures. For a finite set I';, and a probability p € [0, 1] we denote
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by I',, the random subset where every x € I'), is included in I',, , independently with
probability p. In other words, I, , is the finite probability space on the power set of I';, in

which every elementary event {G} for G < I',, occurs with probability
P(G=T,,) = pIG\(l _p)anlf\Gl )

For example, if T, is the edge set of the complete graph on n vertices, then I'), , denotes
the usual binomial random graph G(n,p) (see, e.g., [4,25]).

The deterministic extremal results mentioned earlier can be viewed as statements which
hold with probability 1 for p = 1 and it is natural to investigate the asymptotic of the
smallest probabilities for which those results hold. In the context of Szemerédi’s theorem
for every k > 3 and ¢ > 0 we are interested in the smallest sequence p = (p,)nen of
probabilities such that the binomial random subset [n],, has asymptotically almost surely
(a.a.s., i.e. with probability tending to 1 as n — o) the following property: Every subset
Y < [n]p, with |Y| > €|[n],, | contains an arithmetic progression of length k. Similarly, in
the context of the Erdds-Stone theorem, for every graph F' and € > 0 we are interested in
the asymptotic of the smallest sequence p = (p,)new such that the random graph G(n, p,)
a.a.s. satisfies: every H < G(n,p) with

e(H) = (1 - + g) e(G(n, pn))

X(F) -1
contains a copy of F.

We determine the asymptotic growth of the smallest such sequence p of probabilities
for those and some related extremal properties including multidimensional versions of
Szemerédi’s theorem (Theorem 2.3), solutions of density regular systems of equations
(Theorem 2.4), an extremal version for solutions of the Schur equation (Theorem 2.5),
and extremal problems for hypergraphs (Theorem 2.7). In other words, we determine the
threshold for those properties. Similar results were obtained by Conlon and Gowers [6].

The new results will follow from a general result (see Theorem 3.3), which allows us to
transfer certain extremal results from the classical deterministic setting to the probabilistic

setting. In Section 4 we deduce the results stated in the next section from Theorem 3.3.

§2. NEW RESULTS

2.1. Szemerédi’s theorem and its multidimensional extension. We study extremal
properties of random subsets of the first n positive integers. One of the best known
extremal-type results for the integers is Szemerédi’s theorem. In 1975 Szemerédi solved

a longstanding conjecture of Erdés and Turdn [13] by showing that every subset of the
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integers of upper positive density contains an arithmetic progression of any finite length.

For a set X < [n] we write

for the statement that every subsets Y < X with |Y| > ¢|X| contains an arithmetic
progression of length k. With this notation at hand, we can state (the finite version of)
Szemerédi’s theorem as follows: for every integer k > 3 and € > 0 there exists ng such that
for every n = ng we have [n] —. [k].
For fixed k > 3 and € > 0 we are interested in the asymptotic behavior of the threshold
sequence of probabilities p = (p,,) such that there exist constants 0 < ¢ < C' for which
0, if ¢, <cp, for all n e N,
nlLHOlO]P ([n)g. —= [K]) = ) (2)
1, if ¢, = Cp, for all n e IN.
Remark 2.1. We note that the family {X < [n]: X —. [k]} is not closed under supersets.
In other words, the property is “X —. [k]” is not a monotone property. However, similar
arguments as presented in [25, Proposition 8.6] show that the property “X —. [k]” and

the other properties considered in this section have a threshold as displayed in (2).

It is easy to see that if the expected number of arithmetic progressions of length k
in [n],, is asymptotically smaller than the expected number of elements in [n],,, then
there exists a subset of size (1 — o(1))|[n],,|, which contains no arithmetic progressions of
length & at all. In other word, if

¢n?<gn = g «nVED (3)

then P ([n],, —- [k]) — O for every ¢ < 1. Consequently, n=/*~1 is a lower bound on
the threshold for Szemerédi’s theorem for arithmetic progressions of length k. For k = 3
Kohayakawa, Luczak, and Rodl [28] established a matching upper bound. Our first result

generalizes this for arbitrary £ > 3.

Theorem 2.2. For every integer k = 3 and every € € (0, 1) there exist constants C' > ¢ > 0

such that for any sequence of probabilities ¢ = (qn)new we have

' 0, if g, <cn V* D forallneNN,
JLEIC}O ]P ([n]Qn e [k]) = .
1, ifq,=Cn Y* 1 for allneN.

We remark that the 0-statement in Theorem 2.2 (and, similarly, the O-statements of
the other results of this section) follows from standard probabilistic arguments. The

1-statement of Theorem 2.2 follows from our main result, Theorem 3.3.



4 MATHIAS SCHACHT

A multidimensional version of Szeméredi’s theorem was obtained by Furstenberg and
Katznelson [18]. Those authors showed that for every integer ¢, every finite subset F' < IN¢
and every ¢ > 0 there exists some integer ny such that for n > ng every Y < [n]’ with
Y| = en’ contains a homothetic copy of F, i.e., there exist some y, € N and A > 0 such
that yo + AF = {yo + \f: f € F} €Y. Clearly, the case { = 1 and F' = [k] resembles
Szemerédi’s theorem. Generalizing the notation introduced in (1), for sets X, FF < IN‘ and
for e > 0 we write X —. F, if every subset Y € X with |Y| > ¢|X| contains a homothetic
copy of F.

A simple heuristic, similar to the one in the context of Szeméredi’s theorem, suggests
that n~Y(FI=1 is a lower bound on the threshold for the Furstenberg-Katznelson theorem
for a configuration F' = IN’ in the binomial random subset [n]’ where elements of [n]* are
included with probability p. Our next result shows that, in fact, this gives the correct
asymptotic for the threshold.

Theorem 2.3. For every integer { > 1, every finite set F < IN* with |F| > 3, and

every constant € € (0,1) there exist C > ¢ > 0 such that for any sequence of probabilities

q = (qn)new we have

0, ifqn<en YUY for allneNN,

lim P ([n];, —. F) =
1, if g, = Cn YUFI=D for alln e N,

n—0o0

2.2. Density regular matrices. Another extension of Szemerédi’s theorem leads to the
notion of density reqular matrices. Arithmetic progressions of length £ can be viewed as

the set of distinct-valued solutions of the following homogeneous system of £ — 2 linear

equations
T — 21’2 + x3 = 0 s
Ty — 213 + x4 = 0,
Tp—o — 2x51 + 1z = 0.

More generally, for an £ x k integer matrix A let S(A) € R¥ be the set of solutions of the
homogeneous system of linear equations given by A. Let So(A) < S(A) be those solutions
(x1,...,x) with all ; being distinct. We say A is irredundant if So(A) # &. Moreover,
an irredundant ¢ x k integer matrix A is density reqular, if for every € > 0 there exists

an ng such that for all n > ng and every Y < [n] with [Y| > en we have Y* n §y(A) # @.
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Szemerédi’s theorem, for example, implies that the following (k — 2) x k matrix

1 -2 1 .00 -0 0
001 -210 - 0

(4)
00 0 00 -+ 1 —21

is density regular for any k > 3.

Density regular matrices are a subclass of so-called partition regular matrices. This
class was studied and characterized by Rado [34] and, for example, it follows from this
characterization that k = ¢ + 2 (see [22] for details). In [14] Frankl, Graham, and Rodl
characterized irredundant, density regular matrices, being those partition regular matrices A
for which (1,1,...,1) € S(A).

Similar as in the context of Theorem 2.2 and Theorem 2.3 the following notation will be
useful. For an irredundant, density regular, ¢ x k integer matrix A, ¢ > 0, and X < [n] we
write X —. A if for every Y © X with |Y] > €| X| we have Y* 1 §y(A) # @. The following
parameter in connection with Ramsey properties of random subsets of the integers with
respect to irredundant, partition regular matrices was introduced by R6dl and Ruciriski [36].

Let A be an ¢ x k integer matrix and let the columns be indexed by [k]. For a partition
W o W < [k] of the columns of A, we denote by Ay the matrix obtained from A by
restricting to the columns indexed by W. Let rank(Agr) be the rank of Agr, where
rank(Ayr) = 0 for W = @. We set

wi-1
A) = _
m(4) WLI-JnWa):([k] |W| — 1 + rank(Ay;) — rank(A) (5)
W (=2

It was shown in [36, Proposition 2.2 (ii)] that for irredundant, partition regular matrices A
the denominator of (5) is always at least 1. For example, for A given in (4) we have
m(A) =k —1.

It follows from the O-statement of Theorem 1.1 in [36] that for any irredundant, density
regular, ¢ x k integer matrix A of rank ¢ and every 1/2 > ¢ > 0 there exist a ¢ > 0 such
that for every sequence of probabilities g = (¢,) with ¢, < cn™Y™A) we have

lim P ([n],, —A) =0. (6)

n—0o0

We shall deduce a corresponding upper bound from Theorem 3.3 and obtain the following

result.
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Theorem 2.4. For every irredundant, density reqular, { x k integer matriz A with rank ¢,
and every ¢ € (0,1/2) there exist constants C > ¢ > 0 such that for any sequence of

probabilities q = (qy)new we have

0, ifqg, <cen V™A forallnelN,
lim P ([n],, —:A) =
nme 1, if g, =Cn /™A forallneN.

Note that we restrict ¢ < 1/2 here. With this restriction the 0-statement will follow
from a result of R6dl and Rucinski from [36]. The proof of the 1-statement presented in

Section 4.2 actually works for all € € (0,1).

2.3. An extremal problem related to Schur’s equation. In 1916 Schur [38] showed
that every partition of the positive integers into finitely many classes contains a class which
contains a solution of the single, homogeneous equation z; + x5 — x3 = 0. Clearly, the
corresponding matrix (1 1 —1) is not density regular, since the set of all odd integers
contains no solution. However, it is not hard to show that every subset Y < [n] with
Y| = (1/2 + o(1))n contains such a solution. Similarly, as above for ¢ > 0 and X < [n] we

write
X (101 1)

if every subset Y < X with |Y| = (1/2 + ¢)| X| contains a distinct-valued solution, i.e.,
vias((11 1)) #e.

We are interested in the threshold for the extremal problem of Schur’s equation, i.e.,
for the property X —q/9,. (1 1 —1>. In this context the simple heuristic based on the
expected number of solutions of the Schur equation in random subsets of the integers
suggests that n~'/2 is the threshold for this property. Moreover, for Schur’s theorem in
random subsets of the integers the threshold turned out to be n~'/? as shown in [16,21].

We show that the threshold of the extremal version of Schur’s equation is the same.

Theorem 2.5. For every € € (0,1/2) there exist constants C > ¢ > 0 such that for any

sequence of probabilities q = (qn)new we have

. 07 Zf dn < Cn_1/2 fOT alln € IN7
tim P ([0, —1ie (11 1)) =
" 1, ifq,>=Cn'2 for allneN.

2.4. Extremal problems for hypergraphs. The last result we present here deals with
extremal problems for hypergraphs. An ¢-uniform hypergraph H is a pair (V, E), where
the vertex set V is some finite set and the edge set F < (‘2) is a subfamily of the ¢-

element subsets of V. As usual we call 2-uniform hypergraphs simply graphs. For some
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hypergraph H we denote by V(H) and E(H) its vertex set and its edge set and we denote
by v(H) and e(H) the cardinalities of those sets. For an integer n we denote by K the
complete (-uniform hypergraph on n vertices, i.e., v(K(¥) = n and e(K") = (’;) An
(-uniform hypergraph H' is a sub-hypergraph of H, if V(H') € V(H) and E(H') < E(H)
and we write H' < H to denote that. For a subset U < V(H) we denote by E(U) the
edges of H contained in U and we set e(U) = |E(U)|. Moreover, we write H[U] for the
sub-hypergraph induced on U, i.e., H|U] = (U, E(U)).

For two f-uniform hypergraphs F' and H we say H contains a copy of F', if there exists an
injective map ¢: V(F) — V(H) such that p(e) € E(H) for every e € E(F). If H contains
no copy of F, then we say H is F-free. We denote by ex(H, F') the maximum number of
edges of an F-free sub-hypergraph of H, i.e.,

ex(H,F) =max{e(H'): H < H and H' is F-free} .

Mantel [33], Erdds [8], and Turén [41] were the first to study this function for graphs.
In particular, Turdn determined ex(K,, Kj) for all integers n and k. This line of research
was continued by Erdds and Stone [12] and Erdés and Simonovits [10] and those authors

showed that for every graph F' with chromatic number x(F') = 3 we have

ex(K,, F) = (1 - x(F)l—l) + 0(1)> (Z) , (7)

where x(F) is minimum number r such that there exists a partition V; ... vV, = V(F)
such that E(V;) = @ for every i € [r]. Moreover, it follows from the result of Kovari, Sés,
and Turdn [31] (see also [12]) that

ex(K,, F) = o(n?) (8)

for graphs F' with x(F) < 2.
For an /-uniform hypergraph F' we define the Turdn density

() = fig )
¢
For a graph F' the Turan density 7(F') is determined due to (7) and (8). For hypergraphs (8)
was extended by Erdds [9] to f-partite, f~uniform hypergraphs. Here an f-uniform hy-
pergraph F' is (-partite if its vertex set can be partitioned into ¢ classes, such that every
edge intersects every partition class in precisely one vertex. Erdds showed that 7(F) =0
for every (-partite, f-uniform hypergraph F'. For other /-uniform hypergraphs only a
few results are known and, for example, determining W(Kf’)) is one of the best known
open problems in the area. However, one can show that m(F') indeed exists for every

hypergraph F' (see, e.g. [20]).
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We study the random variable ex(G®)(n,q), F) for fixed f-uniform hypergraphs F,
where G (n, q) denotes the binomial random f-uniform sub-hypergraph of K} with edges
of K¥ included independently with probability ¢. It is easy to show that

ex(H, F) > n(F)e(H)

for all f~uniform hypergraphs H and F (see, e.g. [25, Proposition 8.4] for a proof for graphs).
We are interested in the threshold for the property that a.a.s.

ex(GY(n,q), F) < (w(F) + 0(1))e(G(n, q)). (9)

Results of that sort appeared in the work of Babai, Simonovits, and Spencer [1] who
showed that (9) holds random graphs when F is a clique and ¢ = 1/2. Moreover, it follows
from an earlier result of Frankl and Rodl [15] that the same holds for F' = K3 as long as

qg»n/?

. The systematic study for graphs was initiated by Kohayakawa and his coauthors.
In particular, Kohayakawa, Luczak, and Rodl formulated a conjecture for the threshold of
Turan properties for random graphs (see Conjecture 2.6 below).
For an {-uniform hypergraph F' with e(F') > 1 we set
L gy () s
m(F) = max d(F') with d(F') =< """ () (10)
E{F%; 1/¢, if v(F")=1¢.
It follows from the definition of m(F), that if ¢ = Q(n="™)) then a.a.s. the number of
copies of every sub-hypergraph F’ € F in the random hypergraph G)(n, ¢) has at least
the same order of magnitude, as the number of edges of G¥)(n, q). Recall that a similar

heuristic gave rise to the thresholds in the theorem above.

Conjecture 2.6 ([29, Conjecture 1 (7)]). For every graph F with at least one edge and
every € > ( there exists C' > 0 such that for every sequence of probabilities ¢ = (¢ )neN

with ¢, = Cn~"/™F) we have

lim P (ex(G(n,qn), F) < (w(F) + ¢)e(G(n,q,))) = 1.

n—o0

Conjecture 2.6 was verified for a few special cases. As already mentioned for F' = K3
the conjecture follow from a result in [15]. For F' being a clique with 4, 5, or 6 vertices the
conjecture was verified by Kohayakawa, Luczak, and Rodl [29], Gerke, Schickinger, and
Steger [20] and Gerke [19]. Moreover, the conjecture is known to be true when F' is a cycle
due to the work of Fiiredi [17] (for the cycle of length four) and Haxell, Kohayakawa, and
Fuczak [23,24] (see also [27,32]) and the conjecture is known to be true for trees. The
best current bounds on ¢ for which (9) holds for I being a clique and for arbitrary F' were
obtained by Szab6 and Vu [39] and Kohayakawa, Rodl, and Schacht [30].
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We verify this conjecture for all graphs F' and the natural analogue of this conjecture
for hypergraphs. (For (-partite, (-uniform hypergraphs such a conjecture was made
in [37, Conjecture 15].)

Theorem 2.7. For every {-uniform hypergraph F with at least one vertex contained in at
least two edges and every e € (0,1 — 7w(F)) there exist constants C > ¢ > 0 such that for
any sequence of probabilities ¢ = (g, )new we have

lim P (ex (GY(n,q.), F) < (7(F) + €)e(G¥(n,q.)))

n—0oo
0, ifqg, <cn V™) forallnelN,
1, ifq,=Cn Y™ forallneN.

In Section 4 we will deduce the 1-statements of Theorems 2.3, 2.4, 2.5, and 2.7 from
the main result, Theorem 3.3, which we present in the next section. The proofs of the

O-statements will be more elementary and will be also given in Section 4.

§3. MAIN TECHNICAL RESULT

The main result will be phrased in the language of hypergraphs. We will study sequences
of hypergraphs H = (H,, = (V,,, E,))nen- In the context of Theorem 2.2 one may think
of V,, = [n] and E, being the arithmetic progressions of length k. In the context of
Theorems 2.3, 2.4, and 2.5 the corresponding hypergraphs the reader should have in mind
are defined in a very similar way. For Theorem 2.7 one should think of V,, = E(K{)) being
the edge set of the complete hypergraph K (¥ and edges of E,, correspond to copies of F
in K.

In order to transfer an extremal result from the classical, deterministic setting to the
probabilistic setting we will require that a stronger quantitative version of the extremal
result holds (see Definition 3.1 below). Roughly speaking, we will require that a sufficiently
dense sub-structure not only contains one copy of the special configuration (not only
one arithmetic progression or not only one copy of F'), but instead the number of those
configurations should be of the same order as the total number of those configurations in

the given underlying ground set.

Definition 3.1. Let H = (H,).ew be a sequence of k-uniform hypergraphs and a = 0.
We say H is a-dense if the following is true.

For every € > 0 there exist ( > 0 and ng such that for every n = ng and every U < V (H,,)
with |U| = (« + ¢€)|V(H,)| we have

|E(HL[U])] = ¢|E(Hn)|
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The second condition in Theorem 3.3 imposes a lower bound on the smallest probability
for which we can transfer the extremal result to the probabilistic setting (see Definition 3.2).
For a k-uniform hypergraph H = (V. E), i€ [k — 1], v e V, and U < V we denote by
deg;(v, U) the number of edges of H containing v and having at least i vertices in U ~\ {v}.

More precisely,
deg;(v,U) = [{ee E: |len (U~ {v})| =iand v e e} . (11)

For g € (0,1) we let p;(H,q) denote the expected value of the sum over all such degrees
squared with U = V,, being the binomial random subset of V'

Mz(Hv q) =k

D deg? (v, V)

veV

Definition 3.2. Let K > 1, let H = (H,)ew be a sequence of k-uniform hypergraphs,
and let p = (p,)nen € (0, 1) be a sequence of probabilities. We say H is (K, p)-bounded
if the following is true.

For every i € [k — 1] there exists ng such that for every n = ny and q = p,, we have

o | E(Hn)[?
wi(Hy,q) < Kq m (12)

With those definitions at hand, we can state the main result.

Theorem 3.3. Let H = (H,, = (V,,, E,,))nen be a sequence of k-uniform hypergraphs, let
D = (Pn)nen € (0, D)X be a sequence of probabilities satisfying p*|E,| — o0 asn — o, and
let « >0 and K > 1. If H is a-dense and (K, p)-bounded, then the following holds.

For every 6 > 0 and (wp)new with w, — © as n — o there exists C = 1 such that for
every 1/w, > ¢, = Cp, the following holds a.a.s. for V,,. . For every subset W <V, .,
with |W| = (o + 9)|Vyg,| we have E(H,[W]) # @.

The proof of Theorem 3.3 is based on induction on %k and for the induction we will
strengthen the statement (see Lemma 3.4 below).

For a k-uniform hypergraph H = (V| E) subsets W < U <V, and i € {0, 1,...,k} we
consider those edges of H[U] which have at least i vertices in W and we denote this family
by

E;(W)={ee E(H[U]): len W|=i}.
Note that
Ey(W) = E(H[U]) and  Ej(W) = E(H[W]) (13)

for every W < U.
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Lemma 3.4. Let H = (H,, = (V,,, E,))nen be a sequence of k-uniform hypergraphs, let
D = (Pn)nen € (0, D)X be a sequence of probabilities satisfying p*|E,| — o0 as n — o0, and
let >0 and K = 1. If H is a-dense and (K, p)-bounded, then the following holds.

For every i€ [k], 0 >0, and (wy)new with w, — o0 as n — oo there exist £ >0, b > 0,
C =1, and ng such that for all B, v € (0,1] with By = a + §, every n = ng, every q with
1/w, = q = Cp, the following holds.

IfU <V, with |U| = B|V,|, then the binomial random subset U, satisfies with probability
at least

1 — 2 balVal
the following property: For every subset W < U, with |W| = v|U,| we have
|EG(W)| = €4 Enl.
Theorem 3.3 follows from Lemma 3.4 applied with i =k, 5 =1,y =a+ 6, and U =V,,.

3.1. Probabilistic tools. We will use Chernoff’s inequality in the following form (see,
e.g., [25, Corollary 2.3]).

Theorem 3.5 (Chernoff’s inequality). Let X € Y be finite sets and p € (0,1]. For every
0 < o < 3/2 we have

P ([|X nY,| = p|X|| = op|X]) < 2exp(—0°p|X]/3). O

We also use an approximate concentration result for (K, p)-bounded hypergraphs. The
(K, p)-boundedness only bounds the expected value of the quantity . deg?(v,V,). In the
proof of Lemma 3.4 we need an exponential upper tail bound and, unfortunately, it is
known that such bounds usually not exist. However, it was shown by Rodl and Rucinski
in [35] that at the cost of deleting a few elements such bound can be obtained. We will

again apply this idea in the proof of Lemma 3.4.

Proposition 3.6 (Upper tail [35, Lemma 4]). Let H = (H,, = (V,,, E,))new be a sequence
of k-uniform hypergraphs, let p = (py)nen € (0, 1) be a sequence of probabilities, and let
K > 1. If H is (K, p)-bounded, then the following holds.

For every i € [k — 1] and every n > 0 there exist b > 0 and ng such that for every n = ng
and every q = p, the binomial random subset V,, , has the following property with probability
at least 1 — 27balVal+1+losak  There exists a set X < Vi, , with | X| < nq|V,| such that
|Enf?

2 deg? (v, Vog ~ X) < 4"k K ¢* AR

veV,

The proof follows the lines of [35, Lemma 4] and we include it for completeness.
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Proof. Suppose H is (K, p)-bounded and i € [k — 1] and n > 0 are given. We set

U

b= 1o

and ng be sufficiently large, so that (12) holds for every n > ng and ¢ = p,,.
For every j =14,...,2(k — 1) we consider the family .; defined as follows

S = {(S,v,e,e’): ScV,,veV,, ec € E, such that |S| = 7,
veene, Sc(eve){v}, [enS|=iandl|e'nS|= }
Let S; be the random variable denoting the number of elements (S, v,e,¢€’) from .7

with S € (ng) By definition we have Z% *E[S;] < 4 'ui(H,,q) and due to the
(K, p)-boundedness of H we have

2k—2
| E |2
m E|[S;] < E[S;] <4 'u(H,, q) <4 'K 2i | En .
J:Z 77777 521()]2—1) [ J:I ‘; [ ']:I N( q) q H/:n|

Let Z; be the random variable denoting the number of sequences

((ST7UT7€T'7 7'))7"6 Eyz

e NEE

(7) the sets S, are contained in V;, , and

of length

which satisfy

(7i) the sets S, are mutually disjoint, i.e., S,, N S,, = @ forall 1 <r; <ry < 2.

Clearly, we have

2\ #
E[ZJ] < ‘jﬂj‘ijz _ (E [SJ])Z < <4k1Kq21||E‘|/7}|| )

On the other hand, if

2 k ’EnP 2k—2 - ’EnP
D, deg? (v, Vig N X) = 4K K™ > Y g2 4l
veVn ‘Vn’ =i ‘Vn’

for any X <V, , with | X| < ng|V,,|, then there exists some jj € {i,...,2k — 2} such that

B2\
7. > 2'4k_1K Qz‘ n
. ( A
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Markov’s inequality bounds the probability of this event by

2
IP(H]bE{i,,, 2k — 2} Zj, > 2% (4"«‘ 7% 22||Vn||>)

2k—2 9N\ 2
< IP Z > 22 4k71K 2i| n| < 2/{7 . 272 < 2—bq|Vn\+1+10g2k
; ( ’ ( W :

which concludes the proof of Proposition 3.6. O

3.2. Proof of Lemma 3.4. Let H = (H,, = (V,,, ) )new be a sequence of k-uniform
hypergraphs, let p = (pp)new € (0, 1)Y be a sequence of probabilities, and let o > 0 and
K > 1 such that H is a-dense and (K, p)-bounded. We prove Lemma 3.4 by induction
on 1.

Induction start (i = 1). For § > 0 and (wy)new (which plays no role for the induction
start) we appeal to the a-denseness of H and let ¢ and n; be the constants given by this
property for e = §/8. We set

3
g_g b:1693, C=1, and ny=mn,.

Let 8, v € (0,1] satisfy 8y = a + J, let n = ng be sufficiently large, ¢ = p,, and let U < V,,
with |U| = B|V,| be given. We consider the set Y < U defined by

y - {ue U: lfee B(H[U]): uee}| < C|E"|} |

In other words, Y is the set of vertices in U with low degree in H,[U]. Due to the

0

It follows from Chernoft’s inequality that with probability at least

a-denseness of H we have

1 — 2exp(—8%|U]/48) — 2 exp(—0%g|Vi]/192) > 1 — 27V

) J
\Uy| = (1) qlU| and |U,nY|< <a+ ) q| Vil -

Consequently, for every W < U, satisfying |W| = ~|U,| we have

5
(W[ =|Uy| = <1 - 4> v4lU] = (1 - ) BralVal
5 0 d
> (1= ) e+ d)aVil = (a+ 5 ) alVal = Uy 0 Y+ JalVil

and the definition of Y yields

we have

LB _
E2[V,| ~

1 ¢lE|

1
|EF(W)| = [W Y- A

*IV!

= §Q|En| :
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This concludes the proof of the induction start.

Induction step (i — i+ 1). Leti> 1, > 0, and (wy)new With w,, - 0 as n — o
be given. We will expose the random set U, in several rounds. The number of “main”
rounds R will depend on the constant £(7,0/8), which is given by the induction assumption.

More precisely, let
& =¢&(i,0/8), b =0b(i,6/8), C" =C(i,6/8), and n' =ng(i,d/8)

be given by the induction assumption applied with ¢’ = §/8. We set

R—[%Jﬂ} . (14)

Overview. Roughly, speaking our argument is as follows. We will expose U, in R main
rounds of the same weight, i.e., we will chose qg in such a way that (1 —¢q) = (1 — qg)%
and we let U, = Uqu UREERV U(ﬂ; . Since, every subset W, which we have to consider,
contains at least v = a + ¢ proportion of the elements of U, there must be at least dR/4
rounds such that [Us n W| > (a + 6/2)|U,

induction assumption, which combined with Proposition 3.6, implies that U contains at least

»|. For those rounds we will appeal to the
Q((€)?|V},]) elements u € U with the property that every such u completes “many” elements
in E;(W nU?.) to elements in BT (W A U,.)- Moreover, in each of these “substantial”
rounds (&')?|V,|/(4*"1k?K) new “rich” elements u will be created. Consequently, after
at most dR/4 — 1 of these substantial rounds all but, say, at most (a + 6/8)|V,| < ¥|V4|
elements of U are rich and in the final substantial round W n U, must contain many rich
u € Uand therefore create many elements from Ejf(W).

However, the error probabilities in the later rounds will have to beat the number of
choices for the elements of W in the earlier rounds. For that we will split the earlier main
rounds into several subrounds. This does not affect the argument indicated above, since
our bound on the number of “rich” elements will be independent of gg. We now continue
with the details of this proof.

Constants. Set
52
URT;

and let b and 7 be given by Proposition 3.6 applied with ¢ and 1. We set

4 ro7 2
b*=min{§ b b} and B=[1+1'01}. (16)

1067373 b*
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Finally, let
5/52
§ = 18k(RBR-1)itl’

5 b
b = mi 1
T { 60001RBA-1 "’ 2RBR—1} ’ (18)

C = RBH ', (19)

and let ng = max{n’, 7} be sufficiently large.

Suppose § and v € (0, 1] satisfy
by=a+d.

Let n = ng and let ¢ satisfy 1/w, > ¢ = Cp,. Moreover, let U < V,, be such that
\U| = B|V4|. Note that

min{f, v} > >6>0 and Ul = (a+0)|V,].

For a simpler notation from now on we suppress the subscript n in p,, H,, V,, and E,.

Details of the induction step. As discussed above we generate the random set U, in

several rounds. We will have R main rounds and for that we choose ¢r such that
1—qg=(1-qp)"

For s € [R] we will further split the sth main round into Bf~* subrounds. For s € [R] we

set
_ BRfs
and let ¢, satisfy
(1—gr)=(1-gs"

Note that for sufficiently large n, due to ¢, < 1/w,, and w,, — o we have

o\ ¢ q 0\ 4r qr
1+— ) == = = d 1+ — = (s = s 2
< +100) R-W=R ( +100) B = 4 Z Br=s (20)

and due to the choice of B we have

s—1 * b*

101— gt QY ar s . 21
pN Z 101BR 1017 (21)

t=1

We proceed as follows we first consider r; rounds with probability ¢;, which all together

establish the first main round and we denote the random subsets obtained by

1l 1,m
UqR—Uq1 U qul )
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This is followed by ro rounds with probability ¢o establishing the second main round. This
way we have

Ug=Up v---0U}
and for all s € [R]

S s,1 8,Ts

Up=U vl
Furthermore, let W < U, with |W| = v|U,| and let
W =W AU, and W =W U

for all s € [R] and j € [rs].
In our analysis we focus on “substantial” rounds. For that let S  [R] be the set defined

by s € S if and only if
S 5 S
W= (7= 3) 10
By definition of S, for every s € S exists some j; € [rs] such that

1) .
> (’Y - 2) Ug

and for the rest of the proof we fix such an js for every s € S. The following claim is a

e

direct consequence of Chernoff’s inequality.
Claim 1. Let A denote the event that |S| = §R/4. Then P (A) = 1 —2720lVI,
Proof. Due to Chernoft’s inequality we have
U27| = (1+0.016)q,|U] . (22)
for all s € [R] and every j € [r,] with probability at least

R
1-2 Z s exp(—02q,|U[/30000) > 1 — 9=2alVI
s=1

where we used ¢; < ¢s, (20), the choice of b in (18) and the fact that n is sufficiently large
for the last inequality. Since |W| = ~|U,| we have

W|—R-(1+4/100)(y —9/2)qr|U 1—4/100 ) (20) ¢

515 WL RAL MO0 520V, U0/ _ () 2 5
(1+6/100)qr|U| (1+0/100)qr 2 4

with probability at least 1 — 2-2alVI, O

For the rest of the proof we analyze the rounds indexed by (s, js) for s € S. For s€ S
we set

W(s)=Jw™  and  U(s) = Ui

tesS tesS
t<s t<s
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Note that W(t) = U(t) = @ for all ¢ < mingg s. Roughly speaking, we will show for every
s € S that either Ej; ' (W (s)) is sufficiently large or Q(|V|) new “rich” elements in U will be

created. More precisely, for s € S we consider the following subset Z° < U of rich elements

. E
75— {u e U: deg;(u, W*”,U) = 2 S:V}}

where
deg;(u, W*7* . U) = |{e € E: le n (W% \ {u})| = i,u € e, and e = U}|. (23)

Note that deg;(u, W7 V) = deg,(u, W*J*) and, hence, for every set U < V and every

u €V we have

deg;(u, W™+, U) < deg;(u, W*7*). (24)
Similarly, as above we set
s) = U Z®
teS

t<s

Claim 2. For every s € S and any choice of W(s — 1) < U(s — 1) let By s—1) denote the
event that U;;js satisfies the following properties:

(i) |Ug7*| < 1.01¢,|U| and
(i) for every W=7 with [W3| = (v — 6/2)|Uz%| either
B (W (s)) = ¢ B (25)
or @
§
|Z(s) N Z(s—1)] >W|V|. (26)

Then
P (Bws-1) | U(s — 1)) = 1 — 272"Vl
where P (Bw(so—l) | U(so— 1)) =P (BW(Sofl)) for sy = Mmingg s.

Before we verify Claim 2 we deduce Lemma 3.4 from it. Let C denote the event that the
conclusion of Lemma 3.4 holds. If event A holds and Byy(s—1) holds for every s € S, then C
must hold, since (26) in Claim 2 can occur at most

ARHLE2 (1) 5
TEp T

times and, therefore, (25) in Claim 2 must occur. Below we will verify that this happens

R<|S|

with a sufficiently large probability. Setting P (U(so — 1)) = 1 for sy = mingeg s, we have

P(-C)<P Z Z 2 Z BW(S—I)’U(S_D)IP(U(S_D)a

R] seSU(s—1) W(s—1)
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where the first sum runs over all subsets S < [R] with |S| = 6 R/4, the third sum runs over
all choices of U(s —1) = (J,eq,., Up?t with |U7*| < 1.01¢,|U|, and the inner sum runs over
all 280UV 2es<s @ choices of W (s — 1) < U(s — 1). Therefore, Claims 1 and 2 yield

R
P (—|C) < 2—2bq|V| + 9B Z 21.01|V\Zf;11 g 2—26*qs|V\
s=1

2

1
<

)

( (18)

o-2alVl | o po—tailv] &) g-20alv] | oR po-vravi/rBR) (£ 9-balV|

where the last inequality holds for sufficiently large n. This concludes the proof of Lemma 3.4
and it is left to verify Claim 2. O

Proof of Claim 2. Let s € S, W(s—1) < U(s — 1) be given. Note that this also defines
Z(s —1). We first observe that property (7) of Claim 2 holds with high probability. In
fact, due to Chernoff’s inequality, with probability at least

(16) .
1 — 2exp(—62¢,|U]/30000) > 1 — 273"V

we even have

b

= (1+0.016)g,|U]| (27)

and below we assume that (27) holds. We distinguish two cases for property (7).
Case 1 (|U N Z(s—1)| < (y—33/4)|U]|). Due to Chernoft’s inequality with probability

at least
2 (16) —3b* |V
1 — 2exp(—6%(a + 0/4)q,|U|/192) = 1 — 2730 IV

we have

|U;S’js N Z(s—1)| < (v - 26) |qus’js .

Since s € S it follows that

J

S,J S,J )
|WIs n Z(s—1)] = §|Uq;]5

o3 52
—q|V| = —q|V|.
CalV] = Salv

Hence the definition of Z(s — 1) € [ J;cq-, Z° and ¢1 < ¢, for all t € S yields

(27
=

5
0.9924:|U| >

» 5 1¢ B
EF W (s))| = —qs|V] - — gl
£6% . (20) £'6? . an
> 0 1Pl = qgpppmynd 1Bl = GaTIE

In other words, for this case we showed that alternative (25) happens with probability at

least 1 — 22730Vl > 1 _ 9=20%a:|V],
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Case 2 (|[U N Z(s—1)| = (v —30/4)|U]). In this case we consider

U=U~\Z(s-1).

v , 76 |U]
— d v =(r-2 .
=1y ad 7 (” 8 ) 107

We set

Clearly, ' € (0,1],
v —"T7§/8
v —36/4

L 76\ |U]| 78 78 )
— (=== (ry——=|B=v—-—==> —
By <7 8)|V| (7 8)6 7B g oty

Hence, we can apply the induction assumption to U’. More precisely, the induction

0<+' < <1,

and

assumption asserts that with probability at least
1 _ 2b,QS|V‘
every subset W’ < U;, with W =+ Uy, | satisfies

B ()| = ¢4i[B. (28)

Note that, in fact,
(200 ¢ Cp 19 _,
qs = RBE1 = RBE-1 = Cp

We split the random subset U;S’js =U, wU], where

Uy, =U N Z(s—1) and U} =U U, .

qs
Similarly, we split W7 = W'« W” where W' = W/ n U} and W" = W*¥ A U/ .

It follows again from Chernoft’s inequality that
, 5
U= (1) alv (29)
holds with probability at least
(16 N
1 — 2exp(—82q,|U’|/768) Dy gVl

We distinguish two sub-cases depending on the size of W”.

Case 2.1 (|W"| > o|U;7

/8). In this case, it follows from the W"” < Z(s — 1)

Z- 1€ 1B e
(216 E / 52! an
2] q}V:> Do Sailm = 25 i 1e S e )
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In other words, for this case we showed that alternative (25) happens with probability at

least 1 — 2 - 2730%aslVl > 1 — 9=2b%a |V

Case 2.2 (|W"| < 0|U;7#|/8). In this case we appeal to the (K, p)-boundedness of H. It
follows from Proposition 3.6 and the choice of 1 in (15) that with probability at least

1— Q—qu‘V|+1+10g2 k

there exists a set X < Ués such that

2

X <nalV] € vl € 2o+ 0Vl < 2oVl < Sqv] € S (30)
ngs 6% 16 ds 1606V < 1ealUl < glUg;
and
2 / / (24) 2 /
Z degi (u, W'\ X,U") < Z deg; (u, W'\ X)
uelU’ uelU’
2
< ) degi(u,U) \ X) < 4K’ Kq 21' | (31)

uelU’ |V|

Consider the set
W =Ww'X.

Since s € S, it follows from (30) and the assumption of this case that

o .
- - 11> (5= 3 ) Wi (=) s

Furthermore assertions (27) and (29) yield

Tt $,Js _ —
W (8 WU (=380 - 8100 [Vl (7Y (U] _
%% 4 ) (U 1+6/16 U] 8 ) |U|
In other words, W' satisfies |[W’| > +/ |U;.| and from the induction assumption we infer
that (28) holds with probability at least 1 — 2-Y%!Vl and then

Y, deg;(u, W, U") > | By (W] = €4 E) . (32)

uelU’

W) > W

_9? S|Uz >

For

Z = {ueU’ deg; (u, W', U") = éqslvl}

it follows from the Cauchy-Schwarz inequality
e 2’||V‘| Y > degl(u, W, U) = > deg? (u, W', U')

uelU’ weZ

2 :
1 . 2 1 (&¢|E]\?
= —= degi(u, W/, U/)> = —= (s
2] (Z 1zl \ 2

ueZ
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Consequently,

(95
4k+1 kQK
Since Z < U’ = U ~ Z(s — 1) we have Z is disjoint from Z(s — 1). Furthermore, by
definition of Z we have Z < Z*. Therefore, (26) of Claim 2 holds with probability at least

2] > VI

) 16)
—3b*qs “bga|V|+1togs b o-bgslV] ¢ —2b%q,
1 — 22730Vl _ g=bas|Vititlogs b _ o=tlas|V] "57 1 _ 9=26%as|V]

which concludes the proof of Claim 2. 0

§4. PROOF OF THE NEW RESULTS

In this section we prove Theorems 2.2, 2.3, 2.4, 2.5, and 2.7. While the involved 0-
statements will follow from standard probabilistic arguments, the 1-statement of those

results will follow from Theorem 3.3.

4.1. Proof of Theorems 2.2 and 2.3. Clearly Theorem 2.2 follows from Theorem 2.3
applied with ¢ = 1 and F' = [k] and it suffices to verify Theorem 2.3.

The 0-statement of Theorem 2.3. We start with the O-statement of the theorem. Let
F < IN* be a finite subset with |F| > 3 and & > 0 be given and set

1 — 92\ VUFI-D
- (55)

We distinguish different cases depending on the sequence g = (g,,).

Case 1 (g, « n~V/IFI), In this case the expected number of homothetic copies of F

l y4
q qn

homothetic copy of F', which yields the claim in that range.

in [n]; tends to 0. Hence, we infer from Markov’s inequality that a.a.s. [n], contains no

Case 2 (n™! « ¢, « n~YUFI=Y) In this range the expected number of homothetic

)4
qn

[n], . Moreover, it follows from Chernoff’s inequality that a.a.s. [[n]’ | is very close to its

copies of F'in [n]’ is asymptotically smaller than the expected number of elements in
expectation. Consequently, it follows from Markov’s inequality that a.a.s. the number of
homothetic copies of F in [n]} is o(|[n]; |). Therefore, by removing one element from
every homothetic copy of F' in |[n]} | a.a.s. we obtain a subset Y of size |Y] > ¢|[n]}

which contains no homothetic copy of F' at all, which yields the O-statement in this case.

Y

Note that due to |F| > 3 the ranges considered in Cases 1 and 2 overlap. Similarly, the

range considered in the case below overlaps with the one from Case 2.

Case 3 (n~ DN « g, < en Y(FI=D), Again appealing to Chernoff’s inequality applied

l
qn
¢
qn

to the size of [n]’ we infer that it suffices to show that a.a.s. the number of homothetic

copies of Fin [n]° is at most (1 — 2¢)g,n".
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Let Zpr be the random variable denoting the number of homothetic copies of F'. Clearly,

E[Zr] < ¢/F'n*! and standard calculations show that the variance of Zp satisfies
Var [ZF] -0 (qi|F|_1n€+2 + q’|nF|,n/f+1) .
Consequently, Chebyshev’s inequality yields

A 1 1
IP(ZFZZqLHneH) <var[F]=O< + ) =o0(1),

2|F ‘ F
g2 F p2e+2 gt glFlpen

due to the range of ¢, we consider in this case. Hence, the claim follows from the choice of
¢, which yields
2¢/F It < (1 - 2¢)gun’ . O

The 1-statement of Theorem 2.3. We now turn to the 1-statement of Theorem 2.3. We
first note that if ¢, = Q(1), then the theorem follows directly from Chernoff’s inequality
combined with the original result of Furstenberg and Katznelson. Hence we can assume
w.l.o.g. ¢, = o(1).

Let F < IN* with k = |F| > 3 and € € (0,1). We shall apply Theorem 3.3. For that
we consider the following sequence of k-uniform hypergraphs H = (H,, = (V,,, E,))nen-
Let V,, = [n]® and let every homothetic copy of F' form an edge in E,. In particular,
|E,| = 6(n). We set p, = nV* D p = (p)peny and a = 0. Clearly, for those
definitions the conclusion of Theorem 3.3 yields the 1-statement of Theorem 2.3. In order

to apply Theorem 3.3 we have to verify the following three conditions

(a) PhlEs| — o0 asn — o,
(b) H is a-dense, and
(¢) H is (K, p)-bounded for some K > 1.

By definition of p, and H,, we have
PRI = Q () = (nf V)

which yields (a), as £ > 1 and k > 3.
Condition (b) holds, due to work of Furstenberg and Katznelson [18]. In fact, it follows
from the result in [18], that for every configuration F' < IN* and every £ > 0 there exist

> 0 and ng such that for every n > ng every subset U < [n]® with |U| > en’ contains at
y Yy

l+1

least (n"*" homothetic copies of F'. In other words, H is 0-dense.

Hence, it is only left to verify condition (c¢). We have to show that for every i € [k — 1]

—1/(k=1)

and ¢ = p, =n we have

Vol

il oy q) = B [2 G| =0l ~o(#lEh) )

VeV,



EXTREMAL RESULTS FOR RANDOM DISCRETE STRUCTURES 23

It follows from the definition of deg; in (11) that w;(H,,q) is the expected number of
pairs (Fi, F3) of homothetic copies of F' which share at least one point v and at least i
points different from v of each copy are contained in [n]g The expected number of such
pairs (Fi, Fy) which share exactly one point can be bounded by O (q%n”Z). Since for
every fixed homothetic copy F} there exist only constantly many (independent of n) other
copies Fy, which share two points with F}, the expected number of such pairs (Fy, F») with

|Fy n Fy| = 2 is bounded by
O (gn"*") = O (¥n™*?) |

since ¢ = COp,, = Cn~V*=1 > Cn=1? Consequently, (33) holds, which concludes the proof
of Theorem 2.3. 0

4.2. Proof of Theorem 2.4. The proof of the 0-statement follows directly from the
O-statement of Theorem 1.1 in [36]. Those authors showed that for every irredundant,
density regular ¢ x k matrix with rank ¢ there exists a constant ¢ > 0 such that for
G < cn™™ aas. [n],, can be partitioned into two classes such that none of them
contains a distinct-valued solution of the homogeneous system given by A. Clearly, this

implies the O-statement of Theorems 2.4 for every ¢ € (0, 1/2).

The 1-statement of Theorem 2.4. First we note that if ¢, = (1), then the statement
follows directly from Chernoff’s inequality combined with the definition of irredundant,
density regular matrix.

Let A be an irredundant, density regular ¢ x k integer matrix of rank ¢ and € > 0 For the
application of Theorem 3.3 we consider the following sequence of k-uniform hypergraphs
H = (H, = (V,, ) )nen. Let V,, = [n] and for every distinct-valued solution (z1, ..., xx)
~Um(A) p = (pp)nen and o = 0.
The 1-statement of Theorem 2.4 then follows from the conclusion of Theorem 3.3 and

let {x1,..., 2} be an edge of E,. Moreover we set p, = n

we have to verify the same three conditions (a)-(¢) as in the proof of the 1-statement of
Theorem 2.3.

It was shown in [36, Proposition 2.2 (i)] that m(A) > k& — 1 and due to Rado’s
characterization of partition regular matrices (which contains the class of all density regular

matrices) we have k — ¢ > 2, which yields |E,| = Q(n?). Therefore, we have
PHEn| = Q74D n?) = Q(nie)
and, hence, condition (a) is satisfied.
Moreover, based on the Furstenberg-Katznelson theorem from [18] it was shown by
Frankl, Graham, and Rédl in [14, Theorem 2], that the sequence of hypergraphs H defined

above is 0-dense, i.e., condition (b) is fulfilled.
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Consequently, it suffices to verify that H is (K, p)-bounded for some K > 1. For

—1/m(4) we have to show that

2
pi(Hn,q) = O (q%w;') :

Recalling the definitions of u;(H,, q) and H,, = ([n], E,) we have

ielk—1]and ¢ =p, =n

= ) E[deg}(x, Vo] - (34)

z€[n]

pi(Hn,q) = E [Z deg; (z, Vi)

z€[n]
Note that E [deg(z, V,,4)] is the expected number of pairs (X,Y) € [n]* x [n]* such that
(i) xre X NnY,
(i) X ={x1,...,2x} and Y = {y1, ..., yx} are solutions of L(A), where
Ax = Ay =0
for @ = (z1,...,2) and y = (y1,...,y)", and
(i) 1X 0 ([l ~ {})] = and [Y A ([n], ~ o})] > 5
For fixed x and (X,Y) let w > 1 be the largest integer such that there exist indices

11, ... ,0y and Jq,...,J, for which
Tiy = Yjis- s Tiy = Yjuo - (35)
Consequently,
xe{xila"'v'xiw}:{yj17"'7ij} (36)

Set Wi = {iy,... i} and Wy = {j1,..., Ju}-

For fixed sets Wy, Wy < [k] we are going to describe all (2k — w)-tuples X U Y
satisfying (4) and (35). To this end consider the 2¢ x (2k — w) matrix B, which arises
from two copies A; and A of A with permuted columns. We set A; = (Ay;, | Aw,) and
Ay = (Aw, | Agp,) where for every a = 1,...,w the column of Ay, which is indexed by i,

aligns with that column of Ay, which is indexed by j,. Then let

Aw, | Awy | O

B:

0 | Aw, | A,

Without loss of generality we may assume that rank(Ay; ) > rank(Ay;,) and, therefore,
rank(B) > rank(A) + rank(Ag ) .

Clearly, the number of (2k — w)-tuples X U Y satisfying (¢/) and (35) equals the number
of solutions of the homogeneous system given by B, which is O(n?=w=ank(B))  Since A
is an irredundant, partition regular matrix, it follows from [36, Proposition 2.2 (¢)]

that rank(A’) = rank(A) for every matrix A’ obtained from A by removing one column.
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Consequently, any matrix B’ obtained from B by removing one of the middle columns (i.e.,

one of the w columns of B which consist of a column of Ay, and a column of Ay,) satisfies
rank(B’) > rank(A) + rank(Ay;, ) = £ + rank(Ay; ) .

Therefore, it follows from (36) that the number of such (2k — w)-tuples that also satisfy

condition (7) for some fixed x € [n] is at most

Finally, we estimate the probability that a (2k — w)-tuple X u Y satisfying (¢), (7),
and (35) also satisfies (4i7). Since |[X nY n ([n], ~ {z})] = j < w—1 and ¢ < 1 this
probability is bounded by

Z 2i—j _ 22 w+1)'

In view of (37) we obtain

k
S E[degi(, Vig) = Y. D1 Y om™eriimkim ) gzizesy - (gg)
z€[n] w=

me[n] ] w=1 Wl,WQQ[k]
[Wh|=[Wa|=w

Note that if w = 1, then again due to [36, Proposition 2.2 (7)] we have rank(Ay;, ) = £ and,
therefore, the contribution of those terms satisfies

2
2 2 O<n2k72872q2i) _ O(n2k72871q21‘) -0 (q2z‘ETTll| ) . (39)

z€[n] Wi,Wac[k]
W= Wal|=1

For w > 2 and W, < [k] with |IW;| = w we obtain from the definition of m(A) and
q= nil/ ™4 that
qw_l > n—w+1—rank(AW1)+€ .

Consequently,

Z Z Z O(n2k w—1—0— rank(AWl)qu w+1)

’UJ=2 W1 W2C k
[Wi|= |W2\

Z Z O<n2k—2—2€q2i)

a:e[n] w=2 W1,W2§[l€]
[W1|=|Wa|=w

_ 2U—20—1, 20\ _ 2i | Enl”
=0(n ')=0g¢q o . (40)

Finally, combining (34), (38), (39), and (40) we obtain
B |2
Ml(ancI) =0 (qQZH) )

n
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which concludes the proof of the 1-statement of Theorem 2.4. O

4.3. Proof of Theorem 2.5. The proof is similar to the proof of Theorem 2.3 and we

only sketch the main ideas.

The 0-statement of Theorem 2.5. We recall that for the statement X —q /5, (1 1 —1)
we only consider distinct-valued of the Schur equation and we call such a solutions Schur-
triples. The expected number of Schur-triples contained in [n],, is bounded by ¢n?.
Consequently, the O-statement follows from Markov’s inequality if ¢, « n=%3. In the

middle range n~' « ¢, « n=/?

it follows, on the one hand, from Chernoft’s inequality that
a.a.s. [[n]g.| = ¢.n/2. On the other hand, due to Markov’s inequality a.a.s. the number of
Schur-triples in [n],, is o(g,n) and, hence, the statement holds in this range of ¢,. Finally,

—2/3

if n & @n < enY? for sufficiently small ¢ > 0, then using Chebyshev’s inequality one

obtains the upper bound of
(1—=(1/24¢€))gnn/2

on the number of Schur-triples in [n],,, which holds a.a.s. Consequently, in view of
Chernoft’s inequality, a.a.s. the random set [n],, contains a subset of size (1/2 + ¢)|[n],, |,

which contains no Schur-triple. (l

The 1-statement of Theorem 2.5. Here the we consider a sequence of 3-uniform hypergraphs,

—1/2 and

where V,, = [n] and E,, corresponds to all Schur-triples in [n] and we set p, = n
a = 1/2. For given ¢ € (0,1/2) we want to appeal to Theorem 3.3 and for that we assume
¢n = 0(1). Again the 1-statement of Theorem 2.5 follows from Theorem 3.3 and we have
to verify the three conditions (a)-(c) as in the proof of the 1-statement of Theorem 2.3.

Condition (a) follows from the definition of p,, and condition (¢) follows from similar
considerations as in the proof of Theorem 2.3 for ¢ = 1 and k = 3.

In order to verify condition (b) we have to show that for every € > 0 there exist { > 0
and ng such that for n = ng every subset A < [n] with |A] > (1/2 + €)n contains at
least ¢(n? Schur-triples.

So let A < [n] satisfy |A| = (1/2 4+ e)n and set A = An{l,...,(1 —e)n} (ignoring

floors and ceilings). It follows that for every z € A\ A; there are at least

2 2 2

pairs < y with x, y € A such that z + y = 2. Hence, if |A \ A;| > 3¢?n/2, then A

contains at least 3¢®n?/4 — n Schur-triples and the claim follows.
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On the other hand, if |A \ A;| < 3¢?n/2, then we have

1 3e? 1 3
|A1] = (2—1—8)%—;71: <2+2€> (1—¢e)n.

In other words, we obtained a density increment of €/2 on the interval (1 — €)n and the
conclusion follows from iterating the above argument.

This concludes the proof of condition (o) and, therefore, Theorem 3.3 yields the proof of
the 1-statement of Theorem 2.5 for sequences q satisfying ¢, = o(1). The remaining case,
when ¢, = Q(1) then follows by similar arguments as given in [25, Proposition 8.6] and we
omit the details. U

4.4. Proof of Theorem 2.7.

The 0-statement of Theorem 2.7. Let F' be an (-uniform hypergraph with at least one
vertex of degree 2 and € € (0,1 — 7(F)). We set
1—7n(F)—e¢

1 :

For the proof of the 0-statement we consider different ranges of ¢ = (¢y)new depending

C =

on the density of the densest sub-hypergraph of F' and depending on m(F). Let F’ be the
densest sub-hypergraph of F' with e(F’) > 1, i.e., F’ maximizes e(F")/v(F"). Moreover, let
F” be one of those sub-hypergraphs for which

d(F") = m(F)

(see (10) for the definition of those parameters). Note that e(F”) > 2, since F' contains a

vertex of degree at least two. We consider the following three ranges for q.

Case 1 (g, < n="U")/¢(F)) In this range the expected number of copies of F” in G\ (n, ¢,,)

tends to 0 and, therefore, the statement follows from Markov’s inequality.

Case 2 (n™* « ¢, « n~ Y™ Tt follows from the definition of m(F), that in this range
the expected number of copies of F” in G*)(n,q,) is asymptotically smaller than the
expected number of of edges of G®)(n,q,). Therefore, applying Markov’s inequality to
the number of copies of I and Chernoff’s inequality to the number of edges G (n, ¢,)
we obtain that a.a.s. the number of copies of F” satisfies o(e(G)(n,q,))). Hence, a.a.s.
we can obtain an F”-free, and consequently, an F"-free sub-hypergraph of G (n,q,) by
removing only o(e(G¥(n, q,))) edges, which yields the statement for this range of g,,.

We note that n=¢ « n=vF)/eF")

since F' contains a vertex of degree 2. In other words,
the interval considered in Case 2 overlaps with the interval from Case 1. Similarly, the

range considered in the case below overlaps with the one from Case 2.
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Case 3 (n "0/ « q, < en /™), Applying again Chernoff’s inequality to the
random variable e(G)(n,q,)) we see that it suffices to show that a.a.s. the number of
copies of F” is at most (1 — (7(F) + €))g.n*/2.

Let Zp» be the random variable denoting the number of copies of F” in G (n,q,).

Clearly, E [Zp+] < ¢¢FInF") and standard calculations show that the variance of Zp»

2e(F"), 2v(F") 2e(F"), 2v(F")
B g2 n (e n
Var[Zpn] = O ( e(F*)nv(F*)> =0 ( o(F") ) ’

. !
MIN p*cFe(F*)>1 Gn gn 'nvU)

satisfies

v(F’")/e(F’

due to the choice of F” being the densest sub-hypergraph of F'. Since ¢, > n~ ) we

have ¢¢F)n**) — oo and, therefore,
Var [ZF”] =0 <qTZLe(F//)n2v(F//)>
Consequently, Chebyshev’s inequality yields

1" 1" V Z "
IP (ZF” = QQE(F )n”(F )> < 26(?71,:)[;]”
qn n v(F")

=o0(1).

Moreover, since ¢, < en™ /™) and e(F") = 2 it follows from the choice of ¢ that

2qe(F//)n,U(F//) < 1-— (W(F) + 5)q ne

n x 9 nlt
which yields the O-statement in this case. 0

The 1-statement of Theorem 2.7. Let F' be an f-uniform hypergraph with at least one vertex.
For an application of Theorem 3.3 we consider the sequence of k-uniform hypergraphs
H = (H, = (Vo, E)))nen where V,, = E(K) and edges of E, correspond to copies
of F in K,. Moreover, we set p, = n~Y™) and a = 7(F). Clearly, for this set up the
conclusion of Theorem 3.3 yields the 1-statement of Theorem 2.7 for sequences q with
¢n = 0o(1). In order to apply Theorem 3.3 we have to verify the three conditions (a)-(¢)
stated in the proof of the 1-statement of Theorem 2.3.

Condition (a) follows from the definitions of p, and F, combined. In fact, since F
contains a vertex of degree at least 2 we have m(F) > 1/(¢ — 1) and p,|E,| = Q(n). Such
a result was obtained by Erdds and Simonovits [11, Theorem 1] and, hence, it is left to
verify condition (¢) only.

To this end observe that H,, is a regular hypergraph with (Z) vertices and every vertex is
contained in ©(n"")~*) edges and that | E,| = ©(n**)). We will show that for ¢ = n~1/m)

and i € [k — 1] we have

2
— Z E [deg?(U,Vn,q)] ~-0 <q21||f"7;|| > .

veV

Mz’(HmQ) =E [Z deg?(v, vn,q)

VeV,
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Due to the definition of H every v € Vj, corresponds to an edge e(v) in K. Therefore,
the number E [deg (v, V;,4)] is the expected number of pairs (F}, F3) of copies Fy and F
of Fin K\ satisfying e(v) € E(F}) n E(F,) and both copies F; and F, have at least i
edges in B(G®(n,q)) ~ {e(v)}. Summing over all such pairs F; and F, we obtain

|[E(F1)nE(F2)|-1
E [deg? (v, qu)] < Z Z e
=0

F1,F2: G(U)EE(Fl)ﬁE(FQ)

=0 < 2 q2i(|E(F1)ﬂE(F2)|1)>
Fy,F>: e

U)GE(Fl)ﬁE(FQ)
since ¢ < 1. Furthermore,
Z q2i—(|E(F1)mE(F2)|—1) -0 ( Z n2v(F)—2v(J)q2i—(e(J)—1)> : (42)
F1,F>: e(v)eEE(F1)nE(F») J:e(v)eE(J)

where the sum on the right-hand side is indexed all hypergraphs J < K which contain e(v)
and which are isomorphic to a sub-hypergraph of F'. It follows from the definition of m(F)
and ¢ = n~ V™) that nv()g*) = Q(¢gn’). Combining this with (41) and (42) we obtain

D [degf (U7 Vn,q)] =0 ( Z nQU(F)—QU(J)qu—(e(J)_l))
Jie(

e(v)eE(J)

-0 ( Z nQU(F)v(J)Zq%) ]
J: el

e(v)eE(J)
Moreover, since v(J) = ¢ we have
I [deg?(va Vn,q)] =0 ( Z nzv(F)—qu%) ’
J: e(v)eE(J)

and, consequently,

, . E. 2
Mi(Hn7Q) = 2 O(H%(F)*%qm) = O(nQ”(F)*fq%) -0 (q27,| n| > .

VeV, |V'fl|

This concludes the proof of condition (¢) and, therefore, Theorem 3.3 yields the proof of
the 1-statement of Theorem 2.7 for sequences g satisfying ¢, = o(1). The remaining case,
when ¢, = (1) then follows by similar arguments as given in [25, Proposition 8.6] and we
omit the details. O
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