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Abstract. We consider the two-sample testing problem with randomly right censored
data under the partial Koziol-Green model. It is distinguished between informative and non-
informative censoring in this model. Rank and permutation tests that are distribution free
under the hypothesis of randomness are derived and their optimality is discussed. Since the
optimal scores of rank and permutation tests in the case of censored data usually depend
on the distribution of the observations under the hypothesis of randomness we estimate the
cumulative distribution function of the life times and the cumulative distribution function
of the observations. With these estimators we can define rank and permutation tests whose
optimality merely depends on the direction of the alternatives. Examples and simulations are
discussed.
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1 Introduction

In this paper we consider the two-sample testing problem under the partial Koziol-Green (PKG) model
introduced by Gather and Pawlitschko (1998) [3]. The PKG model extends the general random censorship
model with right censoring which is quite common in survival analysis. Its key feature is the distinction
between informative and non-informative censoring. We call a censoring informative, if it contains addi-
tional information about the distribution of the life times that we are interested in. A rigorous definition
of informative censoring can be found in Andersen et al. (1993) [1, pp. 150]. Under the PKG model we
assume that the survival functions of the informative censoring times are powers of the survival functions
of the life times, that is to say the cumulative hazard functions are proportional.

In the next paragraphs we present the model, our notation and main assumptions. Let T3, 1, ..., Ty n, n >
2, be non-negative, real-valued and stochastically independent (s.i.) random variables (r.v.s) denoting the
unobservable life times of the pooled sample. We assume the first sample (control group) T, 1, - - ., T m., »
1 < m, < n, to be i.i.d. with continuous cumulative distribution function (c.d.f.) F(¢) and the second
sample (test group) Ty.m,+1,--->Tnn to be ii.d. with continuous c.d.f. F®. These life times are
right censored by the informative censoring times C' . 1,...,C1,n,n and the non-informative censoring
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times Co p1,...,C2 nn. All censoring times are mutually s.i. and also s.i. of the T}, ;’s. Because of
the Koziol-Green assumption of the model Cy . 1,...,C1nm, areiid. with c.df. 1 —(1— F(C))ﬁ and
Cinmny---yCinn are iid. with c.df. 1 —(1— F(t))ﬁ, whereas 8 > 0 is an unknown but fixed model

parameter. The non-informative censoring times are real-valued, i.i.d. r.v.s with continuous c.d.f. G.
Under our model we can merely observe the censored life times X, ; = Ty, ; A C1ni A Ca s and the
censoring indicator A, ; = ]l[o,oo)((C’LnJ- ACapi) — Tm) — 11(0700)((0177%1- ANTyi) — an,i), i=1,...,n.
a A\ b stands for the minimum of a,b € R and 14 denotes the indicator function of the set A. Hence,
A,,; = 1 implies that the i-th observation is uncensored, whereas A, ; = 0 (A, ; = —1) means that it
was informatively (non-informatively) censored.

We aim to develop tests for the null hypothesis of randomness % : F() = F® versus the non-
parametric alternative .# : F(©) > F(®) (©) o () (the underlying distribution of second sample F(*)
is stochastically larger than the underlying distribution of the first sample F' (C)) and 7 : F©) < F®
versus £ . In order to achieve this aim we use asymptotic decision theory deriving rank and permutation
tests that are distribution free under /) and any continuous c.d.f. G.

Let § ={P; | t € (—€0,€0)}, €0 > 0, be a distribution family such that P;, is stochastically larger than
P,,, that is to say F;, > F;, and Fi, # Fy,, if and only if ¢; < to, whereas F; is the c.d.f. of P,. In the
sequel we call distribution families with this property as ordered. Furthermore, we assume that

E(Tn,z) = Pt*~cn,i S 3 (1)
for some t* € R holds true, whereas
o ma(n—ma) [ = 1<i<my,
Cnyé = n ﬁ, mn+1§2§n

Obviously, the ¢, ;’s satisfy
n n
ZCW =0 and Zcfm =1. (2)
i=1 i=1

Suppose F; denotes the continuous c.d.f. of P, € §. For 8 > 0 we define the distribution 15,5,[3 having
the continuous c.d.f. F; 3 = 1 — (1 — F})? and the distribution family §% = {P, 5 | t € (—c0,20)}. As
already mentioned above under the PKG model it is assumed that £(C4 ,, ;) = Igt*.cm,g fori=1,...,n.
The distribution of non-informative life times is denoted by @ = £(Cs ;) and its continuous c.d.f. by G.
Under the model assumption (1) the testing problems 2 : t* = 0 versus £/ : t* > 0 and ' : t* <0
versus £ : t* > 0 are clearly subproblems of the general testing problems.

Under these assumptions and defining Z : (R3,B?) — (R x {-1,0,1},B® P{-1,0,1}), (t,c1,c2) —
(t Ac1 A e, ]1[0700)((01 A cg) — t) - 1(0700)((01 At) — 02), we can describe the distribution of a single

observation by the distribution family R? = {#” = (P, ® P.s ® Q)Z | t € (—e0,20)}, that is to say
L(Xni,Anyi) € MP for i = 1,...,n. Consequently, the distribution of the pooled sample is given by

n
&) o ¢
%"1775*{071,1'} T ® Rt*'cww :
=1

The paper is organized as follows. In section 2 asymptotically optimal, parametric tests are developed
by using LAN-theory. Therefore we state criteria ensuring that the sequence of statistical experiments

{Qn;ﬁfnasﬁyﬁz} = {><(]R X {71,07 1})7®(B & :P{*]-aoa 1})7 {%ﬁcmi} ‘ te (Enasn)}} )

i=1 i=1

en = (max{|cy 1, |cnn|}) ! - 0, is asymptotically normal. In section 3 rank and permutation tests
for the testing problem in question are suggested. Especially, the situations in which sequences of the
proposed rank and permutation tests are asymptotically optimal are discussed. Since optimal scores
of rank tests in random censorship models depend on the c.d.f. of the censored life time X, ; and the
c.d.f. of life time T}, ; we use the modified Kaplan-Meyer estimator proposed by Gather and Pawlitschko
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(1998) [3] for estimating the survival time of the T}, ;’s under the PKG model to obtain statistics whose
asymptotic optimality properties merely depend on the direction of the alternatives. In section 4 examples
and simulations are presented. The auxiliary results needed for the proofs of our main results are given
in section 5.

Rank and permutation tests for models with randomly right censored data under local alternatives were
already studied by Neuhaus (1988) [7], who considered translation families and positive scale families,
and Janssen (1989) [6], who extended these results by assuming that both the distribution of the life
times and the censoring times can be described by LLs-differentiable distribution families. In both papers
it turns out that for deriving asymptotically optimal rank and permutation tests, i.e. choosing optimal
scores, one has to know the direction of the alternatives as well as the distribution of X, ; under the null
hypothesis. The proofs concerning the asymptotic properties of the rank and permutation tests and the
variance estimator in section 3 are extensions of the proofs given in Neuhaus (1988) [7] to our case.

2 Asymptotically optimal tests for parametric distribution families

In order to derive asymptotically optimal tests we apply asymptotic decision theory to the PKG model.
This gives us parametric, asymptotically optimal tests that are asymptotically equivalent to the rank
and permutation tests suggested in section 3. In a first step it is shown that the sequence of statistical
experiments {§2,,.%%,, R}, n > 2, is asymptotically normal by assuming that the distribution family
MP is Loy (%OB )-differentiable. Since MP is derived from § and F° one is interested in guaranteeing this
property by the Lo (FPp)- and ]Lg(ﬁ()’ s)-differentiability of the distribution families § and §” respectively.
The theorems 2.4-2.6 investigate this matter.

Note, a distribution family B = {P; | t € (—¢,¢)} on the measurable space (X,%) is called La(F)-
differentiable with Lo-derivative L, if L is a Lo(Fp)-integrable mapping satisfying the conditions

[ (252 =1 =e- 1) ar, = o) )

and
Pt (NO,t) = O(t2), (4)

whereas (Lo ¢, No,¢) is a Lebesgue-decomposition of P, with respect to Py. A definition of a Lebesgue-

decomposition can be found in Strasser (1985) [8, p. 3]. In the sequel %’5 is abbreviated to %’570

10{071,,7,}
and we assume that == — v € (0,1) as n — oo. The latter implies

lim max{|cy1],...,|cnnl} =0. (5)
n—oo
Together with (2) this means that the regression coefficients ¢, ;, ¢ = 1,...,n, n > 2, satisfy the strict

Noether-conditions. As an immediate consequence of Le Cam’s second lemma we obtain

2.1 Theorem. Let R? be a Lg(%oﬁ)—diﬁ’erentiable distribution family with Ls-derivative hg. The se-
quence of statistical experiments {Qn,dn,%g}, n > 2, is asymptotically normal with central sequence

Zn((xi,éi),i = 1,...,n) =y, cmhg(xi,éi). More precisely, it holds Sgﬁo(Zn) =, N(0,02),

0% = Vargg(hg), and

1 %
Ll o sy = €D (t Lyt = 0% 2+ gm) [%{f,o} . Cue ™0, foralteR,
whereas Lgt{c 5y denotes a likelihood ratio of %’5t{c y with respect to %’5,0.
Proof. Cf. Witting and Miiller-Funk (1995) [10, Satz 6.130, p. 317]. O
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2.2 Corollary. Let the assumptions of theorem 2.1 hold. Then cp;((Xnﬂ-,Anyi),i =1,. ..,n), n > 2,
defined by

AV

@Z((Xn,z;An,z);Z: 17"'; { chz' Xn zaAn z) Var%g(hﬁ)v

is an asymptotically optimal sequence of tests of the level o € (0,1) for the testing problem ' versus

K, de
lim [ ¢ d%°
n—oo

n,t{cn,

a=0 (—ua +t- Var%éa(hg)) , teR.
® denotes the c.d.f. of the normal distribution with mean 0 and variance 1, u, == ®~1(a).

Proof. Cf. Strasser (1985) [8, Definition 82.7 and Theorem 82.8, p. 430] O

2.3 Corollary. Under the assumptions of theorem 2.1 the sequences of distributions {%’5’0 | n > 2} and

{e%’f,t{%} | n > 2} are mutually contiguous.

Proof. Le Cam’s first and second lemmata give the result, cf. Witting and Miller-Funk (1995) [10, Satz
6.124 and Satz 6.130, p. 311, 317]. |

Criteria ensuring the L, (%’g )-differentiability of |” are given in the following theorems. In the proofs
of theorem 2.5 and theorem 2.6 the Lo-differentiability of the distribution families in question is directly
verified. The most simple case is given, if both § and §° are Ly-differentiable.

2.4 Theorem. Suppose the distribution family § is Lo (Pp)-differentiable with Lo-derivative L. If3° is
also Ly (Py p)-differentiable then RP is Lg(Rg)—diﬁ’erentiable and its Lo-derivative is given by

. LdP, _ LdP
f(a,oo) 0 f(a,oo) 0 %g] (6)
1-— Fo(I) 1-— FQ(I)

hs(x,8) = 11o,13(6)L(x) + 1{_13(5)

Proof. Set Q; = @ forallt € (—co,€¢). Obviously, {Q: | t € (—c0,€0)} is L2(Qo)-differentiable. Moreover,
one easily sees that {Pt QP sRQy, |t € (— €0, €0 } is Lo (P @B, .3®Qo)-differentiable, cf. Witting (1985)

[9, Satz 1.191, p. 177]. Because of (P ® Pt,g ® Q)% %tﬁ, t € (—eo,ep), the Lg(%’ﬁ) differentiability
of ®M” is an immediate consequence of Witting (1985) [9, Satz 1.193, p. 178]. To complete the proof we

just have to identify the Lo-derivative. For this purpose let Loy, t € (—¢€o,€0), be the likelihood ratio of

Y with respect to % given by Lemma 5.2. We show 2/t(L (l)/f — 1) — hg in Z-probability as t — 0.

It holds %g -a.e. the identity

B
2 ~1/2 2 1/2 2 1/2 1-F\?
t( O/t -1)= ]1{0,1}(5)¥ (LO,/t - 1) + ]1{0,1}(5)5 (Lo,/t - 1) ((1 - Fo) a 1)

=Il(t) :Ig(t)

+ﬂ{01}(5)2<(i_§;) >+]1{ 1}(5)2<G_§;)5;1—1>.

=13 (t) =14 (t)

Let us investigate the four terms separately. Using the Lo (Pp)-differentiability of § and Vitali’s theorem
we have for all € > 0

P,
Ya(upn)-ie — O

Applying lemma 5.1 and Lebesgue’s theorem give

%ﬁ (‘ t( (1)/t2 _ L‘]l{o,l}((s) > E) = /1{|%(Lé(t2—1)—i‘>a} (ﬁ + 1)(1 — G)(l — Fo)ﬁdPO — 0,
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ie. Ii(t) — 11{071}(5)I'/ in %g—probabﬂity as t — 0. A Taylor-expansion at ¢ = 0 using lemma 5.3
shows that (1 — F})/(1 — Fp)?/2 —1) — 0 [#)] as t — 0 implying ((1 — F;)/(1 — Fp)?/2 = 1) — 0 in
%’g -probability. Having the previous computation in mind we have I3(t) — 0 in %’g -probability as t — 0.
This proceeding can also be applied to I3(t) and I4(t) giving

%8 o0 LdF, Z5 Jioo) LdRy
I3(t) = Lg0,13(0 )ﬂﬁ and  Iy(t) —> 1_3(9) (B+1) B
s
Since X, s, X0 j=1,2, implies X = X [%’05] the proof is complete. O

Given the continuous c.d.f.s F() and F®) such that F1) > F®2) and F() # F®) holds, one can construct
an ordered family of distributions P = {P; | t € [ —1,v]} such that F, ; = F") and F, = F®) whereas
F; denotes the c.d.f. of P;. For this purpose we define the c.d.f. Fy :=v-F1) 4+ (1 —v)- F® and the
bounded function b := (dF® /dF, — dFMY /dF) o Fy ', more precisely it holds —1/v < b < 1/(1 — v).
By assuming that Py has the c.d.f. Fy and that P; has the Py densities f; = 1 + tb o Fy we obtain
the distribution family 3. Note that 3 satisfies the conditions we imposed on §. In rank test theory
in the uncensored case such distribution families are used to show that the optimality of rank tests
merely depends on the direction of alternatives, i.e. on the choice of b, and is independent of the actual
distribution of the r.v.s under the null hypothesis, s. Behnen and Neuhaus (1989) [2, pp. 18]. The same
considerations can also be applied to our rank and permutation tests and this motivates the next result.

2.5 Theorem. Suppose that all Py € § have Py-densities fi given by fy = 1+1t-bo Fy [FRy], whereas
Fy denotes the continuous c.d.f. of Py and b: ([0,1],BN[0,1]) — (R,B) is a bounded function such that
f[o 1] bd\ = 0 holds. Then the following assertions hold true:

(i) The distribution family § is Lo(Pp)-differentiable with Lo-derivative L = bo Fy [Py].

(i) The distribution family F°, 3 >0, is Lg(ﬁo,g)-diﬁemntiable.

Proof. The first assertion is a well-known result, cf. e.g. Witting [9, Beispiel 1.200, p. 183] It remains to
prove that §° is ILQ(PO g)-differentiable. Let (LO t NO ) be a Lebesgue decomposmon of Pt with respect
to PO It holds Py = P; for all ¢ sufficiently close to 0. Since Pt 3 << P it results Pt 8 <K PO 3. Thus (4)
is trivially satisfied. Define

() = % (L2 1) ~bor—(5-1)

to complete the proof we show limy o I(t) = 0 [Py 5] and |I(t)| < C € (0,00), so that Lebesgue’s theorem

0
yields (3). It holds Lo,t = ((1 - F)/(1 - Fp) )ﬁ 1\/1 +t-bo Fy- 1,1)(Fo) [ﬁo,g]. By using the chain of
identities

- Lo,1)(Fo) — 1) : Lé,/f
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it results

ol (2
102 (2 (VIR — 1) ~bo o) oy ()

2(/1—F\%" 00y o FodPy
N <E<(1 - FO) - 1> BT ) e (Fo)

2 1-F\%
+(ViTthoFy—1)- <(1—FS) . 1> .1y (Fo)
=1 + 15+ Is.

Choose £g < 9. Clearly, g < |b|!, [bloo := sup{b(u) | u € (0,1)}. A Taylor-expansion at t = 0 gives

2 2 boFy t2 (bo Fy)?
S(V1+thoFy—1) - Loa)(Fo) == [1+¢ - = — — 1| - 10,1 (Fo),
t t 2 8 (1 +t() - boF0)3/2

0 < [t(+)| < |t|. Consequently, for all 0 < |t| < &y we have the estimate

It] (bo Fp)* It] 6% €0 b3
1] = — 575 LonFo) < - |—— 7| < |5 =01, (8)
(1 110) o R)*? 1= glble)? ] A (1= Elble) ™
whereas C is some real number. Again, a Taylor-expansion t = 0 gives
2(/1—F\% ) ¢ ooy b0 FodPy
- -1)-1 F)=—14+=-(p-1) ———r——
t<<1—FO) ) 0.1 (Fo) t< +36-1) 1-F,
B=5
t2 f( OO)bOFOdPO 2 f( oO)bOF‘Qd]DO 2
—pB-HpE-3)| —— 1+t()—— —1f-1 F
R e (RRTOR o (F).

0 < [t(+)| < |t|. Because of the estimate

11(.700)|bOF0|dP0 < f(,oo)|b|°° dPO

f(~,oo)boFOdPO 1 ( )
1-F ODVOT=""1 "R

—F  tent)s

10,1y (Fo) < [bloo

we have for 0 < |t| < &

It] f(_’oo)boFOdPO 2
T2l < 18 = 118 = 3IIbIS | 1 +2() =5 L(0,1)(Fb)
t _ 8-5 _ 8-5 9)
< Wi 1115 - 3oz, (1 + 20bl) T (1 - Ble) T
& ~ B=s - B=5
gZOW—1||ﬁ—3||b|§o((1+50|b|oo) T+ (1 - Eolbloo) 2 ); = Co,

whereas (5 is also some real number. The estimates for I; and I yields an upper bound for I5:

Jiny b0 FodPy

I+ (6-1) T

t
|I3| S %|I1+bOF0|~ ~]].(071)(F0)

< B0y 4 1b1oc) (€ +18~ 11l) € 2 (G4 ) (Ca 4 18— UEl) = 5. (10)

Clearly, it holds |I5] — 0 as t — 0. All in all we proved |I; + I + I3| < Cy + Cy + C5 for 0 < [t] < &p.
Moreover, (8), (9) and (10) also show, that Iy + I + Is — 0 [Fp]. Hence, (3) holds. O

The next result gives another condition ensuring that the Lo (Pp)-differentiability of § is sufficient for
the Lo (%g )-differentiability of 98°. This result can be applied to distribution families with unbounded
LLo-derivatives. This result is also used to obtain optimal tests for the simulations in section 4.
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2.6 Theorem. We define 7p := sup{z | F(z) < 1} as the right end point of some c.d.f. F. If the
distribution family § is Lo(Po)-differentiable and 7¢ < Tr, then the distribution family RO s Lg(%’g )-
differentiable with the La-derivative hg given by formula (6).

Proof. The following facts are used to prove the Lo (%g )-differentiability of :R”.

(i) Lemma 5.3 implies lim;_g Fi(7q) = Fo(rg). 7¢ < 7F gives Fy(rq) < 1. Hence, it exists an
e € (0,e0), such that 1 — Fy(x) > K > 0 for all x < 7¢ and all t € (—¢,¢).

(ii) Given p > 0, the real function x — ” is Lipschitz-continuous on [K, 1], i.e. it exists M (p) € R such
that |a” - b”| < M(p)|a - b‘ for all a,b € [K,1].

Let (Eoﬁt, ]Voﬁt), |t| < e, denote Lebesgue-decompositions according to lemma 5.2. Note that f{ngl}(l —
F)t1dQ = 0 follows from 7¢ < 7, for all t € (—¢,¢). Thus, the La(Pp)-differentiability of § implies
0 < 2% (Noy) < t72(B + 1)P,(No,t) — 0 as t — 0, i.e. (4). It remains to verify (3). Using the
inequality (a + b+ ¢)2 < 4-(a? +b® + ¢2) and (7) we have for 0 < |t| < € the estimate

/ (%(ié(f -1)- ha)Qdﬁzﬁ S / (%(Léffum -1)- hﬁ($75))2ho(ﬂc75)du($)

o=—1
<4 w“)(/@@éff—l) _L)Q(l_FO)ﬁ(l_G)dPO
+/<%(G_§;)ﬁ/gl>ﬂﬁi@%0> (1=F)°(1-G)dP
+/(é((i_g)ﬁm_l)@é{f_1)>2(1—F0)ﬁ(1—G)dP0>
+/<%<G_§;)51 (5+1)f('i°°_’§0P0> (1 - Fp)**dQ

so it suffices to show that lim; .o I;(t) = 0, ¢ = 1, 2, 3, 4. The L-differentiability of the distribution family
T gives

2 2\ 2
ogfl(t)§/<¥(L3{f1)L> dPy —0 ast—0.

Let us consider I(t). For arbitrary chosen { > 0 lemma 5.3 implies the existence of € with 0 < € < ¢,
such that

Fy(z) — Fy(z) _/ iap,
t (z,00)

holds for all 0 < |t| < € and all z € R. This fact is used to construct a function dominating the integrand,
so that Lebesgue’s theorem gives lim;_¢ I2(¢) = 0. The estimate (a + b)? < 2(a? + b?) yields

(%(G_?;)ﬁ/?l) 5%?)2(1%)[3(1@ <

9 2
2(1 - G) <%((1Ft)g(1Fo)§)> +262(1 - G) </( )LdP()) (1 Fp)P-2.

<¢

my (t) ma (t)
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For m; (t) we get using (i), (ii) and the Cauchy-Schwarz-inequality

(0 < 8322 - 6) (27

2
Fy — F; . .
< 8M2(8/2)(1 - G) <f/( )Lde/( )Ldpo>

2 2
9 _ FO — Ft _ . .
< 16M2(3/2)(1 - G) ( . /(.7OO)LdPO> + </(.7OO)LdP0>

<16M2(B/2)(1 - G) (62 + (1 - Fo) - Ep, (1)) .

This function is obviously integrable with respect to FPy. Applying the Cauchy-Schwarz-inequality to
maz(t) yields another function that is Py-integrable.

ma(t) < 26°(1 — G)(1 — Fo)* - Bp, (i) < B°(1 — G)(1 + K7) - Ep, (£2).

Finally, a Taylor-expansion at ¢ = 0 using lemma 5.3 shows

B/2 LP
. 2 1_Ft f(oo) 0
lim [ = 1) =g ) =0 (R
tli%<t((1Fo) ) TR [Pol;

by Lebesgue’s theorem we conclude lim; o I2(t) = 0. Concerning I5(t), for arbitrary £ > 0 it exists &
with 0 < € < ¢, such that |Fy(z) — Fy(z)| < forall x € R and 0 < ¢ < &, s. lemma 5.3. By applying (i),
(ii) and Vitali’s theorem it results

0 < limsup I5(¢)

t—0
. 8 8y\2(2, 172 2
= hmsup/((l —F)7 —(1- F0)2) ;(Lo,t -1 1-G)dP
t—0
. 2 2 /(2 1/2 2
< 111:18(1)110M(5/2) /(Fo - F) <¥(L0,t - 1)> (1-G)dR
9 2
<t aro22¢ [ (3dfz 1) am

< M(3/2)*¢Ep, (L?).

Since £ was arbitrary, lim; o I3(t) = 0 follow from £ | 0. I4(t) can be dealt with analogue to I3(t). O

The condition 7¢ < 7p, has a practical interpretation. If one models the time between the entry of
a participant in a case study till the end of the study by the non-informative censoring time then the
condition means that a participant can live longer than the duration of the study with positive probability.
A condition which seems to be not too unrealistic.

3 Asymptotically optimal rank and permutation tests

This section contains the main results of this paper. Rank and permutation tests are developed and their
optimality is discussed. However, before doing so, we need some more notation. R,, := (Ry.1,...,Rn.n)
denotes the rank vector of the observations Xy 1,..., Xy n, whereas the rank of the i-th observation is
given by R, ; := Z?zl 110,00)(Xn,i — X 5). The inverse rank vector Dy, := (D 1, ..., Dp ) is defined by
the identities Ry, p,, = DnR,;, =1, ¢ = 1,...,n. The order statistic of the observations and the order
statistic of the censoring indicators are defined by X, 1 := (anl, ey Xnm) = (Xn,Dn,n ey Xn,Dn,n) and
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Apg = (Anzla cee Anm) = (An,Dn,u cee An,Dn,n)- One easily proves that the r.v.s R, and (X1, Ant)
are s.i. under %’5’0. More precisely we have

1 1
Ay o(By=1) = —. 1€6n, and % o(Rni=k)=— ke{l....n} (11)
whereas G,, denotes the set of permutations of the numbers 1,...,n.

In the last section we saw that the asymptotically optimal sequences of tests contained the model param-
eter 8 > 0. Thus, for deriving tests it is essential to estimate this parameter. An important condition
to prove consistency of the following estimator is that an observation remains uncensored with positive
probability .

3.1 Lemma. Define p;, = 9?5,0({An,i = k}), k € {-1,0,1}, and suppose p; > 0, then it holds py = Bp1,
¢f. Gather and Pawlitschko (1998) [3, Lemma 3.1]. With some 3 > 0 and with

. I I
Pnk = E Zl ]]-{k}(Anz) = E Zl ]]-{k}(An,Z)a ke {71,07 1};

an estimator of B is given by
B _ { I/)\n,O/ﬁn,la ﬁn,l > 0)
" ﬁa ﬁn,l = 0)

and it holds that ﬂn — B in #° i}—pmbabz’lz’ty for allt € R.

n,t{cn

Proof. Corollary 2.3 implies that the consistency needs to be proved under .7, which immediately results
from the weak law of large numbers. [l

In the sequel we assume that b : ([0, 1],BN[0, 1]) — (R,B) is a bounded function and that the set D(b) =
{u € (0,1) | b is discontinuous in u} is countable. Furthermore, we define B : ([0,1],BN[0,1]) — (R, B)
by u +— f(%l) bdX- (1 —wu)~" - 1 1)(u). Obviously, B is bounded for all u € [0,1] and continuous for all

€ (0,1). Forn > 21let by = by i(Xn1,An,) and By ; = By i(Xn,1,Ant), ¢ = 1,...,n, be scores that
depend at most on the order statistics X, 1 and A, 1 such that score-functions b, (t) = by, rne, t € [0, 1]
and By, (t) = By [ne), t € [0,1], [u] :=inf{z € Z | 2 > u}, satisfy the condition

lim Es / (by —boFyoH ')?d)\ | =0and lim E_s / (B, —BoFyoH Y)?d)\| =0,
n— o0 “n,0 (0’1) n— o0 n 0 (0’1)

(12)
whereas H(z) = e%’fio(Xn,i <z)=1-(1- Fy(2))P* (1 — G(x)) is the c.d.f. of X,,; under % and H~!
is the pseudo-inverse of H. The next lemma yields score-functions satisfying the condition (12).

3.2 Lemma. Define

5o Jongtwn PN

—1(y and B, (u = 1 ﬁnoﬁglu
n () () B () 0,1 ( (u))

for all w € [0,1], whereas F, is an estimator of the c.d.f. Fy such that | F, — Folljo,rm) = sup{|F,(z) —
Fy(z)|: = € [0,75]} — 0 in %ﬁyo—pmbabz’lity and F,(z) = 0 [%’5’0] for all z < inf{z | Fy(z) > 0}. H;!
is the pseudo-inverse of the empirical distribution function of (Xn1,...,Xnn). The functions ’(;n and En
are indeed score functions with the scores ’l;,m- =b,(i/(n+1)) and En,i =Bn(i/(n+1),i=1,...,n. If
the condition D(b) N K(Fy) =0, K(Fy) = {u € (0,1) | 3z1 < m2 such that Fy(z1) = Fo(xe) = u}, holds
true then by, and B, satisfy the condition (12).

Pro f Hu ) = X,.i, forallu € (Tl, %] implies that b, and B, are score functions, i.e. b (u) = /b\n,[nu]
and B, (u) = B, nul> v € (0,1). In a first step it is proved that f(o 1 —boFyoH 1)2d\ — 0 in
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e%’s’o—probability. Since this integral is bounded, Lebesgue’s theorem gives

Jim B </(O 1)@" —boFyo H‘l)Qd)\> =0.

Without loss of generality it can be assumed that the r.v.s (X, ;,A,,), ¢ = 1,...,n, n > 2 are
defined on the probability space {X[7 o0, @, . P 1= @ -, %ﬁo}. Therefore it is sufficient
to show that there is a subsequence {nj} in every subsequence of the natural numbers such that
Jioy (bny —bo Fyo HT1)2dA—0 [P,

In every subsequence of the natural numbers we can find a subsequence {ny} such that

1Fu = Follo,ru) = supf| o, (2) = Fo()| : x € [0,7]} — 0 [P]

and ﬁ;kl (u) — H=Y(u) [P] for all u € (0,1)\D(H '), whereas D(H ') denotes the set of discontinuity
points of H~!. This gives

By, 0 HyM(u) — Foo H ()| < |Ep,, 0 HyMu) — Foo Hyl(u)| + |Fo o HyM(u) — Foo H™ (u)]
<Py, — Follo,ru) + [Fo 0 Hy, () — Fo o H N (w)] — 0 [P],  (13)

—0 [P] —0 [P]
u € (0,1)\D(H 1), note that Fp is continuous.

Suppose it exists u € (0,1) such that Fy o H=(u) = 0, set ug = H (), xo = inf{z | Fo(z) > 0}. Note
H™Y(ugp) = 0. It holds Fy o H 1 (u) = 0 for all u € (0,ug) and 0 < Fyo H ' (u) < 1 for all u € (ugp, 1).
We have R

H,Yu) — H ' (u) < H  (ug) = z9, for all u € (0,uo)\D(H ™).

g

Since F,(z) = 0 [P] for all z < g it exists ko(u) such that F,, o ﬁ;kl(u) = 0 [P] for all k > ko(u).
Consequently, N N
bo Fy, o H,'(u) — b(0) =bo Fyo H '(u) [P].

b being continuous for all v € (0,1)\D(b) and (13) imply by, (u) — bo Fy o H=1(u) [P] for all u €
(ug, V\(D(H Y YUM), M = {u € (0,1) | Fyo H=*(u) € D(b)}. In case it does not exist a u € (0,1) such
that Fy o H 1(u) = 0 the above convergence holds for all u € (0,1)\(D(H ') U M).

D(b) N K(Fp) = 0 gives that the set M is countable. Suppose for d € D(b) it exists uy,us € (0,1) such
that u1 # uz and Fyo H (u;) = d, i = 1,2. Then either H '(u;) = H *(uz) or H(uy) # H '(us).
The first contradicts the fact that H is continuous and the latter implies d € K (Fp). Thus, for every
d € D(b) it exists exactly one u € (0, 1) satisfying Fy o H!(u) = d.

All in all it was proved by, (1) — bo Fy o H='(u) [P] for a.e. u € (0,1). Note that (b,, —bo Fyo H™1)2
is bounded, so Lebesgue’s theorem yields f(o 1 (bp,, —bo Fyo H1)2d\—0 [P].

Since B is continuous on (0,1) and bounded on [0, 1] one shows with the same arguments as above

lim E_zs </ (EnBoFooH—l)Qd)\> =0.
n— oo ‘1,0 (0,1)
O

3.3 Remark. The condition D(b) N K(Fp) = 0 is satisfied, if either Fj is a strictly monotone function
on [0,7g] or b is continuous on (0,1). A suitable estimator of the c.d.f. of Fp is given by the modified
Kaplan-Meyer estimator introduced by Gather and Pawlitschko (1998) [3],

n T (oo, (Xn:i) Pn ~
F\ (t) 1 H 1_ ]1{0,1}(An:i) ¢ ] ],)\ _ Pn,1
" e n+1—1 ’ " ﬁn,1 +ﬁn,o.

This estimator satisfies the conditions ||ﬁn —Folljo,74] — 0'in %ﬁo—probability, cf. Gather and Pawlitschko
(1998) [3, Theorem 4.1], and F,(z) =0 [%50] for all < inf{x | Fy(x) > 0} of lemma 3.2.
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3 Asymptotically optimal rank and permutation tests

Having proposed appropriate scores we can concentrate on a rank statistic. A rank statistic for testing
problems is given by

n
Sn(bn; Bn) = ch,i (1{071}(An,i)(bn,Rn,i + ﬁan,Rn,q,) + ]l{fl}(An,i)(l + ﬁn)Bn,Rn,q,) .

i=1

Of course, the structure of this statistic is closely related to the Lo-derivative given in (6). Since we
want to compute the asymptotic power function of tests depending on the statistic S, (b, By) it is

necessary to compute the asymptotic distribution of the statistic §n(bn,Bn). For doing so we need
a bit more notation. Let ¢; : ((0,1),(0,1) NB) — (R,B), i = 1,2,3, be functions given by ¢;(u) =

E s (]1{2,1-} (Ap1) | Upa = u), i=1,2,3. With L of theorem 2.4 we define the optimal score generating
n,0
functions b, B : ([0,1],[0,1] N B) — (R, B),

Sy Lo Fytdx

b(u)=Lo Fy'(u) - 1oy (u) and B(u) = T

Tjo,1)(u).

And for convenience let us introduce the abbreviations
El :goFOoH_lJrﬁgoFooH_1 and Eg = (1+ﬂ)~§oFooH_1.

Note the close connection of these functions and the IL-derivative given in theorem 2.4 as well as the
functions stated in lemma 3.2. If one considers the situation in theorem 2.5 one sees that b and B do
not necessarily depend on Fy, i.e. the foot-point of the underlying parametric distribution family. For
the next proof , we employ the following auxiliary statistic S} (b, B) = >, cn,i(]l{o,l}(Anyi)(b oFyo
H™Y(Upni)+BBoFyoH  (Up,i)) +1(_13(Ani)(1+B)BoFyo H ' (Uy,:)), whereas Up ; = H(X,,;). Note
that the Uy 4, ¢ = 1,...,n, are s.i. r.v.s that are uniformly distributed on (0,1) under ;. Furthermore,
the abbreviations ky = bo Fpo H '+ 3Bo Fyo H ' and ks = (1+3) - Bo Fyo H! are used.

3.4 Theorem. For the test statistic §n (bn, By) it holds

a £
S%SMCM} (Sn(bn, Bn)) s N (t- up,0f) asn — oo,
whereas
Mo -= / kikiqr + k1kiga + kakags dX
(0,1)
and

2
o = / kg1 + kige + k3qs dX — </ k1q1 + k1ge + kg3 d>\> :
(0,1) (0,1)

Proof. Because of (2) and (5) we can apply Satz 5.112 in Witting and Miiller-Funk (1995) [10, p. 112]
obtaining

L0 (S50, B)) =5 ¥ (0,02) asn— oo (14)
with
op = Vargs (Lio,1y(An1) - k1 (Un1) + L1y (Bn,1) - k2 (Un1))
= E%fjﬁo(]l{l}(An,l) K+ Loy (D) B2+ L1y (D) - K3)”

2
- (Eﬁgo(]‘{l}(Anﬁl) k1 + ]]-{O}(An,l) k1 + ]]-{_1}(An71) . kg))

2
= / k2q1 + k?qo + kigsz d\ — (/ kiqr + ki1g2 + kags d)\> .
(0,1) (0,1)

11
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By Slutsky’s lemma and (14) it results

S (t-S1(B) = (0, £202).

n,0

Since the statistic in question is linear it holds
S* (b + ytb, 2B + ytB) = x - S%(b, B) + y - tS* (b, B)
for all z,y € R. In particular we have

s (@ S50, B) +y-t-S1(b.B) 5 (0,07, o).

because of (14). Applying the Cramér-Wold-device yields
* =7 o\ £ 0 Ug t- Mo
S(Sn(baB)atSn(b7 )) —)’/V((O)?(t'ub tQO% )) as n — oo,
whereas
o = Cov s (Lgo,1y (Bn,)k1 (Un,1) + L1y (Bn)k2(Un,1), Lo,y (Bn,)k1 (Un) + L1y (Bn,1)k2(Un,1))
= Eg;ﬁ O(]1{0,1}(An,1)k1(Un,l)El(Un,l) + 11{71}(An,1)k2(Un,1)E2(Un,1))

— By (140,13 (An,1)k1 (Un1) + Li—13(An1)k2(Un 1))
By (Lo,13(An, )k (Un1) + L1y (A 1)k (Un,1))

) 0

_ / Fakiqy + ks + kokags X
(0,1)

The equality () is a consequence of
S0, B) =Y cnihp(Xnis Ani)
i=1
and N N
Ego (Lioay(Ana) k1(Una) + o1y (Ana) - k2(Un1)) = Egs (hs(Xn1, Ana)) =0,
cf. Witting (1985) [9, Hilfssatz 1.178, p. 164].

Sy (5, E), n > 2, is a central sequence of a sequence of asymptotically normal experiments, s. theorem 2.1,
thus it holds

Az’ .. R PR
log % _ (t .S (b, B) — —t%%) —20 asn— oo
Az’ 2

Using lemma 5.4 and Slutsky’s lemma one obtains

T
d%ﬁt 0 2 .
5 n,t{Cn, i} £ 9% Hb
S(S”“’B)’bg (W)) (g ) (% ) wnee

Le Cam’s third lemma, cf Witting and Miller-Funk (1995) [10, Korollar 6.139, p. 329], yields the
assertion

L0 (S (b, B)) == A (ty, o2).

n,t{cp 1}

12



3 Asymptotically optimal rank and permutation tests

3.5 Corollary. The sequence of tests (¢n (b, Bn))nen defined by

1, & > ~
(Pn(bnaBn) :{ 0, Sn(men) < Ug * Ug

is asymptotically of the level a € (0,1) and has the asymptotic power function

lim Egs () =@ <—ua+t “22>, (15)
Hen, b

Suppose it exists some n > 0 such that nb = b then the sequence of tests is asymptotically optimal for the
testing problem ' vs. K.

Proof. The first assertion is an immediate consequence of theorem 3.4. The existence of some 7 > 0 such
that 77b =b 1mphes nB = B. Since the rank statistic in question is linear we have the followmg identities
ol = 0‘~ -n? and pp = g - m- Moreover, using the definitions of b and B it holds uy = 0‘~ = Var_ 2’ (hg)

Hence, the test sequence (@, (bn, Bpn))nen has the asymptotic power function

<I><ua+t\5;_g> - ua+t\}% = & (—ua + ty/Var g9 (hs))

That is to say the asymptotic power function of an asymptotically optimal sequence of tests, s. corol-
lary 2.2. O

However, this sequence of tests still depends on the unknown variance . The next lemma yields a con-
sistent estimator of this variance which can be employed to derive under S asymptotically distribution
free tests.

3.6 Lemma. Using the abbreviation

Vn(l) = ]1{0,1}(An7i)(bn,Rn,i + Banan,i) + ]1{—1}(An,i)(1 + Bn) 'Bn,Rn,m (16)

a consistent estimator of the variance og is given by

1TL

}-probabz'lz'ty for allt € R.

-(i5m)

3I>—‘

~2
i.e. o5 —>ab m%’nt{c

Proof. Because of corollary 2.3 it suffices to show the assertion under s#’. Let V, (i) =
1101} (Ani) (bn,rs + BBur,.) + L—13(Ani)(1 + B) - Bug,, and Wy (i) = Lio13(An)(b o Fo o
H™Y(Upni) + B o Fyo H Y (Uny)) + Li—13(Ans)(1+ 3) - Bo Fy o H Y (Uny), @ = 1,...,n, be auxil-
iary r.v.s. The weak law of large numbers yields

n n

2
1 . 1 N Zno
= Wapsli)® — <g > Wn,am) =8 Vargs (Was(1) = of,

n < :
i=1 =1

so that by showing

n 56 2 n 2 3
S Va0 = 23" Wasi)? 20, (% Zvn,ﬁu)) - (% an,gu’)) Loo an

i=1 i=1 i=1 i=1
and ) )
1 n__ ' 1 n ' %3 1 no_ ' 1 n ' @5
EZ (i)? — gZVmg(z)Q 20, (52‘/71(@)) - <52Vn,g(2) =20 (18)
i=1 i=1 i=1 i=1

13
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we obtain the assertion. Using the abbreviations &, 1 = b, g, , —bo Fyo HY(U,,) and K,,; = Bn.R,, —
Bo Fyo H Y (Uy,;), (28) and (29) imply

Eys (Vas(1) = Wap(1)" <

4<Egg§ O(kfu) + 6 By O(Kn,1)2 +(B+1)* E 0 O(K”’1)2> —0 asn—oo. (19)

Obviously, it holds sup,,cy (EW (Va,5(1) + ng(l))Q) < 00, so that applying the Cauchy-Schwarz-
n,0
inequality and (19) give

B (IV25(1) = W25(0)) = By (V25(1) + W25(1)] - [V25(1) = W2 (1)) <

2

By (Vas(1) + Wap(1))* \/E%fi,o (Vap(1) = Wa(1))” = 0.

Note that under %570 the r.v.s (Vy, 8(7), Wy g(4)), ¢ = 1,...,n, are identically distributed , s. (24) and
(25). It holds

n

1 & L1
. Ezvf,g(l)*ﬁzwiﬁ

1= =1

ZEW nﬁ W2 (')‘7

B0 |ViZ5(1) = W3s(1)| —0

Eys

implying the first part of (17). Applying the same arguments one derives the inequality

EQSYO (% ;Vn,ﬂ(i)> — (% ;ng(z))
~Ea, |(5 _Z V@) + 3 3 W) ) (5 30 Vo) = 5 3 W) ‘
< Z Br | (Vs i) + Was(0) (Vi 5(3) — W)
< Z B (V)= W) [Bugy (V3) = W)’

— \/Eggo (Vn,ﬁ(l) + Wn,ﬁ(l))2\/E:%570 (Vn’ﬁ(l) — Wnyg(l))Q — 0,

i.e. the second part of (17). Since the sums = 37" | [bp i+ By il, £ 30 B2 ;and £ 30 b2 ; are bounded,
applying lemma 3.1 to

Z;vn - 52} np(1)" = EZIG{O 3 (An) (2 = B2)B2 g +2(8— Bu)bur, Bk,

S|

Pl @a) (L0~ (4 Ba?) B, )
gives the first assertion of (18). By the same arguments one shows the second part of (18). O

Obviously, corollary 3.5 also holds for the sequence of tests ¢, = ]l(S (bn, Br) > uaq\/02), n > 2. In
the next step we are going to derive tests that are distribution free under ) with finite sample sizes.

Consider the test statistic

n
Tn (Dran,T; An,T) = ch,Dn,q, (]1{0,1}(An:i) . (bn,z + ﬁan,i) + ]l{fl}(Anz) . (1 + ﬁn) . Bn,i)-

14



3 Asymptotically optimal rank and permutation tests

Clearly, it holds fn(Dn, Xn1, D) = §n(bn, B,,). Note that the estimators Bn, bp;and By, i =1,...,n,
merely depend on the order statistics X, + and A, ;. Given the order statistics, the distribution of

~

T, (Dy, Xn.1, A 1) is just dependent on the inverse rank vector which is uniformly distributed on the
set of Permutations &,,, i.e. the distribution of the statistic is principally known and can easily be
approximated by simulations. This leads to the introduction of conditional permutation tests.

Let Fy ., 5,, denote the c.d.f. of the distribution £ s (fn(Dn,xn7T,5n7T)), dn,1 € {—1,0,1}" and
’ “n,0

zn,t € RZ. For every a € (0,1) there are real numbers ;yg(zn,T;(Sn,T) and ¢ (xp,1,0n,7) satisfying the
condition

n,T

/]l{c:;<xw,,T,6w,,T>} +Ya (Tn,1500,1)  Len(@n,1,80,1),00) s,y =
The sequence of tests defined by

1,
wn(bna Bn; Xn,Ta Dn; An,T) = VQ(Xn,Ta An,T)7 Tn(Dna Xn,T; An,T)
0,

Co(Xn,1An1)

AV

is called conditional permutation test of the level a. Obviously, this test holds the level, i.e.
E s (wn(bn;BnaDn;Xn,TaAn,T)) = qa, for all n > 2. The next result enables us to characterize the
‘n,0

asymptotic properties of these tests.

3.7 Theorem. If 02 > 0 it holds for all t € R that

sup
yeR

Fo X8, (y) =@ <L> —0 in ’%St{cn i}—probability,

Vi

Proof. The proof given here relies on the same ideas as the proof of theorem 5.2 in Neuhaus (1988)
[7]. Because of corollary 2.3 it suffices to verify the assertion under 5. Without loss of generality,
we can assume the r.v.s (X, ;,An,), ¢ = 1,...,n are defined on the probability space (£, %7, P) =

{><$7,o:2 Qna ®»ZO:2 JZ{TH ®»ZO:2 %570}

For the proof another probability space (€, </, P’) is needed on which the r.v.s Uy ;, 1 <1 <mn,n > 2,
are defined. It is assumed that Up1,...,Uy, , are i.i.d. and uniformly distributed on (0,1). By R}, =
(Ryq1s---s R, ) and Dy, = (D, 4, ..., Dy, ,,) the rank vector and the inverse rank vector of (Up,1, - .., Un.n)
are denoted. Analogue to equation (16) we define for every w € Q, i € {1,...,n} and n > 2 the
quantities vy, (i, w) = L1913 (An:i(w)) - (bni (W) + B (W) Br i(w)) + 1{—13 (An:i(w)) - (14 B (w)) - Bpi(w) and
Tn(w) = 3" vn(i,w). It holds 377" | (vn(i,-) — Tn(+))? = 52, whereas 62 is the variance estimator
of lemma 3.6.

Because of lemma 3.1, lemma 3.6 and (12) it exists a subsequence {ny} in every subsequence of the
natural numbers and a set N € &/, P(N) = 1, such that following assertions hold true:

lim (bp, —bo Fyo H™')d\ =0, lim (Bn, —BoFyo H ')d\ =0,
k—o0 (0,1) k—oo (0,1)
~ 1 &
Jim B, (@) = and lim — ;(vnk (i,0) = Tp, (w))* = 0}
for all w € N.

For fixed w € N we define the linear statistic T, (w) = Y 1| cnivn([n - Upni) + 1,w), n > 2 and show
by the central limit theorem of Lindeberg-Feller, cf. Witting and Miiller-Funk (1995) [10, Korollar
5.102, p. 103], that it converges in distribution to some normal distribution. Because of (2), (5) and
Uni, 1 < i < n, being ii.d. it holds for all n > 2 Ep/(Tn(w)) = 0 and s2 := Varp (Tn(w)) =
Yoy ¢ Varp (v (|n - Uni] + 1,w)) = Varp: (va (R, 1,w)) = =37 (vn(i,w) —Tp(w))?, whereas the
fact |nUn; + 1] ~ R;, ; is used. In particular it holds

2 2
kli>nolo Sp. = Tp- (20)
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In the next step the Lindeberg condition is verified. For € > 0 we have the estimate |v,(|nu + 1],w)| <

bttty |+ (1 B (@) - 1 Ba 1) | = 1bn (1, @)] 4 (14 B (@))]-Bn (1, w)| =: wy (u,w) for a.e. u € (0,1),
Since Up 1,...,Un,n areii.d. for n > 2 it holds

2 2 ,
“n nUni +1],w)dP
52 Z/m con (Ui 1) )] >1/52 ) > e ([nUpi + 1], w)

-z ch/ w2 (U, 4,w) dP’

im1 {max;<i<n{lcn,il}-wn(Un,1)>4/52}
1

= — w

{maxlﬁiﬁn{‘Cnyil}'wn(Un,l)Z V SEL}

In

2(Up.1,w)dP'.

n

It holds limg_o I, = 0, since firstly the functions b, and B,, converge to the functions b and B in
quadratic mean, secondly limg_, s%k = 07 > 0 and thirdly (5) holds. Thus, the Lindeberg condition is
valid and the central limit theorem gives

£p (Tn, (W) = N(0,0%) ask — oc. (21)

For the next step in the proof we need the following assertion

1 _
\/—_k 12<nk |V, (1, w) — Tp, (w)| — 0. (22)
It holds

1 . _ 1 )
—— max |vp, (i,w) — Uy, (W)] < ——= max |v,, ({,w)] + — max [T, (w)| <
Vg 1<i<ng Vg 1<i<ng N 1<i<ng

1 1
P ; < - _.
2 [on (0] < (14 Bue ()~ i 1Bl it o )] =+ 20 )

Since ng Y2 max{|b,, ;(w)| : i =1,...,n%} and ng "2 max{|B,, ;(w)| : i =1,...,n;} converge to 0 as

k — oo, cf. Neuhaus (1988) [7, Proof of theorem 5.2], we have limy_, o 2p, (w) = 0.
Because of (20) and (22) theorem 3.1 in Héjek (1961) [4] can be applied and one obtains

(Z Cry,iUn (R, iy w) = Ty, (w)>2 — 0 ask — oo.
This result and (21) lead to
Lp( chk iU, (R, i, w)) =, N(0,07) ask — oo. (23)
With z, 1+ = X, 1(w) € R and 6,1 = Ay, 1(w) € {—1,0,1}" it holds the following identities
Sp/ chzvn N 213/ chvn o W ) =

Sp/( n(D;,XnyT(w)An,T(w)) = £P<fn(Dn;1'n,Ta5n,T))~

The statistic Ty, (Dny, Zny .15 Ong.1) has c.d.f. Frp X, 1 (@)An, 1 (w), therefore (23) implies

— 0 ask — oo,

T
ilelg Fnk,Xnk,T(w)A”k’T(w)(x) a (I)(—Uf)

by subsequence principle it results the assertion. [l
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3.8 Corollary. It holds c(Xy,1,An 1) — Uq - \/0} in %5 t{en 1} "Probability for all't € R.

n,i}

Proof. Since ® is a strictly monotone function, ®~! is a continuous function. Theorem 3.7 and Satz 5.76
in Witting and Miller-Funk (1995) [10, p. 71] give the result. O

One easily sees that the sequences of tests ¢, and 1,,, n > 2, are asymptotically equivalent, therefore the
assertions of corollary 3.5 also hold for the sequence of tests ¥, n > 2.

4 Examples and Simulations

In this section we present some examples and the results of our simulations. Typical families of survival
time distributions are given by families of Weibull distributions.

4.1 Example. Let # (a,~) be a distribution on (R, B) with Lebesgue density
flz) = ayz? " exp (—ax?) - T,y (®) [A], a,y > 0.

# («,) is obviously a Weibull distribution. Satz 1.194 in Witting (1985) [9, p. 179] gives that the
distribution family {# (o —t,7) | t € (—a, @)} is Lo(# (a, v))-differentiable with Lo-derivative L(z) =
¥ — 1/ [# («,7)]. Assume that the non-informative censoring time distribution is bounded, i.e. 7¢ <
c € (0,00). Theorem 2.6 gives that the distribution family SR is Ly (%’06 )-differentiable with Lo-derivative

ilg(x, 0) = ]l{oyl}(é) (I’y — é) + ]1{,1}(5) ) + Bx” [%O]

Set ¢ = Fy(c), Fo(x) := (1 —exp(—a - 27)) - L(g,00)(x). It holds the identity
ha(x,6) = 1013 (6)b o Fo(x) + 1(_1y(0)Bo Fy + BBo Fy %)),
whereas b, B : ((0,1),BN (0,1)) — (R, B)

=~ I [ 1+log(l—u), u<c B( ).__l. log(l —w), u<e
' log(l1—7¢), u>¢ WETY log(1—¢), u>¢ °
Because of corollary 3.5 we can substitute the functions b and B for band B

_ _J 1+log(l—u), u<c __Jlog(l-w), u<e
blu) = { log(l1—7¢), u>¢ B(u) = log(1—7¢), u>¢

Applying the results of the previous section we can derive asymptotically optimal rank and permutation
tests. In the case that the distributions of the survival times belong to a family of Weibull distributions
{#(a—t,7) |t € (—a,a)} that satisfy the condition # (a,v){(0, 7]} < ¢ the sequences of test ¢, and
Pn, n > 2, are asymptotically optimal. Note, the functions b and B do not depend on the parameters of
the Weibull distribution family.

In the simulations observations X = ((X,,;, An;), = 1,...,n) satisfying £(X) = %ﬁ{cw_}, te{-09+;-
0.1]j=0,...,60}, were generated. The power functions of the different tests are estimated with these
observations. For given ¢ the test was evaluated 20000 times. The tests employed are of the level 5 %.
Note that n = ny + ns is the size of the pooled sample.

4.2 Simulation. In this simulation the distribution of the survival times belongs to the distribution
family {#'(1 —¢,1) | t € (—1,1)}, i.e. the survival times are distributed according to an exponential
law. The non-informative censoring time is uniformly distributed on the interval (0,4), § = 1.3 and
n1; = ng = 50. In this situation the optimal parametric test is used, s. corollary 2.3.
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1 T — 0.02
parametric test ---------
asympt. power function Z
08 r
0.01 4
06 ‘
04 Il ‘ ‘ ||||||||
1 . {[TT
e
02 r
-0.01
1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 1: n1 =no =50 Fig. 2: n1 =mn2 =50

Figure 1 shows the asymptotic power function (solid line) and the simulated power function of the optimal
parametric test (dashed line). In figure 2 the difference between the asymptotic and the simulated power
function is displayed, i.e. ®(—ug.05 +1t;-0p) —7(t;), t; = —0.94+7-0.1, j =0,...,60, whereas 7 denotes
the simulated power function. One sees that the simulated power function fits well the asymptotic power
function.

4.3 Simulation. The same setting as in simulation 4.2 is used. Instead of the parametric test, the
optimal rank test ¢,,, with estimated scores, estimated variance and the estimated model parameter 3 is
utilized.

1 : ‘ ; 01
—— asympt. power function
————————— rank test: 50 (50)
rank test: 100 (100) 0.05 - i
oY p— rank test: 200 (200) -
O Jllllll-..lll IIII -
. I||||| ||||||II
-0.05 1
04 r
-0.1 q
02 015 | —
e L L L L L -0.2 L L L L L L
-1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 3: power functions Fig. 4: n1 =mn2 =50
0.1 T T T T T T 0.1
0.05 1 0.05 4
[ONELLLITTT s Bl (oS LLECTLTT <
| - BT
-0.05 1 -0.05 4
01r ] 01t B
-0.15 1 -0.15 4
02 . . . . . . -0.2
-1 0 1 2 3 4 5 1 0 1 2 3 4 5
Fig. 5: n1 = na =100 Fig. 6: n1 = ny = 200

Figure 3 shows the asymptotic power function and the simulated power functions of the optimal rank
test for different sample sizes. In the figures 4-6 the differences between the asymptotic power function
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and the simulated power functions are displayed. With increasing sample sizes one observes that this
difference decreases. Note that under J¢ about 11 % of the observations are non-informatively censored.

4.4 Simulation. In this simulation the same setting as in simulation 4.3 is used. But this time the
distribution of the maximum of two s.i., uniformly on the interval (0,4) distributed r.v.s is used as
law of the non-informative censoring time. In this situation only about 3% of the observations are
non-informatively censored. This leads to significant gain of power of the rank test in comparison to
simulation 4.3.

1 : ‘ ; 0.1
—— asympt. power function
---------rank test: 50 (50)
rank test: 100 (100) 0.05 - i
oY ] p— rank test: 200 (200) -
0 [reresteanyy [iHiassee=ee i
a |||||||| ||||||||
-0.05 1
04 r
-0.1 1
02 r 0.15 )
-0.2
1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 7: power functions Fig. 8: n1 =mn2 =50
0.1 T T T T T T 0.1
0.05 1 0.05 4
0 fe-suse ey [TILLELEEN E O fervenianae "y ITTTLLLLRREEE
O =
-0.05 1 -0.05 1
-01 ¢ 1 -01 - 1
-0.15 1 -0.15 1
02 . . . . . . -0.2
-1 0 1 2 3 4 5 1 0 1 2 3 4 5
Fig. 9: n1 = ny =100 Fig. 10: n1 = n2 = 200

Again, the difference between the simulated power function and the asymptotic power functions decreases
with increasing sample sizes, s. figures 8 - 10.

4.5 Simulation. In the setting of simulation 4.3 the properties of the optimal rank test are investigated,
if the control and the test group have different sizes.

1 T T T 0.1
—— asympt. power function
————————— rank test: 75 (25)
sl 005 t .
0 Jllll"lll..l"” III..lullllllu. ..... 4
o5 | I||||| |||II
-0.05 -
04
-01 + 4
0.2 - 0.15 )
-0.2
1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 11: power functions Fig. 12: ny =75 ny =25
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In the case that there are more observations in the control group, the power of test the is better in
comparison to simulation 4.3, s. figure 11 and 12. If the control group is smaller than the test group
we see a decrease in the power of the optimal rank test. However, the difference between the simulated
power function and the asymptotic power function decreases with increasing number of observations.

1 ; ; ~ 0.05 ; ; ; ; ; ;
—— asympt. power function
————————— rank test: 25 (75) [
rank test: 50 (150) 0 | ]
08 f -=-- rank test: 100 (300)
-0.05 | i
06 - 01t g
0.5 t g
04 - 02 L i
0.25 - i
02t
03 g
: -0.35
1 0 1 2 3 4 5 1 0 1 2 3 4 5
Fig. 13: power functions Fig. 14: n1 =25 ny, =175
0.05 0.05
0 [eesesnea,, 4 0 feesevinaay 4
|||||||| |||| ||II|||| ||||||"
005 t 1 -0.05 g
01t 1 01t g
-0.15 1 015 + 1
02t 1 02 g
025 t 1 0.25 t g
03t 1 03 g
-0.35 : : : : : : -0.35
-1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 15: n1 = 50 n2 = 150 Fig. 16: n1 = 100 nz = 300

4.6 Simulation. In the situation of simulation 4.5 the optimal permutation test instead of the optimal
rank test is used. For estimating the 95 % quantile of the permutation test 6000 random permuations
were generated. In figure 17 we see the simulated power functions of the rank test (solid line) and the
permutation in the case ny = 75 and no = 25. In figure 18 the difference between the simulated power
functions of the permutation test and the rank test is displayed.

1 : : 0.05
rank test: 75 (25)
————————— permutation test: 75 (25)
08t
06
01||||I||||'|| """"
04 -
02t
-0.05
1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 17: power functions Fig. 18: n1 =75 n2 =25

The results for sample sizes (nq = 25 and ng = 75) are shown in figure 19 and 20.
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T T 0.05
rank test: 25 (75)
————————— permutation test: 25 (75)
0.8 -
o ! | | | | | | 4
04 -
0.2 -
"""" -0.05
1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 19: power functions Fig. 20: ny =25 ny =75

In this case there are no considerable differences between the performance of the rank and the permutation
test.

Another typical example for survival time distributions are log-logistic distributions.

4.7 Example. Let £ («,) denote a distribution on (R,B) with Lebesgue density

fay =2 (2 (14 (g)”)_2 Aoy (@) N, @y >0,

T (0%

Z(a,7) is called a log-logistic distribution. Satz 1.194 in Witting (1985) [9, p. 179] gives that the
distribution family § = {ZL(a +t,7) |t € (—a, )} is Lo (L («,7y)) with La-derivative

p=-2(1-2(1+ (2)) 7 (5)) 1o [Zla)]

(% (%

Using the same theorem one verifies that the distribution family §°, 8 > 0, is Ly-differentiable, hence
theorem 2.4 yields that the distribution family R” is Ly (%’g ) differentiable with Lo-derivative

hp(x,8) = 1013 (6) -bo Fo(z) + 1;_13() - Bo Fy(z) + - Bo Fy  [%y)],

whereas

Fo(z) = (1 + (2)7)71 : (g)7 1(0,00) (), E(u) = % (2u—1) and B(u) = % U

Note, Fp is the c.d.f. of Z(a, ). Because of corollary 3.5 we can substitute the functions b(u) = 2u — 1
and B(u) = u for band B. Applying the results of the previous section we obtain asymptotically optimal
rank and permutation tests provided that the distribution of the survival times belongs to a family of
log-logistic distributions.

4.8 Simulation. In this simulation the distribution of the survival times belongs to the distribution
family {£(1.8+1¢,2.2) | t € (—1.8,1.8)}, i.e. the survival times are distributed according to a log-logistic
law. The non-informative censoring time is uniformly distributed on the interval (0,4), § = 1.3 and
n1 = ng = 50. In this setting the optimal parametric test, s. corollary 2.3, and the optimal rank test ¢,
with estimated variance and estimated model parameter 3 are used. The parameters of distributions are
chosen in a way that a lot of the observations are non-informatively censored. Under 7, about 37 %
of the observations are non-informatively censored. In figure 21 we see the simulated power functions
of the parametric and the rank test as well as the asymptotic power function. The rank test performs
considerably worse than the parametric test. The number of non-informatively censored observations has
apparently a significant impact on the power of the rank test, s. also simulation 4.3 and 4.4.
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: ‘ : 0.05
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—————————— parametric test: 50 (50)
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04 - 1 02 i
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02t
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-0.35
1 0 1 2 3 4 5 1 0 1 2 3 4 5
Fig. 21: power functions Fig. 22: ny =n2 =50

4.9 Simulation. In this simulation the same setting as in the previous simulation is used, but instead of
a uniformly distributed non-informative censoring time the censoring time of simulation 4.4 is employed.
As a consequence there are less non-informatively censored observations in this situation. Under .77
merely about 14 % of the observations are non-informatively censored.

T T T 0.05
—— asympt. power function
rank test: 50 (50) I
T e
08 -
-0.05 - q
06 | -01 q
-0.15 | ]
04 02t E
-0.25 q
0.2 -
-03 q
-0.35
1 0 1 2 3 4 5 -1 0 1 2 3 4 5
Fig. 23: power functions Fig. 24:n1 = ny =50

In figure 23 the simulated and the asymptotic power function are displayed. In figure 24 the difference
between them is shown. The power of the rank test is better compared to simulation 4.8, s. also
simulation 4.3 and 4.4

4.10 Simulation. Analogue to simulation 4.5 the properties of the rank test are investigated in case that
the sample sizes of the control and the test group are different. We chose the cases (n1,n2) = (75,25)
and (n1,n2) = (25,75), again. The results of the simulation in the setting of simulation 4.8 is displayed
in figure 25. In figure 26 the result of the simulations in the setting of simulation 4.9 is shown.

1 T T T 1 T T T
—— asympt. power function - . —— asympt. power function
————————— rank test: 75 (25) - === rank test: 75 (25)
rank test: 25 (75) rank test: 25 (75)
08 : q 08 b
06 - 0.6 - B
04 - 04 + B
02 0.2+ B
1 0 1 2 3 4 5 1 0 1 2 3 4 5
Fig. 25: power functions Fig. 26: power functions
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In simulation 4.5 it turned out that the power of the rank test was better, if there were more observations
in the control group than is the tests group, i.e. n; > no. In this simulation the contrary is can be
observed.

4.11 Discussion. The simulations show that the simulated power functions seem to converge to the
asymptotic power function, if the size of the pooled sample size is increased, s. simulation 4.3, 4.4 and
4.5. This underlines the results of section 2 and 3. Moreover, the power of the optimal rank test is
considerably worse than the power of the optimal parametric test. However, this is the price to pay for
the fact that rank tests are asymptotically distribution free under the null hypothesis. The power of
the optimal rank test seems to correlate with the number of non-informatively censored observations.
The more observations are non-informatively censored the less powerful is the corresponding rank test,
s. simulation 4.3, 4.4, 4.8 and 4.9. In case that the number of observations in the control and test group
was different, we obtained inconsistent results, s. simulation 4.5 and 4.10. In such situations one can
hardly predict the properties of the rank test, if it is applied to small sample sizes. Certainly, one can
easily overestimate the asymptotics.

5 Auxiliary Results

In this section the auxiliary results used in previous proofs are given.

5.1 Lemma. For By € B and By € P{—1,0,1} it holds %tﬁ(Bl X By) = 1p,(—1) fBl(l — F)PHadQ +
15,(0) [5, 81 = F)°(1 = G)dP; + 15,(1) [, (1 = F)P(1 - G)dP;.

Proof. Straightforward. |

5.2 Lemma. Suppose f; and fo are p-densities of P; and Py respectively, e.g. p = Py + Py. Without
loss of generality it can be assumed that fi = 0 on the set {F; € {0,1}}. By Lot := ft/fol(0,00)(fo) and
Not:={z € R| fo(x) = 0} we define

N R\ R\ !
Lou(x,8) = 1{0,1}(5)(%) .Lo,t(x)w{l}(a)(ii%) oy (Fol(a))

and No,t = Not x {0,1} U{Fy = 1} x {—1}. The tuple (Eo,t,ﬁoﬁt) is a Lebesgue-decomposition of %tﬁ
with respect to %’g .

Proof. For By € B and By € P{~1,0,1} we have 2, (By x By) = % (BiNN§, x Bon{0,1}) + %, (B1 N
(Fo < 1} x Bon{=1}) + %/ (B1 N Noy x BoN{0,1}) + %) (By N {Fo = 1} x B> N {~1}). Applying
lemma 5.1 to the first two terms gives

%] (Bi N NE, x Bon{0,1}) + %] (B1 N {Fy < 1} x Bo N {~1})

~10,0) [ - FPO-Ofdit 1) [ (0= FP0- G

BiNN§,

+ 1132(—1)/ (1— F)P*dQ
Bin{Fy<1}

1-F\’
-t /BmNg,t(lF;) %'ﬂ”’m)(fom(l ~ R (L= G)fads

_ B
f10) [ (155 2 b - (1 - 6o

1-F/) fo
1 -5 o B+1
+1p,(-1) TR Lo,y (Fo) - (1 = Fp)""d@Q
Bin{Fy<1} — 4o

_ / To. d?.
B1 ><B2
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Thus, %tﬁ (B1 X Bg) = fleB2 EO,t d%’g + %’f((Bl X Ba) N Noﬁt). Since %g(]%,t) = 0 the proof is
complete. [l

5.3 Lemma. Let§ = {P; [t € (—e0,c0)}, €0 > 0, be a Lo (Fy)-differentiable distribution family on (R,B)
having the Lo-derivative L. It holds

VE, ::@ :limwz/ LdPoz—/ LdPy,
ot |t:0 t—0 t (—c0,] (-,00)

whereas the difference quotient converges uniformly.

Proof. Let (Lo.¢, No,¢) be a Lebesgue-decomposition of P, with respect to Py, t € (—¢¢,¢€0). Since Lo (Fp)-
differentiability implies L, (Pp)-differentiability we have

/(_007.] %(Lo,t - 1) — LdPy| < th_r% /(_OO,'] H<L07t - 1) — L‘ dp,

1 .
< lim/‘g(Loi—l) —L‘ APy = 0

lim
t—0

t—0

and ) )
lim ‘;Pt (No,e N (—o0, ~])‘ < lim mPt (No,t) = 0.

Given € > 0 we can choose tg > 0 such that for all ¢, 0 < [t| < to, and for all z € R

/( E(LW — 1) —Ldpy

—00,z] t
/(_00735]
|
(700737]

for all x € R and for all ¢ satisfying 0 < || < ¢y. Since dePO =0, cf. e.g. Witting [9, Hilfssatz 1.178,
p. 164], we have [___ . LdPy = — Jizoo) LdPp,. O

| ™

2

1
< E and ‘;Pt (NO,t N (—OO, I])‘ <

hold. This means

Fy(z) — Fo(z) _/ idp,
t
(—OO,JC]

: 1
(Lo —1) — LdPy + ;Pt (No,: N (—o0,2])

(Lot — 1) — LdPy <e

& | = S

+ }%Pt (N()’t n (700, 1’])

The proof of theorem 3.4 depends crucially on the following result.
5.4 Lemma. It holds S} (b, B) — Sy (bn, Bn)—0 in %ﬁwpmbability.
Proof. The r.v.s (Xpi, Ani), 1 <i <n,areiid. under %570, so it holds
ng o ((Rn,i7 Unm An,i)7 (Xn,T7 An,T)) = ng o ((Rn,j; Un,j7 An,j)v (Xn7Ta AH,T)) (24)
and

E@f o ((Rn,i7 Un,'h An,i); (Rn,j; Un,j7 An,j)7 (Xn,T; An,T)) =
Sgg o ((Rn,k; Un,k; An,k)7 (Rn,m; Un,'nu An,m)7 (Xn,Ta An,T)) (25)

for i # j and k # m. With the auxiliary statistic

Sn(bn; Bn) = Z Cn,i (]1{0,1}(An,i)(bn,qu, + ﬁBn,Rn,q,) + ]l{fl}(An,i)(l + ﬁ)Bn,Rn,i)

i=1
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we show Sy, (b, By) —S; (b, B)—0 in ﬁgyo—probability in the first part of the proof. The Cauchy-Schwarz-
inequality gives for two identically distributed r.v.s Y and Z

[B(YZ)| </E(Y?)-E(Z?) = E(Y?). (26)

Using the abbreviations ky; = by g, , —bo Foo H *(U,;) and K, ; = By g, , — Bo Fyo H *(Uy,) the
inequality (x + y)? < 2(22 + y?) yields the estimate

By (Sn(bn, Ba) = Si(b, B))’

n n 2
=Ea, <Z enil{o,1y (Bni) (kni + BEni) + ) nili—13(Bni) (B +1) - Km‘)

i=1 i=1
n 2 n 2 9
<4|Egh %5 <Z Cn,ikn,t’) + 62E'%510 <Z Cn,z'Kn,z) +(B+1)2 <Z CniKn Z)
i=1 i=1

Applying (2), (24), (25) and (26) one obtains

n 2 n
E@BO <chzkn7,> = Zcfm-E@n kn,i —I—chz ZC”J E% o kzmk/’mj)
i=1 i=1

I#J
< E@" nl +chzzcn1 Egﬁ kn,ikn,j)
Z#J
:E'%n nl +chzzcn1 %" nlk'n2)
Z#J
2
- E%fjﬁ (knl) - E%ffyo (knylknﬂ)
2
< 2-E%510(kn,1) :
By the same arguments one shows the estimate
(ZK) <2 By (Kn)” @
i=1

Because of (5) E s . (S (b, By) — Si(b, B))> — 0 is implied by

lim E,s (kn1)’=0 and lim Egs (K,1)° =0

n—oo n 0 n—oo n O

which is shown in the next lines. Let b, ; be the exact scores, cf. Hajek and Sidak (1967) [5, p. 157
formula (12)], and b7, () = b}, (,,,- Remember by ;i = bn,i(Xn,1, An1). Exploiting the fact that the rank

vector and the order statistics are s.i. and (11) one obtains

E%’ff,g (bn,Rn,1 - b;,Rn,l )2

" 2 (Xn,15An,7)
= /E@go[(bn,Rn,l(XnmAn,T) Vg ) | (Xt Auy) = (2,8)] d o T (=, 6)

:E@ﬁ (bw Rnl(xé) wa 1)2

n,0

=Eys / (b — b2)*dA.
©J(0,1)
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Furthermore it holds

2
Bag Ontns ~Vin, ) 2By [

(bn, —boFooH_l)Qd)\—i—Z/ (boFyo H ' —b%)%d\ — 0,
(0.1)

(0,1)

whereas the first term converges to 0 because of (12) and the second term converges because of Héjek and
Sidak (1967), [5, Theorem V.1.5.b]. Using these results and theorem V.1.4.a in Hdjek and Sidak (1967),
[5] one obtains

E%S,o (kn’l)2 = Eﬂ’f,o (bann,l - b ° FO o Hﬁl(Unvl))Q

28)
.2 . . 2 (
<2 By (bnRur — i, ) +2- s (b5 R, —boFoo H '(Upn1))” — 0.
By the same arguments it is proved that
. 2
nh_)n(io E%ff,o (Kp1)” =0. (29)

B
K0

Since Ly-convergence implies convergence in probability we get Sy, (by, B,) — S):(b, B) — 0. Because

of Sy (bn, By) — S%(b,B) = Syn(bn, Bn) — Sn(bn, Bn) + Sp(bn, By) — S (b, B), it remains to show that
~ #°
Sn(bns Bn) — Sn(bn, Bn) —% 0. For the r.v.s T = >y ¢nyi - Buog,, and T = Y0 cnyi - B(Unyi)

the estimate (27) and the limit (29) imply 7,, — Ty—0 in %ﬁyo—probability. Because of (2) and (5) the
convergence theorem for linear statistics in Witting and Miiller-Funk (1995) [10, Satz 5.112, p.112] can be

applied. This gives £ 5 O(T;'{) =, A (0,0%), whereas 0% = Var s . (BoFyoH ' (Up,1)). Slutsky’s lemma
yields £ 5 0(Tn) =, A(0,0%). By applying Slutsky’s lemma and lemma 3.1 it results S, (b,, Bn) —
§n(bn, B,)=(8- Bn) S Cni By.g,,—0in %ﬁmprobability, that is to say the assertion. O
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