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Abstract

In this paper we consider the estimation of the error distribution in a het-
eroscedastic nonparametric regression model with multivariate covariates. As es-
timator we consider the empirical distribution function of residuals, which are ob-
tained from multivariate local polynomial fits of the regression and variance func-
tions, respectively. Weak convergence of the empirical residual process to a Gaussian
process is proved. We also consider various applications for testing model assump-
tions in nonparametric multiple regression. The obtained model tests are able to
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detect local alternatives that converge to zero at n -rate, independent of the

covariate dimension. We consider in detail a test for additivity of the regression
function.
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1 Introduction

In mathematical statistics nonparametric regression models constitute very important
methods of analyzing relations between observed random variables. In this paper we
regard the often neglected case of multivariate covariates, which is of special importance
in applications. To this end consider the random vector (X, Y'), where X is d-dimensional

and Y is one dimensional, and suppose the relation between X and Y is given by
Y =m(X)+o(X)e, (1.1)

where m(-) = E(Y|X =), 0?(-) = Var(Y|X = -) and where it is assumed that ¢ and
X are independent. We are interested in estimating the distribution of the error ¢, and
in applying this estimated error distribution to develop tests for model assumptions. As
an estimator for the error distribution function we consider the empirical distribution
of residuals, that are obtained from multivariate local polynomial fits of the regression
and variance functions, respectively. We show weak convergence of the corresponding
empirical residual process to a Gaussian process. Comparable results in a model with
univariate covariates (d = 1) were developed by Akritas and Van Keilegom (2001). In
the case of multivariate covariates we are only aware of the work by Miiller, Schick and
Wefelmeyer (2007) for a partially linear model. So far estimating the error distribution
in the nonparametric model has not been considered in the literature in the case of
multivariate covariates. Moreover the proofs as given by Akritas and Van Keilegom (2001)
are not straightforwardly generalized to the case of multivariate covariates.

Akritas and Van Keilegom’s (2001) results for the nonparametric regression model
with univariate covariates have been successfully applied to develop tests for model as-
sumptions. In this context Van Keilegom, Gonzédlez Manteiga and Sénchez Sellero (2008)
consider goodness-of-fit tests for the regression function and Dette, Neumeyer and Van
Keilegom (2007) propose a goodness-of-fit test for the variance function. For comparison
of several independent regression models, Pardo Fernandez, Van Keilegom and Gonzélez
Manteiga (2007) and Pardo Ferndndez (2007) investigated tests for equality of regression
functions and tests for equality of error distributions, respectively. Neumeyer, Dette and
Nagel (2005) suggested a goodness-of-fit test for the error distribution.

Thanks to the results on estimation of the error distribution developed in this paper,
all of the above tests are also valid in the important case of multivariate covariates. An
important advantage of the proposed test statistics is that they are able to detect local

alternatives that converge to zero at m~'/?-rate, independent of the dimension of the



covariate, whereas for the classical tests based on smoothing (with bandwidth parameter
h) this rate is n='/2h=%* and this will be substantially slower when d is large. Moreover
the new theory opens various possibilities to test for parametric or semiparametric models
in the context of multiple regression. We explain the general idea for these tests and
consider testing for additivity of the regression function as detailed example. Here we
prove weak convergence of the residual empirical process on which the test statistics are
based.

The paper is organized as follows. In Section 2 we define the estimator of the error
distribution and give the asymptotic results under regularity conditions. In Section 3 we
explain in general how the results can be applied for model testing. The case of testing
for additivity of the regression function is considered in detail in Section 4. All proofs are

given in an Appendix.

2 Estimation of the error distribution

As mentioned in the Introduction, the aim of this section is to propose and study an
estimator of the distribution of the error € under model (1.1).

Let Fx(z) = P(X < z) and F.(y) = P(e < y) and let fx(x) and f.(y) denote the
probability density functions of X and e. Let (X3,Y7),...,(X,,Y,) be an ii.d. sample
taken from model (1.1), where we denote the components of X; by (Xj1,..., X)) (i =
1,...,n). We start by estimating the regression function m(z) and the variance function
o?(z) for an arbitrary point = (21,...,24) in the support Rx of X in IR?, which we
suppose to be compact. We estimate m(z) by a local polynomial estimator of degree p [see
Fan and Gijbels (1996) or Ruppert and Wand (1994), among others], i.e. m(x) = B0, where
Bo is the first component of the vector B, which is the solution of the local minimization

problem
. ~ 2
ming > {Yi = Bi(B,2.0) } Kn(X; - 2), 2.1)
=1

where P;(3, x,p) is a polynomial of order p built up with all 0 < k& < p products of factors
of the form X;;—z; (j = 1,...,d). The vector 3 is the vector of length > %_, d*, consisting
of all coefficients of this polynomial. Here, for u = (uy, ..., uq) € R?, K(u) = H;l:l k(u;)
is a d-dimensional product kernel, k is a univariate kernel function, h = (hy,...,hq)

is a d-dimensional bandwidth vector converging to zero when n tends to infinity, and



Kp(u) = H;.l:l k(u;/h;)/h;. To estimate o%(x), define

7 () =70 = B, (22)
where 7 is defined in the same way as [, but with Y; replaced by Y2 in (2.1) (i =
1,...,n). See also Hérdle and Tsybakov (1997), where this estimator is considered for a

one-dimensional covariate.

Next, let fori=1,...,n,
Y- m(X))
& = T =/v\
and define the estimator of the error distribution F.(y) by

Fe(y)=n"" > IE <) (2.3)

We will need the following conditions:

(C1) k is a symmetric probability density function supported on [—1,1], k is d times
continuously differentiable, and kV)(+1) =0 for j =0,...,d — 1.

(C2) h; (j = 1,...,d) satisfies h;j/h — ¢; for some 0 < ¢; < oo and some baseline

bandwidth h satisfying nh?**? — 0 and nh3¢*% — oo for some small § > 0.

(C3) All partial derivatives of Fx up to order 2d + 1 exist on the interior of Ry, they are

uniformly continuous and inf,cr, fx(z) > 0.

(C4) All partial derivatives of m and o up to order p+ 2 exist on the interior of Ry, they

are uniformly continuous and inf,cg, o(z) > 0.

(C5) F. is twice continuously differentiable, sup,, |y f!(y)| < oo, and E|Y|® < oco.

Note that (C2) implies that the order p of the local polynomial fit should satisfy
p+1>(3d)/2, e.g. when d = 1 we can take p = 1, when d = 2 a local cubic fit suffices,
etc.

Also, note that the condition nh**2? — 0 in (C2) comes from the fact that the asymp-
totic bias, which is of order O(hP™!), should be asymptotically negligible with respect to
terms of order O(n'/?). However, the order of this bias can be refined, in a similar way as
was done in e.g. Fan and Gijbels (1996) (p. 62) when d = 1, which leads to the following
refined condition : nh?’** — 0 when p is even, and nh**2 — 0 when p is odd. Taking
this refinement into account, we get that p = 0 suffices when X is one-dimensional, and
this coincides with what has been done in Akritas and Van Keilegom (2001).

We are now ready to state the two main results of this Section.
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Theorem 2.1 Assume (C1)-(C5). Then,

n

() - Fly) =n 'S {Ie < 9) — o) +ole0n) b+ Raly),

=1

where SUP_ o, <00 | Bn(y)| = op(n~"?) and

o(zy) = L]+ 52 -1},

Corollary 2.2 Assume (C1)-(C5). Then, the process n'/*(F.(y)—F.(y)) (—o00 < y < o)

converges weakly to a zero-mean Gaussian process Z(y) with covariance function

Con(Z (), Z(y2)) = E [{1(e < 1) = Folyn) + @(e,y) HI(E < 92) = Fuls) + (e 1)} .

Note that the above results are considerably more difficult to obtain than the corre-
sponding results for d = 1 obtained by Akritas and Van Keilegom (2001) by using local
constant estimators. A direct extension of the results in the latter paper to dimensions
d larger than one is in fact not possible because that would lead to two contradictory
conditions on the bandwidth, namely on the one hand nh?¥*® — oo, and on the other
hand nh* — 0 (where the latter condition comes from the bias term). It was therefore
necessary to consider other estimators of m and o, that improve the rate of convergence
of the bias term. We chose to use local polynomial estimators, because of their nice bias
properties and also because of their excellent behavior in practice, which has been widely
demonstrated in the literature (see e.g. Fan and Gijbels (1996)). Also note that with-
out any exception, all papers in the literature related to estimation or testing problems

involving the nonparametric estimation of the error distribution, are developed for d = 1.

3 Model tests

Tests for various hypotheses can be based on the suggested estimated error distribution.
Due to the curse of dimensionality in nonparametric multiple regression, investigators

often prefer parametric models
m € {my |V € O}, (3.1)
or semiparametric models such as partially linear models,

m(zy,...,xq) = B1x1+ -+ Ba1xa-1 + g(xg)  for some fy,..., 041 € R, (3.2)



single index models

m(xh'"amd) :g(ﬁlml_’_—’—ﬁd‘rd) for some ﬁl?"';ﬁdeRa (33)

or additive models
m(zy,...,2q) = mi(x1) + -+ ma(zq) (3.4)

with univariate nonparametric functions g and my, ..., my, respectively. Hence there is a
great interest in goodness-of-fit tests for the regression function. The results displayed in
Section 2 can be applied to test for each of the hypotheses (3.1)-(3.4), and in the next
section we consider in detail the testing for an additive regression model (3.4). General
testing procedures for semiparametric regression models have also been considered by
Rodriguez-Pdo, Sperlich and Vieu (2005) and Chen and Van Keilegom (2006). Their
tests are based on smoothing techniques (with a bandwidth k), and they are able to

d/4

detect local alternatives of the order n~—'/2h~ The tests proposed here can detect

however local alternatives that converge to zero at n~—/2

-rate, which will be substantially
faster when d is large.

The general idea to apply the new results for hypotheses testing is to compare the
estimated error distribution F. under the full nonparametric model (as in Section 2) with
the empirical distribution function ]:;5 of residuals esimated under the null model, and to

apply Kolmogorov-Smirnov or Cramér-von Mises tests based on the process

\/ﬁ(ﬁe() - Fa('))»

which converges to a Gaussian process. Analogous tests for hypothesis (3.1) were proposed
by Van Keilegom, Gonzédlez Manteiga and Sanchez Sellero (2008) when the covariate is

one-dimensional. Similar tests for the hypothesis
o € {05 |9 €O}

for the variance function (which includes tests for homoscedasticity as special case) were
considered by Dette, Neumeyer and Van Keilegom (2007), whereas Neumeyer, Dette and
Nagel (2005) test goodness-of-fit of the error distribution, i.e.

F. e {Fy |V € O},

Thanks to the results of Section 2, the three latter tests are now also valid when the

covariate is multi-dimensional.



Moreover the tests by Pardo Ferndndez, Van Keilegom and Gonzalez Manteiga (2007)

and Pardo Fernandez (2007) for equality of regression functions, i.e.
my = =my,

and equality of error distributions, i.e.
B = =F,

respectively, are now carried over to the case of multivariate covariates. Those tests are

in the context of k independent regression models
Y;" = ml(X”) =+ Ui(Xij)Eija ] = 1, Ce ,ni,z’ = 1, Cey k.

All the considered tests provide the possibility to detect local alternatives of rate

1/2 independent of the covariate dimension d. As explained already above, this is

n-
in big contrast with smoothing based tests, that are based e.g. on the L?-distance be-
tween the nonparametrically and parametrically estimated regression fucntion in the case

of hypothesis (3.1). These tests usually can only detect local alternatives of the rate
n71/2h7d/4‘

4 Testing for additivity

In this section we consider in detail the application of the residual-based empirical process
to testing additivity of a multivariate regression function. Different tests for additivity of
regression models were proposed by Gozalo and Linton (2001), Dette and von Lieres und
Wilkau (2001), Yang, Park, Xue and Hérdle (2006), among others. Our aim is to test

validity of the hypothesis Hy of an additive regression model, i. e.
Hy:m(z1,...,2xq) = my(xy) + - +mg(zq) + ¢ forall (z1,...,24) € Rx, (4.1)

against the general nonparametric alternative as considered in Section 2. Here in model
(4.1) we assume E[my(X;)] = 0 for all £ = 1,...,d to identify the univariate regression
functions. Let 7, 62 and F. denote the estimators defined in (2.1), (2.2) and (2.3),
respectively. Further, let X; , = (X;1,..., X -1, Xigt1,. .., Xiq) and denote its density
by fx_,, whereas the density of X;, is denoted by fx,. To estimate the additive regression
components we apply the marginal integration estimator [see Newey (1994), Tjgstheim
and Auestad (1994), Linton and Nielsen (1995)] and define

_ I~
Mg(l‘g) = EZm(le,...7Xj’g_1,l‘g,Xj’g+1,...7de> _Ym (42)
j=1
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where Y, =n~' 7| Y], Let
m(zy,...,2q) = ma(zy) + -+ mg(zg) + Y, (4.3)
denote the additive regression estimator and let ﬁg be the empirical distribution function

of residuals _
— Y — m(Xz')
v T E(X,L) Y

estimated under the null model. Tests for additivity can be based on Kolmogorov-Smirnov

1=1,...,n,

or Cramér-von Mises type functionals of the process n'/ Q(ﬁa — ﬁa), given by

Txs=n'? sup |EF.(y) — F.(y)|

Tors =1 / (Fu(y) — Fu(y)2dEi(y).

Please note that ﬁg consistently estimates F., whereas ]55 consistently estimates the
distribution F: of & = (V; — my(Xyn) — -+ — ma(Xsq) — ¢)o 1 (X;) for ¢ = E[Y;] and
me(ze) = E[m(Xi, ..., Xie—1, e, Xigs1, - -, Xia)], where m(z) = E[Y;|X; = z]. Exactly
as in Theorem 2.1 by Van Keilegom, Gonzdlez Manteiga and Sénchez Sellero (2008) it
follows that F. = F: is equivalent to the null hypothesis (4.1).

To derive the following asymptotic results we will need an additional assumption.

(C6) All partial derivatives of fx and fx_, (¢ =1,...,d) up to order p+ 1 exist and are

uniformly continuous.

Theorem 4.1 Assume (C1)-(C6) and the null hypothesis (4.1). Then,

B - R = SUS cm(x) + Ray),

n
i=1

where SUp_ o,y oo IR, (y)| = op(n~Y2). Here, H is defined by

d

where for £ =1,....d,

Ix (@, xe1, Xie, Toga, - ., Ta)
ggX'g = / d(xq, ... LTyp—_1,Ty e, X
(Xie) o(x1, . To 1, Xity Tog1y - - Tq) (@15 Tt Bes - Ta)



Corollary 4.2 Assume (C1)-(C6) and the null hypothesis (4.1). Then, the process
nl/Q(ﬁa(y) — F.(y)) (—o0 <y < 00) converges weakly to f-(y)Z, where Z is a zero-mean

normal random variable with variance Var(Z) = E[H?*(X)].

Please note that for a univariate model (d = 1) the limiting process is degenerate as
could be expected because then each regression model is ‘additive’. Further in models with
homoscedastic variance the dominating part of the expansion in Theorem 4.1 simplifies

to

e Fx(Xie) fx (X
fy; z::{l_ )(X)< )}

which vanishes in the case where all covariate components are independent.
Corollary 4.3 Assume (C1)-(C6) and the null hypothesis (4.1). Then,

Tis % sup  f(y)|Z]

—00<Y< 00

Tow [ P)iR) 2
where Z s defined in Corollary 4.2.
The proof of Corollary 4.3 if very similar to the proof of Corollary 3.3 in Van Keilegom,
Gonzdalez Manteiga and Sénchez Sellero (2008) and is therefore omitted.
To apply the test we recommend the application of smooth residual bootstrap. A

discription of the method and asymptotic theory for the univariate case can be found in
Neumeyer (2006).

Remark 4.4 Consider the local alternative
Hln : m(xlv cee axd) = ml(xl) +...+ md(xd) +c+ n_l/Qr(xlv s axd)v

for all (xy,...,24) € Rx, where E[my(X;)] =0 ({ =1,...,d) and the function r satisfies
E(r*(X)) < co. Then, it can be shown that under Hj,,

Tis > sup  f-(y)|Z +0]

—00<Y< 00

Imri/ﬁwMﬂ@ﬂZ+m%

for some b € IR. The proof is similar to the proof of Theorem 3.4 in Van Keilegom,
Gonzéalez Manteiga and Sénchez Sellero (2008), and we therefore refer to that paper for

more details.



Remark 4.5 Assume we want to test for a separable model with regression function
m(@1,...,2q) = G(ma(z1), ..., ma(zq))

with known link function G, where functions ¢, (¢ = 1,...,d) are known (or consis-
tently estimable) such that [ G(mi(z1),...,ma(zq))qe(z— )dx ¢ = my(x,), where x_, =
(T1, . X1, Tty .-, Tq). With

nen) /m T1,. ., 2q) () dr_g

and m(zq,...,xq) = G(M1(x1),...,mq(zq)) the analogous testing procedure as explained

for testing additivity can be applied.

Remark 4.6 Combining the methods developed in Section 2 with those considered by
Pardo Fernandez, Van Keilegom and Gonzalez Manteiga (2007) and Neumeyer and Sper-

lich (2006) one can also test for equality of additive components, when k regression models
Yii = mi(Xy) +0oi(Xij)eyy, j=1,...,n5i=1,...,k,
with additive structure
mi(Xij) = mi(Zi;, Wi;) = ri(Zi;) + 9:(Wij), Elri(Z;)] =0, i=1,...k,
are given and one is interested in the hypothesis
Hy: m=rg=-- =1

For + = 1,...,k denote by 1/7\51, the empirical distribution function of the residuals &; =
(Yi;—m(Xi;))/0(Xi;) (7 =1,...,n;), and by F.. the empirical distribution function of the
residuals &;; = (Y;; — 7(Zi;) — 6:(Wi;))/o(Xi;), where g; denotes the marginal integration
estimator for g; (within the ¢th sample), and 7 denotes a marginal integration estimator
for r = r; = -+ = rp under Hy obtained from the pooled sample [see Neumeyer and
Sperlich (2006)]. A test can be obtained from comparing F., with F., (i = 1,...,k) in
the same manner as shown by Pardo Fernandez, Van Keilegom and Gonzélez Manteiga

(2007) in the context of testing for equality of regression functions.

Appendix: Proofs
In this Appendix the proofs will be given of the main theorems and of several lemmas.
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Lemma A.1 Assume (C1)-(C5). Then,
17 = mlata = op(1), [0 = ollara = op(1),

where 0 < « < §/2, ¢ is defined as in condition (C2), and where for any function f
defined on Rx,

Y

|D*f(x) — D*f(2")|
fllgra = max sup |D*f(z)| + max sup
H Hd+ k<l oeRy ‘ ( )‘ h=d g chy HSU _ x/“a

k: (kl,...,kd),
Dk: 8k
Ak dahe’

k.= Z;'l:l k;, and || - || is the Euclidean norm on IR".

Proof. First note that it follows from Theorem 6 in Masry (1996) that

sup [(x) —m(z)| = Op((nh?)~*(logn)'’?) + O(**') = op(1).
rERX
Next, note that based on this result it can now be shown that for k. < d,

sup |D*iii(z) — D*m(z)| = Op((nh™*)~2(logn)'/?) +- O(W"*17%) = op(1),

TERX

and for k. =d,

|D*m(x) — D*m(x) — D*mi(a’) + D*m(a’)|
sup
r,x'€ERx H.CI? - x/Ha

= Op((nh34+2)=12(log n)Y?) + O(hPT1=4=2) = op(1).

A detailed proof of the latter two results can be found in Proposition 3.2 and Theorem
3.2 in Ojeda (2008) respectively for the case where d = 1. In the multiple regression case,
the proof is similar but more technical, and is therefore omitted.

For ¢ — o, note that we can again apply Theorem 6 in Masry (1996), but with Y;

replaced by Y2 (i = 1,...,n). Hence, the same reasoning as for m — m applies. U

Lemma A.2 Assume (C1)-(C5). Then,
/ Wﬁ((m)dm =n! Zéi + op(n~?),
and R .
/ 7le) —ote) fx(z)dr = ! Z{€? — 1} +op(n”'/?).

o(x) T2
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Proof. We prove the first statement. The second one can be shown in a very similar way.
The proof is based on the notion of ‘equivalent kernels’, introduced by Fan and Gijbels
(1996), p. 63-64. Although their development is valid in the case where d = 1, it can be
seen (but the proof is technical) that equivalent kernels can be extended to the context
of multiple regression. In fact, for the extension to d > 1 one needs to stack the Y _, d*
coefficients of the local polynomial of order p into one big vector, and apply the same kind
of development as in the case d = 1. Details are omitted. This development yields that

the estimator m(x) can be written in the form of a Nadaraya-Watson type estimator:

i) = YW (=),
=1

where the weights W{'(-) depend on z and satisfy

"L — X N S S
;W[)( - >:1 and Wo(u)fEfX(x)K(u){1+0p(1)}

uniformly in u € [-1,1]% and 2 € Rx. Here, K*(-) is the so-called equivalent kernel and is

a product kernel K*(uy,...,uq) = H?Zl k*(u;), where k* is a univariate kernel satisfying

/uqk‘*(u)du = dgq (0<q<p). (A.1)

It now follows that we can write

n

m(r) —m(z) =n"" fx' (@) Y Ki(r = X)(Y; = m(@){1 +op(1)},

i=1

and hence (we take o = 1 for simplicity)
[ (@) = mo) fx(a)da

_ ! ;/K;(:c — XY — m(2))de {1+ op(1)}

= [ e+ O {1+ op()} =7t Y e+ op(n”1?),

i=1
where the second equality follows from a Taylor expansion of m(X;) —m(x) of order p+1

and from equation (A.1), and where the last equality follows from condition (C2). O

12



Lemma A.3 Assume (C1)-(C5). Then,

n

sup|n7 31 <)~ T <) — Fely) + Ealy) }| = op (07,
—oo<y<oo i—1
where F is the distribution of € = (Y —m(X))/a(X) conditionally on the data (X;,Y;),

j=1,...,n (i.e. considering m and ¢ as fized functions).

Proof. The proof is very similar to that of Lemma 1 in Akritas and Van Keilegom (2001).
Therefore, we will restrict attention to explaining the main changes with respect to that
proof. First note that Lemma A.1 implies that, with probability tending to one, (m—m)/o
and &/c belong to CH(Ry) and C&*(Ry) respectively, where 0 < o < /2 is as in
Lemma A.1. Here, C{"*(Ryx) is the class of d times differentiable functions f defined
on Ry such that ||flara < 1 (with ||f]|¢ra defined in Lemma A.1), and C3+*(Ry) is
the class of d times differentiable functions f defined on Rx such that ||f||s+e < 2 and
inf,ep, f(z) >1/2.

Next, note that for any & > 0, the &%-bracketing numbers of these two classes are
bounded by

Nj(&%, C(Rx), La(P)) < exp(Keg >4 (@+e))

Ny (22, G842 (Ry), Lo(P)) < exp(K&—24/(@+a)),

where P is the joint probability measure of (X,e) and K > 0 [see Theorem 2.7.1 in van
der Vaart and Wellner (1996)]. It now follows using the same arguments as in Akritas
and Van Keilegom (2001) that the &-bracketing number of the class

Fi={(w,e) = Ile Syf(@) + fi(2) : y € R, fi € CF*(Ry) and fy € C§*(Ryx) }

is at most O(£~2 exp(K&24/(@+))) and hence

/ V108 N (&, Fi, La(P)) de < .
0

The rest of the proof is now exactly the same as in Akritas and Van Keilegom (2001) and

is therefore omitted. U
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Proof of Theorem 2.1. From Lemma A.3 it follows that

F.(y) — F.(y)

— ! Z I(e; <y) — Fe(y)

() / o (@) {y(@ () — o(x)) + (x) — m(z)} dFx ()

+% / fi(&)o 2 (2){y(@(z) — o(z)) + m(z) — m(x)}z dFy () 1 op(n/?),

for some &, between y and o '(2){yo(z) + m(z) — m(z)}. The third term above is
Op((nh®)~'logn) = op(n~'/2), which follows from the proof of Lemma A.1 and from
conditions (C2) and (C5), while the second term equals n='>°"  ¢(e;,y) + op(n™1/?),

which follows from Lemma A.2. O

Proof of Corollary 2.2. The proof is very similar to that of Theorem 2 in Akritas and
Van Keilegom (2001) and is therefore omitted. U

Lemma A.4 Assume (C1)-(C5) and (4.1). Then, for m defined in (4.3),
lm = mllasa = op(1),
where 0 < a < 6/2, with § defined in condition (C2), and || - ||a+a defined in Lemma A.1.

Proof. From (4.3) and (4.1) we have for © = (z1,...,x4)
d
m(x) —m(z) = Y (M) —me(ze) + Y, —c,
=1

where Y, —c=n"13" (V; — E[Y;]) = Op(n~/?), and it does not depend on x. For the
ease of notation we consider my(xy) — my(z,) in detail for £ = 1. With the assumption
E[m¢Xy)] =0 =1,...,d) we obtain

. 1o (-
ml(flfl) —ml(arl) = EZ <m(a:1,Xj2,...,de) —m(xl,ng,...,de)>
j=1

d n
—|— Z % ZTTW(XJ[) —|— C — ?m
(=2 j=1

14



where the terms in the last line are of order Op(n~'/?) and independent of x;. Hence, we

obtain

sup [ (z1) = ma(2)] - < Sgplﬁ‘b(ﬂc)—m(ﬂf)lﬂLOP(n_l/z) = op(1)

by Lemma A.1. For the derivatives note that for £ < d, and for j =1,...,n,

n

k ko~
(k) 0 m(a:l,ng,...,de) ~ (k) 1 0 m(:vl,ng,...,de)
m (1'1) - y m (l’l) = — ,
! Oxk ! ; Oxk
and hence
. Im(z) OFm(x
sup (1) — m{?(a)] < sup| TIAD TIUD| )

o1 - . | O oxh

by Lemma A.1. Further, we have

~ (k k ~ (k k
qup [P @1) =i @) =y (@) + i)
x1,7] |$1 - x,1|a
1> 3kﬁ1($17£{j,—1) _ 3km(rl,§j,—1) _ 5'“7?1(90’1,51,71) + 3km(~”¢'p§j,71)
Ox Ox ox Ox
< sup - 1 1 1 1
wzy M ; (21, Xj—1)" = (2, Xj—0)*®
DO = m) @) = DO —m) )
e |z — ']
by Lemma A.1. O

Lemma A.5 Assume (C1)-(C6) and (4.1). Then, for ¢ =1,....d,

my(x¢) — my(2) 1 S ” 'g'gf(Xiwa,g(Xi,ff)
/ o(x) iFx(@) = nz (XoJes fx(Xi)

g

- / fX(S;) e % 2”: ["(Xz‘)si +me(Xe) | +op(n?)

where gy 1s defined in Theorem 4.1.
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Proof. For ease of notation we only consider the case £ = 1. Then from (A.2) and the

proof of Lemma A.2 we have by standard arguments (using condition (C6))

/7711(1’1) —my(z) APy (z)

o(x)
/ ZZ X117Xj2 _Xi27"‘and_X7;d) de(:lj‘)
n’ i=1 j=1 fx (1, Xjo, .o, Xja) o(x)

ST X L ] oo
R~ o= Xa\ Sx ., (Xag, ..., Xia) dFx(7)
/n_;h;"(xi>€ik< » >fX(x1,Xi2,...,Xl-d) ()

- / f;(g) dx %Ji [c —Y; +ma(Xjo) + - + md(de)] + op(n~Y?)

1 G2y 000y 1 il PRI
_ —ZU(Xi) le 2 id /fx 1, L2 d)d(xg,...,xd)

7,17x27" xd)

n

fX l [U(Xj)sj + m1(Xj1)} +op(n~'?),

=1

which is the desired expansion. O

Proof of Theorem 4.1. Exactly as in the proof of Theorem 2.1 we obtain the expansion

F.(y) - F.(y) = n‘IZI(&Sy)—FE(y)

Ay / 2){y(@(x) — 0(2)) + f(x) — m(z)} dFx(x) + op(n~"/2)

uniformly with respect to y, and hence,

) - Fl) = 2] [0 @) - ma)} dFx(@) - (Vo - o) [ 0@ dPx()

_ Z/ {mz ) mg(l‘g)} dFX(x)} + OP(n—l/Q)‘
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Now Lemma A.2 and Lemma A.5 yield

n

Y ei—(Ya-o / o (x) dFx(z)

=1

_ - 1 - o 'g'gf(XiZ)fX_e(Xi,—Z)_ fx(x
Z{”Z (Xo)e fx(Xi) /O’(QJ)

= £(y) <l i ; [1 _ i U(Xi)ge(Xw)fXJ (Xi,e)] N

Ix(Xi)

and the assertion follows.

(d - 1)/fX(<;;) dz 3

n

) dx % Z [O'(Xi)é“i + me(X; )] })

- - 2 U(Xi)&Ti)

Acknowledgments. The second author acknowledges support from IAP research net-

work nr. P6/03 of the Belgian government (Belgian Science Policy).

References

M. G. Akritas and I. Van Keilegom (2001). Nonparametric estimation of the resid-

ual distribution. Scand. J. Statist. 28, 549-567.

S. X. Chen and I. Van Keilegom (2006). A goodness-of-fit test for parametric and
semiparametric models in multiresponse regression (submitted) (paper available at
http://www.stat.ucl.ac.be/ISpub/dp/2006 /dp0616.pdf) (under revision for Bernoulli).

H. Dette, N. Neumeyer and I. Van Keilegom (2007). A new test for the paramet-

ric form of the variance function in non-parametric regression. J. Roy. Statist. Soc.

Ser. B 69, 903-917.

H. Dette and C. von Lieres und Wilkau (2001). Testing additivity by kernel based
methods — what is a reasonable test? Bernoulli 7, 669-697.

J. Fan and 1. Gijbels (1996). Local Polynomial Modelling and Its Applications. Chap-

man & Hall, London.

17



P.L. Gozalo and O.B. Linton (2001). A nonparametric test of additivity in gener-

alized nonparametric regression with estimated parameters, J. Econometrics 104,
1-48.

W. Hirdle and A. Tsybakov (1997). Local polynomial estimators of the wvolatility

function in nonparametric autoregression. J. Econometrics 81, 223-242.

O.B. Linton and J. P. Nielsen (1995). A kernel method of estimating structured non-

parametric regression based on marginal integration. Biometrika 82, 93-101.

E. Masry (1996). Multivariate local polynomial regression for time series: wuniform

strong consistency and rates. J. Time Series Analysis 17, 571-599.

U. U. Miiller, A. Schick and W. Wefelmeyer (2007). Estimating the error distri-

bution function in semiparametric regression. Statist. Decisions 25, 1-18.

N. Neumeyer (2006). Smooth residual bootstrap for empirical processes of nonpara-
metric regression residuals (submitted) (paper available at http://www.math.uni-

hamburg.de/research /ims.html) (under revision for Scand. J. Statist.).

N. Neumeyer, H. Dette and E.—R. Nagel (2005). Bootstrap tests for the error dis-
tribution in linear and nonparametric regression models. Austr. New Zealand J.
Statist. 48, 129-156.

N. Neumeyer, S. Sperlich (2006). Comparison of separable components in different
samples. Scand. J. Statist. 33, 477-501.

W. K. Newey (1994). Kernel estimation of partial means. Econometric Theory 10,
233-253.

J. L. Ojeda (2008). Holder continuity properties of the local polynomial estimator (sub-
mitted) (paper available at http://www.unizar.es/galdeano/preprints/lista.html).

J. C. Pardo—Fernandez (2007). Comparison of error distributions in nonparametric
regression. Statist. Probab. Lett. 77, 350-356.

J. C. Pardo—Fernédndez, I. Van Keilegom and W. Gonzilez—Manteiga (2007).
Comparison of regression curves based on the estimation of the error distribution.
Statistica Sinica 17, 1115-1137.

18



J. M. Rodriguez-Pdo, S. Sperlich and P. Vieu (2005). An adaptive specification
test for semiparametric models (submitted)

(paper available at http://papers.ssrn.com/sol3/).

D. Ruppert and M. P. Wand (1994). Multivariate locally weighted least squares re-
gression. Ann. Statist. 22, 1346-1370.

D. Tjgstheim and B. H. Auestad (1994). Nonparametric identification of nonlinear
time series: projections. J. Amer. Statist. Assoc. 89, 1398-1409.

A.W. van der Vaart and J. A. Wellner (1996). Weak Convergence and Empirical

Processes. Springer, New York.

I. Van Keilegom, W. Gonzalez—Manteiga and C. Sanchez Sellero (2008).
Goodness-of-fit tests in parametric regression based on the estimation of the error

distribution. TEST, to appear.

L. Yang, B.U. Park, L. Xue and W. Hardle (2006). Estimation and testing for
varying coefficients in additive models with marginal integration. J. Amer. Statist.
Assoc. 101, 1212-1227.

19



	Deckblatt
	version080424

