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1 Introduction

Quantile regression was introduced by Koenker and Bassett (1978) as an extension of least
squares methods focusing on the estimation of the conditional mean function. Due to its
many attractive features as robustness with respect to outliers and equivariance under mono-
tonic transformations that are not shared by the mean regression, it has since then become
increasingly popular in many important fields such as medicine, economics and environment
modelling [see Yu et al. (2003) or Koenker (2005)]. Another important feature of quantile
regression is its great flexibility. While mean regression aims at modelling the average be-
haviour of a variable Y given a covariate X = z, quantile regression allows to analyse the
impact of X in different regions of the distribution of Y by estimating several quantile curves
simultaneously. See for example Fitzenberger et al. (2008), who demonstrates that the pres-
ence of certain structures in a company can have different effects on upper and lower wages.
For a more detailed discussion, we refer the interested reader to the recent monograph by
Koenker (2005).

The paper at hand has a twofold aim. On the one hand it proves a weak convergence result
for the empirical independence process of covariates and estimated errors in a nonparametric
local-scale conditional quantile model. On the other hand it suggests a test for monotonicity
of the conditional quantile curve. To the authors’ best knowledge this is the first time that
those problems are treated for the general nonparametric quantile regression model.

The empirical independence process results from the distance of a joint empirical distribution
function and the product of the marginal empirical distribution functions. It can be used
to test for independence; see Hoeffding (1948), Blum et al. (1961) and ch. 3.8 in van der
Vaart and Wellner (1996). When applied to covariates X and estimators of error terms e =
(Y —q(X))/s(X) it can be used to test for validity of a location-scale model Y = ¢(X)+s(X)e
with X and ¢ independent. Here the conditional distribution of Y, given X = x, allows for
a location-scale representation P(Y <y | X =) = F.((y — q(x))/s(z)), where F. denotes
the error distribution function. To the best of our knowledge, Einmahl and Van Keilegom
(2008a) is the only paper that considers such tests for location-scale models in a very general
setting (mean regression, trimmed mean regression,...). However, the assumptions made
there rule out the quantile regression case, where ¢ is defined via P(Y < ¢(z) | X =z) =7
for some 7 € (0,1), Yx. The first part of our paper can hence be seen as extension and
completion of the results by Einmahl and Van Keilegom (2008a). Plenty of technical effort
was necessary to obtain the weak convergence result in the quantile context (see the proof
of Theorem 3.1 below). Validity of a location-scale means that the covariates have influence
on the trend and on the dispersion of the conditional distribution of Y, but otherwise do not
affect the shape of the conditional distribution (such models are frequently used, see Shim et

al., 2009, and Chen et al., 2005). Contrariwise if the test rejects independence of covariates



and errors then there is evidence that the influence of the covariates on the response goes
beyond location and scale effects. Note that our results easily can be adapted to test the
validity of location models P(Y <y | X = x) = F.(y — q(x)); see also Einmahl and Van
Keilegom (2008b) and Neumeyer (2009b) in the mean regression context.

Further if there is some evidence that certain quantile curves might be monotone one should
check by a statistical test, that this assumption is reasonable. Such evidence can e.g. come
from an economic, physical or biological background. In classical mean regression there are
various methods for testing monotonicity. It has already been considered e.g. in Bowman et
al. (1998), Gijbels et al. (2000), Hall and Heckman (2001), Goshal et al. (2000), Durot (2003),
Baraud et al. (2003) or Dominguez-Menchero et al. (2005) and Birke and Dette (2007) who
consider an L,-distance of a monotone estimator and an unconstrained one. More recent
work on testing monotonicity is given in Wang and Meyer (2011) who use regression splines
and use the minimum slope in the knots as test criterion and Birke and Neumeyer (2013) who
use empirical process techniques for residuals built from isotonized estimators. While most
of the tests are very conservative and not powerful against alternatives with only a small
deviation from monotonicity the method proposed by Birke and Neumeyer (2013) has in some
situations better power than the other tests and can also detect local alternatives of order
n~'/2. While there are several proposals for monotone estimators of a quantile function (see
e.g. Cryer et al. (1972) or Robertson and Wright (1973) for median regression and Casady
and Cryer (1976) or Abrevaya (2005) for general quantile regression), the problem of testing
whether a given quantile curve is increasing (decreasing) has received nearly no attention
in the literature. Aside from the paper by Duembgen (2002) which deals with the rather
special case of median regression in a location model, the authors - to the best of their
knowledge - are not aware of any tests for monotonicity of conditional quantile curves. The
method, which is introduced here is based on the independence process considered before.
Note that the test is not the same as the one considered by Birke and Neumeyer (2013)
for mean regression adapted to the quantile case. It turned out that in quantile regression
the corresponding statistic would not be suitable for constructing a statistical test (see also
Section 4).

The paper is organized as follows. In Section 2 we present the location-scale model, give
necessary assumptions and define the estimators. In Section 3 we introduce the independence
process, derive asymptotical results and construct a test for validity of the model. Bootstrap
data generation and asymptotic results for a bootstrap version of the independence process
are discussed as well. The results derived there are modified in Section 4 to construct a test
for monotonicity of the quantile function. In Section 5 we present a small simulation study
while we conclude in Section 6. All proofs are deferred to an appendix and supplementary

material.



2 The location-scale model, estimators and assump-

tions

For some fixed 7 € (0, 1), consider the nonparametric quantile regression model of location-

scale type [see e.g. He (1997)],
(21) )/z = qT(XZ)+S(XZ)€Z7 1= 1,...,%,

where ¢,(v) = F;'(r]x) is the 7-th conditional quantile function, (X;,Y;), i = 1,...,n,
is a bivariate sample of i.i.d. observations and Fy(-|x) = P(Y; < :|X; = z) denotes the
conditional distribution function of Y; given X; = x. Further, s(z) denotes the median of
Y; — ¢-(X;)], given X; = x. We assume that ¢; and X; are independent and, hence, that ¢,

has 7-quantile zero and |e;| has median one, because

= P(Vi < a:(xy)

- Xi:x> — P(s; < 0)
1

5 = P<|Yz‘ —¢-(Xi)| < s(Xi)

Xi:x) = P(ls] <1).

Denote by F. the distribution function of €;. Then for the conditional distribution we obtain
a location-scale representation as Fy (y|z) = F.((y — ¢, (x))/s(x)), where F; as well as ¢, and
s are unknown.

For example, consider the case 7 = % Then we have a median regression model, which allows
for heteroscedasticity in the sense, that the conditional median absolute deviation s(X;) of ¥},
given X;, may depend on the covariate X;. Here the median absolute deviation of a random
variable Z is defined as MAD(Z) = median(|Z — median(Z)|) and is the typical measure
of scale (or dispersion), when the median is used as location measure. This heteroscedastic
median regression model is analogous to the popular heteroscedastic mean regression model
Yi = m(X;) + o(Xi)e;, @ = 1,...,n, where X; and ¢; are assumed to be independent,
Ele;] =0, sd(g;) = 1, and hence, m(z) = E[Y; | X; = z], o(z) = sd(Y; | X; = ) (see among
many others e.g. Efromovich (1999), chapter 4.2 for further details).

Remark 2.1 Note that assuming |e;| to have median one is not restrictive. More precisely,
if the model Y; = ¢,(X;) + §(X;)n; with n; i.i.d. and independent of X; and some positive
function § holds, the model Y; = ¢.(X;) + s(X;)e; with s(X;) = §(Xi)F‘;|1(1/2), g =
ni/ F‘;ﬁ(l /2) will also be true, where Fj, denotes the distribution function of |n;|. Then in
particular P(le;| < 1) = P(|n;] < F|’1(1/2)) =1/2. &

ul

In the literature, several non-parametric quantile estimators have been proposed [see e.g.
Yu and Jones (1997, 1998), Takeuchi et al. (2006) or Dette and Volgushev (2008), among

others]. In this paper we follow the last-named authors who proposed non-crossing estimates

4



of quantile curves using a simultaneous inversion and isotonization of an estimate of the

conditional distribution function. To be precise, let
(2.2) Fy(ylz) = (X*WX) ' X'WY
with

1 (z—Xy) ... (x—Xy)P

1 (z—-X,) ... (z—X,)?
W = Diag(Khmo(:z: — X))y Ko — Xn)>,

denote a smoothed local polynomial estimate (of order p > 2) of the conditional distribution
function Fy (y|x) where €(-) is a smoothed version of the indicator function and we used the
notation Kj,, r(z) :== K(z/h,)(z/h,)*. Here K denotes a nonnegative kernel and d,,, h,, are
bandwidths converging to 0 with increasing sample size. Note that the estimator Fy(y|x)

can be represented as weighted average

(2.3) Fy(y|z) = ZW (y Y).

Following Dette and Volgushev (2008) we consider a strictly increasing distribution function

G :R — (0,1), a nonnegative kernel k£ and a bandwidth b,,, and define the functional

He o rp, (F) = %/01 /_; H<F(G_lb(:)) — U)dvdu.

Note that it is intuitively clear that Hg ., (Fy (-|x)), where Fy is the estimator of the con-

ditional distribution function defined in (2.2), is a consistent estimate of Hg 74, (Fy (-|2)).

If b, — 0, this quantity can be approximated as follows

Heomin (Fy (1)) ~ / I{Fy (yl) < 7}dG(y)

- / HFy (G (v)le) < 7}dv = Go Fy'(7la),

and as a consequence an estimate of the conditional quantile function ¢,(z) = Fy.'(7|z) can

be defined by

Gr(2) = G (He 0, (Fy (]2)))-
Finally, note that the scale function s is the conditional median of the distribution of |e;],
given the covariate X;, where e¢; = Y; — ¢.(X;) = s(X;)e;, i = 1,...,n. Hence, we apply the

quantile-regression approach to |é;| = |Y; — ¢-(X;)|, i = 1,...,n, and obtain the estimator
(2.4) $(x) = G (Hey 1 /2, (Flel (7)) -
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Here G5 : R — (0,1) is a strictly increasing distribution function and }Aﬂe‘(|x) denotes the

estimator of the conditional distribution function F(-|z) = P(le;] < -|Xi = ) of |ey],

1=1,...,n,ie.

(2.5)

Fiovle) = 3 Wilw)I{léi] < v}

with the same weights W; as in in (2.3).

For a better overview and for later reference, below we collect all the technical assump-

tions concerning the estimators needed throughout the rest of the paper. First, we collect

the assumptions needed for the kernel functions and functions G, G4 used in the construction

of the estimators.

(K1)

(K6)

The function K is a symmetric, positive, Lipschitz-continuous density with support
[—1,1]. Moreover, the matrix M (K') with entries

(MU = oK) i= [ 02K ()
is invertible.

The function K is two times continuously differentiable, K is Lipschitz continuous,

and for m = 0, 1,2 the set {z| K™ (z) > 0} is a union of finitely many intervals.

The function €2 has derivative w which has support [—1, 1], is a kernel of order p,,, and

is two times continuously differentiable with uniformly bounded derivatives.

The function & is a symmetric, uniformly bounded, and has one Lipschitz-continuous

derivative.

The function G : R — [0, 1] is strictly increasing. Moreover, it is two times continuously
differentiable in a neighborhood of the set @ := {¢.(z)|x € [0,1]} and its first derivative

is uniformly bounded away from zero on Q).

The function G5 : R — (0,1) is strictly increasing. Moreover, it is two times contin-
uously differentiable in a neighborhood of the set S := {s(x)|z € [0,1]} and its first

derivative is uniformly bounded away from zero on S.

The data-generating process needs to satisfy the following conditions.

(A1)

(A2)

The density fx has support [0,1], is uniformly bounded away from zero and infinity,

and is Lipschitz-continuous.

The function s is uniformly bounded and inf,¢jo 1) s(z) = ¢, > 0.
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(A3) The partial derivatives &0} Fy (y|z), 950! Fo(y|r) exist and are continuous and uni-

formly bounded on R x [0, 1] for kAl <2 or k+ [ < d for some d > 3.

(A4) Theerrorsey,...,&, are independent and identically distributed with strictly increasing
distribution function F. (independent of X;) and density f., which is continuously
differentiable such that f.(0) > 0, sup,cg [yf-(y)| < co and sup,cp |y*f.(y)| < oo. The
¢; have T-quantile zero and Fi.(1) = 1/2, that is |¢;| has median one.

(A5) For some a > 0 we have sup, , [y|*(Fy (y|u) A (1 — Fy(ylu)) < oo.

Remark 2.2 Note that by the implicit function theorem, assumptions (A3) and (A4) imply
that  — ¢.(z) and s(x) are d times continuously differentiable with uniformly bounded

derivatives. ll

Finally, we assume that the bandwidth parameters satisfy

logn (1) logn
- =0 - -
nhy(hy A dp)* " nh2b?
with p,, from (K3), d from (A3) and p the order of the polynomial estimator in (2.2).

(BW) =o(1), &P 4 p2ETOND bl — o(n7h),

Remark 2.3 If for example d = p, = p = 3 and we set d, = h, = n Y for some
B € (0,1/30), b, = hn'/*~ such that o + 8 € (0,1/12), condition (BW) holds. W

3 The independence process, asymptotic results and

testing for model validity

As estimators for the errors we build residuals

~ )/z - QT(XZ) .

3.1 = ———", =1,...,n.
(3.1) € %) i n
In the definition of the process on which test statistics are based we only consider those
observations (X;,Y;) such that 2h, < X; < 1 — 2h,, in order to avoid boundary problems
of the estimators. For y € R, ¢t € [2h,,,1 — 2h,,| we define the joint empirical distribution
function of pairs of covariates and residuals as
(3.2)  Fxenlt,y) = anf{éi <y}{2h, < X; <t} !

. - Ty {2k, < X; <1—2h,}

=1

1 & 1
= = Z I{é; <y} {2h, < X; < t}= - ;
n i—1 F’X,n(1 _th) _FX,H(th)
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where [ x.n denotes the usual empirical distribution function of the covariates Xj, ..., X,,.
The empirical independence process compares the joint empirical distribution with the prod-

uct of the corresponding marginal distributions. We thus define

(3.3) Sultsy) = Vi (Fxenltsy) = Fxenll = 2hn,y) Fxon(t.0) )

for y € R, t € [2h,, 1 — 2h,], and S,(t,y) =0 for y € R, t € [0,2h,) U (1 — 2h,, 1]. In the

following theorem we state a weak convergence result for the independence process.

Theorem 3.1 Under the location-scale model (2.1) and assumptions (K1)-(K6), (A1)-
(A5) and (BW) we have the asymptotic expansion

ut.0) = =3 (e < v} = Rlo) = o) (146 0} = 1) —v) (1 < 1)~ 5)

x <]{XZ- <t - FX(t)) +op(1)

uniformly with respect to t € [0,1] and y € R, where

_ fe(y) 1— fe(l) — fe(_l) _ yfa(y)
W) =0 ( ey ) , Y(y) o)
and fio|(y) = (f-(y) + fo(=y)) Lj0,00)(y) is the density of |e1|. The process S, converges weakly
1

(
in £°([0,1] x R) to a centered Gaussian process S with covariance

Cov(S(s,y),S(t,2)) = (Fx(sAt)— Fx(s)Fx(t))
(

The proof is given in Appendix A.

Remark 3.2 The result can easily be adapted for location models Y; = ¢,(X;) + &; with
g; and X; independent. To this end we just set § = 1 in the definition of the estimators.

The asymptotic covariance in Theorem 3.1 then simplifies because the function ¢ reduces to

o(y) = fe(y)/f-(0) and ¢(y) = 0. W

In the remainder of this section we discuss how the asymptotic result can be applied to test
for validity of the location-scale model, i.e. testing the null hypothesis of independence of
error ¢; and covariate X; in model (2.1).



Remark 3.3 If the location-scale model is not valid, i.e. X; and ¢; are dependent, but all

other assumptions of Theorem 3.1 are valid, then one can show that S, (t,y)/n'/?

in probability to P(e; <y, X; <t) — F.(y)Fx(t), uniformly with respect to y and ¢t. B

converges

Remark 3.4 If the location-scale model is valid for some 7-th quantile regression function
it is valid for every a-th quantile regression function, o € (0,1). This easily follows from
qo(z) = F1()s(z)+ ¢, (z) which is a consequence from the representation of the conditional
distribution function Fy(ylz) = F.((y — ¢;(x))/s(x)) (compare Remark 2.1). A similar
statement is even true for general location and scale measures, see e. g. Van Keilegom (1998),
Prop. 5.1. Thus for testing the validity of the location-scale model one could restrict oneself
to the median case 7 = 0.5, e.g. However, we consider the general case 7 € (0,1) here
because in the next section we will apply our results to test for monotonicity of ¢.(z) in x,

a property which is not universal in 7. W

Remark 3.5 Einmahl and Van Keilegom (2008a) consider a process similar to S, for
general location and scale models. They define q(x) = fol F~Y(s|z)J(s)ds and s*(z) =
fol(F_l(s|x))2J(s) ds — ¢*(x) with score function J, which rules out the quantile case g(z) =
F~!(r|z). Einmahl and Van Keilegom (2008) show that estimation of the errors has no
influence in their context, i.e. they obtain a scaled completely tucked Brownian sheet as
limit process and thus asymptotically distribution-free tests. This is clearly not the case in
Theorem 3.1. W

To test for the validity of a location-scale model we reject the null hypothesis of inde-
pendence of X; and ¢; for large values of, e.g., the Kolmogorov-Smirnov statistic K, =
SUDse(0,1),yer [Sn(t, ¥)|. From Theorem 3.1 and the Continuous Mapping Theorem we obtain
the following asymptotic distribution,
d _
K, — sup [S(t,y)l= sup [S(Fy'(z).y)l,
tel0,1],yeR z€[0,1],yeR
which is independent from the covariate distribution F'x, but depends in a complicated

manner on the error distribution F.. To overcome this problem we suggest a bootstrap
version of the test. To this end let V), = {(X1,Y1),..., (X,,Y,)} denote the original sample.

We generate bootstrap errors as ef = &f + a,Z; (i = 1,...,n), where «,, denotes a positive
smoothing parameter, 7, ..., 7, are independent, standard normally distributed random
variables (independent of },,) and £73,. .., &% are randomly drawn with replacement from the

set of residuals {¢; | j € {1,...,n}, X; € (2h,, 1 —2h,]}. Conditional on the original sample

YV, the random variables €7, ..., e} are i.i.d. with distribution function

(y) = Fxn(1=2hy) — Fx n(2hy,)

I
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where @ denotes the standard normal distribution function. Note that the bootstrap error’s
T-quantile is not exactly zero, but vanishes asymptotically. We use a smooth distribution
to generate new bootstrap errors because smoothness of the error distribution is a crucial
assumption for the theory necessary to derive Theorem 3.1; see also Neumeyer (2009a).
Now we build new bootstrap observations,

Y = ¢.(Xy) +5(Xp)er, i=1,...,n.

z?

Let ¢ and 5* denote the quantile regression and scale function estimator defined analogously
to ¢, and §, but based on the bootstrap sample (X1, Y7"), ..., (X,,Y). Analogously to (3.3)
the bootstrap version of the independence process is defined as

Si(t.y) = Vi(Fienlt.y) = Fon(1 = 4hosy) P L, (1,50))

for t € [4h,,1 — 4h,], y € R, and Si(t,y) = 0 for ¢t € [0,4h,) U (1 — 4h,, 1], y € R. Here,
similar to (3.2),

1
F o, I{&r <y [{4h, < X; < t}— _ ,
X y) E {& <y}i{ }Fx,n(l i) — e (4

with &5 = (Y — ¢5(X3))/5* (X)), i=1,...,n

To obtain the conditional weak convergence we need the following additional assumptions.

(B1) We have for some § > 0

h2ol, nhn, h,
M — 00, no 00, _ O( 85/3)7 TLOJ4 _ 0(1)
log h,;tlogn logn logn
and there exists a k > 0 such that
1 o942
nh?“ojf” o
00.
log h;;*(logn)l/x

(B2) Let E[|e;|™*>2%)] < oo for some v > 142/ and with § and » from assumption (B1).

Here, (B2) can be relaxed to E[|e1]*"] < oo if the process is only considered for y € [—c¢, (]
for some ¢ > 0 instead of for y € R.

Theorem 3.6 Under the location-scale model (2.1) and assumptions (K1)-(K6), (A1)-
(A5), (BW) and (B1)-(B2) conditionally on Y, the process S} converges weakly in €>°([0, 1] x
R) to the Gaussian process S defined in Theorem 3.1, in probability.

The proof is given in Appendix B.
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Remark 3.7 Let the Kolmogorov-Smirnov test statistic be defined as K, = sup,, [Sn(t, y)|

and its bootstrap version as K = sup,, [S;(t,y)|. Let the critical value &}, be obtained

n,l—«
from
P(K;; > k;,lfa ‘ yn) = 1_047
and reject the location-scale model if K, > k;, . Then from Theorems 3.1 and 3.6 it

follows that the test has asymptotic level a. Moreover if the location-scale model is not

valid by Remark 3.3 we have K, — oo in probability, whereas with the same methods as

*
n,l—«

in the proof of Theorem 3.6 it can be shown that k converges to a constant. Thus the
power of the test converges to one. The finite sample performance of the bootstrap version

of the Kolmogorov-Smirnov test is studied in Section 6. l

Remark 3.8 Recently, Sun (2006) and Feng, He and Hu (2011) proposed to use wild boot-
strap in the setting of quantile regression. To follow the approach of the last-named authors,
one would define £f = v;¢; such that P*(v;é; < 0|X;) =7, e.g.
-7 ¢~
. . if& >0
v; = =1 with probability :

It if £; <O.

However, then when calculating the conditional asymptotic covariance (following the proof

in Appendix B), instead of F.(y) the following term appears
1 , —_—
=~ P <y Vo) =5 (1= 1)(Fey) - F(-y) + 7.
i=1

One obtains F.(y) (needed to obtain the same covariance as in Theorem 3.1) only for y = 0
or for median regression (7 = 0.5) with symmetric error distributions, but not in general.
Hence, wild bootstrap cannot be applied in the general context of procedures using empirical

processes in quantile regression. W

Remark 3.9 Under assumption of the location-scale model model (2.1) the result of Theo-
rem 3.1 can be applied to test for more specific model assumptions (e. g. testing goodness-of
fit of a parametric model for the quantile regression function). The general approach is to
build residuals €; o that only under H, consistently estimate the errors (e. g. using a paramet-
ric estimator for the conditional quantile function). Recall the definition of Fx ., in (3.2)

and define analgously F X co,n Dy using the residuals ;. Then, analogously to (3.3), define

Sn,O(ta y) = ﬁ(FX,EO,n(ta y) - FX,S,n(l — 2h,, y)FX,a,n(tv OO))

for y € R, t € [2h,,1 — 2h,], and S, o(t,y) = 0 for y € R, ¢t € [0,2h,,) U (1 — 2h,, 1]. With
this process the discrepancy from the null hypothesis can be measured. This approach is
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considered in detail for the problem of testing monotonicity of conditional quantile functions
in the next section.

A related approach, which however does not assume the location-scale model, is suggested to
test for significance of covariables in quantile regression models by Volgushev et al. (2013).
|

4 Testing for monotonicity of conditional quantile curves
In this section, we consider a test for the hypothesis
Hy : ¢-(z) is increasing in z.

To this end we define an increasing estimator ¢, which consistently estimates ¢, if the
hypothesis Hj is valid, and consistently estimates some increasing function ¢, ; # ¢, under
the alternative that ¢, is not increasing. For any function A : [0, 1] — R define the increasing

rearrangement hy as the generalized inverse of h;', i.e.

hi(z) = inf{z € R|h;(2) > z},

where
hl(z) = / Hh(t) < ).

Note that if h is increasing, then h~! is the generalized inverse of h and we have h; = h. See
Anevski and Fougeres (2007) and Neumeyer (2007) who consider increasing rearrangements
of curve estimators for the sake of obtaining monotone versions of unconstrained estimators
land also Dette, Neumeyer and Pilz (2006) or Birke and Dette (2008) for a smooth version of
the increasing rearrangements in the regression context]. We define the increasing estimator
d-1 as increasing rearrangement of the unconstrained estimator ¢, of ¢, that was defined in
Section 2. The quantity ¢, estimates the increasing rearrangement ¢, of ¢;. Only under
the hypothesis Hy of an increasing regression function we have ¢, = ¢, ;. In Figure 1 (right
part) a non-increasing function ¢, and its increasing rearrangement ¢, ; are displayed.

Now we build (pseudo-) residuals

. Yi — ¢r,1(X5)
4.1 = )
(4.1) sl $(X;)

which estimate pseudo-errors ¢; ; = (Y; — ¢-s(X;))/s(X;) that coincide with the true errors
gi=Yi— ¢ (X;))/s(X;) (i=1,...,n) in general only under Hy. Let further &; denote the

unconstrained residuals as defined in (3.1). The idea for the test statistic we suggest is the
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Figure 1: Left part: True nonincreasing function q, for T = 0.25 with scatter-plot of a typical

sample. Right part: ¢, (solid line) and increasing rearrangement ¢, (dotted line).

following. Compared to the true errors €4, ..., €,, which are assumed to be i.i.d., the pseudo-
errors €y, ...,&, behave differently.  If the true function ¢, is not increasing (e.g. like
in Figure 1) and we calculate the pseudo-errors from ¢,, they are no longer identically
distributed. This effect is demonstrated in Figure 2 for a 7 = 0.25-quantile curve. Consider
for instance the interval [t, 1], where there are about 25% negative errors (left part) and
in comparison too many negative pseudo-errors (right part). To detect such discrepancies
from the null hypothesis, we estimate the pseudo-error distribution up to every ¢ € [0, 1]
(i.e. for the covariate values X; < t) and compare with what is expected under Hy. To

this end recall the definition of F’ Xen 0 (3.2) and define F X =, n analogously, but using the

constrained residuals &; 7, 7 = 1,...,n. Analogously to (3.3) define the process
(42) Sn,[(ta y) = ﬁ(FX,EI,n(ta y) - FX,E,n(l - tha y>FX,5,n(t7 OO))

for y € R, t € [2h,,1 — 2h,], and S, 1(t,y) = 0 for y € R, t € [0,2h,) U (1 — 2h,,1]. For
each fixed t € [0,1], y € R, for h,, — 0 the statistic n=/23,, ;(t,y) consistently estimates the

expectation

ElH{eir < yH{X; <t} — F.(y)Fx(t)

= B[1{si<y+ i . ;’(i () X < 6)] = Ry)Fx(0)

B / (7 (v + ) ) e

s(x

13



Figure 2: Left part: True nonincreasing function g, for 7 = 0.25 and errors for the sample
shown in Figure 1. Right part: Increasing rearrangement ¢, and pseudo-errors. (Positive
errors are marked by solid points and solid lines, negative errors marked by circles and dashed

lines.)

If this term is zero for all £ € [0, 1] and all y € R, then also

/0 t (a(%) ~ F(0)) fx(a) da| = 0

and from this it follows that ¢, ; = ¢, is valid F'x-a.s. by the strict monotonicity of F.. We

sup
te€(0,1]

therefore use the Kolmogorov-Smirnov type statistic K, = sup,eg te(0,1] |Sn,1(t, ¥)| to obtain
a consistent testing procedure, which rejects the null hypothesis for large values of K,,.

In the following theorem we state a weak convergence result for the process S, ; defined in
(4.2).

Theorem 4.1 Under model (2.1) and assumptions (K1)-(K6), (A1)-(A5) and (BW),
under the null hypothesis Hy and the assumption inf,cp 1) ¢.(x) > 0 the process Sy, 1 converges
weakly in £>°([0,1] x R) to the Gaussian process S defined in Theorem 3.1.

The proof is given in Appendix A. For the application of the test for monotonicity we suggest
a bootstrap version of the test analogously to the one considered in Section 3, but applying
the increasing estimator to build new observations, i.e. Y;* = ¢, /(X;)+§(X;)ef, i =1,...,n.

We have the following theoretical result.

Theorem 4.2 Under the assumptions of Theorem 4.1 and (B1)-(B2) the process Sy |,
conditionally on Y, converges weakly in €*°([0,1] x R) to the Gaussian process S defined in

Theorem 3.1, in probability.
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The proof is given in Appendix B. A consistent asymptotic level-a test is constructed as in
Remark 3.7.

Remark 4.3 In the context of testing for monotonicity of mean regression curves Birke and
Neumeyer (2013) based their tests on the observation that too many of the pseudo-errors are
positive (see solid lines in Figure 2) on some subintervals of [0, 1] and too many are negative
(see dashed lines) on other subintervals. Transferring this idea to the quantile regression

model, one would consider a stochastic process

n

1 )
— SN (18, < 0VI{2h, < X < ) — Fx.p(1 = 2h,,0)I{2h, Xigt)
ﬁ;‘({e,_ H{2h, < Xi <1} = Py J{2h, < X <1}

Sn(t,0)
or alternatively (because Fx . ,(1 — 2h,,0) estimates the known F.(0) = 7)

Ra(t) = % Zn: (M < I < 1) — 71X, < 1))

where t € [0, 1]. For every t € [2h,,, 1 — 2h,,] the processes count how many pseudo-residuals
are positive up to covariates < t. This term is then centered with respect to the estimated

1/2

expectation under Hy and scaled with n="/“. However, as can be seen from Theorem 4.1 the

limit is degenerate for y = 0, and hence we have under H, that
(4.3) sup | S, (t,0)| = op(1).
t

Also, supep ) [Rn(t)] = op(1) can be shown analogously. Hence, no critical values can
be obtained for the Kolmogorov-Smirnov test statistics, and those test statistics are not
suitable for our testing purpose. To explain the negligibility (4.3) heuristically, consider
the case t = 1 (now ignoring the truncation of covariates for simplicity of explanation).
Then, under Hy, n=' >  I{&;; < 0} estimates F.(0) = 7. But the information that &,
has 7-quantile zero was already applied to estimate the 7-quantile function ¢,. Hence, one
obtains n=t > I{&;; <0} — 7 = op(n~/?). This observation is in accordance to the fact
that n=1 Y1 | & = op(n~1/?), when residuals are built from a mean regression model with
centered errors [see Miiller et al. (2004) and Kiwitt et al. (2008)].

Finally, consider the process

- 1 <&
Sl = 2hay) = 7= > (Heir < yH{2h, < X; <121}
=1
— Fen(1 = 2, )T {20y < X; < 1 — 2hn}>

i.e. the difference between the estimated distribution functions of pseudo-residuals &; ; and

1/2

unconstrained residuals &; (i = 1,...,n), respectively, scaled with n'/#. An analogous process
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has been considered by Van Keilegom et al. (2008) for testing for parametric classes of mean
regression functions. However, as can be seen from Theorem 4.1, in our case of testing
for monotonicity the limit again is degenerate, i.e. Var(S(1,y)) = 0 for all y, and hence
SUD,cr 1S,(1,4)| = op(1). Similar observations can be made when typical distance based
tests from lack-of-fit literature [for instance L*-tests or residual process based procedures by
Hérdle and Mammen (1993) and Stute (1997), respectively| are considered in the problem of
testing monotonicity of regression function, see Birke and Neumeyer (2013). The reason is
that under Hj the unconstrained and constrained estimators, ¢, and ¢, typically are first
order asymptotically equivalent. This for estimation purposes very desirable property limits

the possibilities to apply the estimator ¢, ; for hypotheses testing. W

5 Simulation results

In this section we show some simulation results for the bootstrap based tests introduced in
this paper. If available we compare the results to already existing methods. Throughout
the whole section we choose the bandwidths according to condition (BW) as d,, = h,, =
2(6/n)7 b, = (6/n)¥7 and & is the difference estimator proposed in Rice (1984) [see Yu
and Jones (1997) for a related approach]. The degree of the local polynomial estimators
of location and scale [see equation (2.2)] was chosen to be 3, the Kernel K is the Gauss
Kernel while x was chosen to be the Epanechnikov Kernel. The function {2 was defined
through Q(t) = [*_ w(z)dr where w(x) = (15/32)(3 — 102? + 72*)I{|z| < 1}, which is a
kernel of order 4 [see Gasser et al. (1985)]. For the choice of the distribution functions G
and G, we follow the procedure described in Dette and Volgushev (2008) who suggested
a normal distribution such that the 5% and 95% quantiles coincide with the corresponding
empirical quantities of the sample Y;,...,Y,. Finally, the parameter a,, for generating the
bootstrap residuals was chosen as o, = v/2n~"*median(|¢1], ..., |¢,]). In each of the 1000
simulation runs the quantiles of the test statistics were estimated as empirical quantiles from

the bootstrap samples of 99 bootstrap repetitions.

5.1 Testing for location-scale models

The problem of testing the validity of location-scale models has previously been considered
by Einmahl and van Keilegom (2008a), and we therefore compare the properties of our test
statistic with theirs. To this end, we consider the following three models from Einmahl and
van Keilegom (2008a)

2 *03’/\/(0, 1), X ~U[01]

(model 1) Y |X =z ~ (z — 0.52%) +
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2+ 3:) X%/bac — 1/(bz)
10 2/(bx)

2+
10 ) 1-— (Cl‘)l/4t2/(cx)1/4, X ~ U[O, ].]

Observe that model 1 corresponds to a location-scale model while models 2 and 3 are not of

(model 2) Y|X =z ~ (z — 0.52%) + ( , X ~U[0,1]

(model 3) Y|X =z ~ (z — 0.52%) + (

location-scale type. The simulation results corresponding to different models and parameter
setting are collected in Table 1. Model 1 corresponds to the null hypothesis, and we see that
the test holds its level well. Models 2 and 3 represent alternatives. In model 2, our test
outperforms all the tests in Einmahl and Van Keilegom (2008a), while in model 3 the power
of the test is very low. An intuitive explanation of those differences is that Einmahl and
Van Keilegom (2008a) scale their residuals to have the same variances while our residuals
are scaled to have the same median absolute deviation. Under various alternative distribu-
tions, this leads to different power curves. In particular, the scaling with median absolute
deviation leads to distribution functions whose supremum distance is large for chi-squared

distributions but small for t-distributions with different parameters.

Please insert Table 1 here

5.2 Testing for monotonicity of quantile curves in a location-scale

setting

Next, we considered the test for monotonicity of quantile curves that is introduced in Section

4. Here, we simulated the following two models that are both of location-scale type

(model 4)  Y|X =z ~ 14z — Be @09 L 02N(0,1), X ~ U[0,1]
(model 5)  Y|X =z ~ g +2(0.1 — (z — 0.5))N(0,1), X ~U[0,1].

The results for models 4 and 5 are reported in Table 2 and Table 3, respectively. In model
4, all quantile curves are parallel and so all quantile curves have a similar monotonicity be-
havior. In particular, the parameter value § = 0 corresponds to strictly increasing quantile
curves, for f = 0.15 the curves have a flat spot, and for § > 0.15 the curves have a small
decreasing bump that gets larger for larger values of 5. We simulated two different quantile
(1 =0.25 and 7 = 0.5) values and see that in both cases the test has an increasing power for
increasing values of § and sample size. In particular, for a sample size of n = 100 the flat
function corresponding to 5 = 0.15 are recognized as alternatives. Note that this is not in
contradiction with our theory since all the results under Hy require that the quantile curves
be strictly increasing.

In model 5, the median is a strictly increasing function while the outer quantile curves are

17



not increasing. In table 3, we report the simulation results for three different quantile values
(1 =0.25,7 = 0.5 and 7 = 0.75) and two sample sizes n = 50 and n = 100. For n = 50, the
observed rejection probabilities are slightly above the nominal critical values (for 7 = 0.5),
and the cases 7 = 0.25 and 7 = 0.75 are recognized as alternatives. For n = 100, the test
holds its level for 7 = 0.5 and also shows a slow increase in power at the other quantiles.

Overall, we can conclude that the proposed test shows a satisfactory behavior.

Please insert Tables 2 and 3 here

6 Conclusion

The paper at hand considered location-scale models in the context of nonparametric quan-
tile regression. For the first time a test for model validity was investigated. It is based
on the empirical independence process of covariates and residuals built from nonparametric
estimators for the location and scale functions. The process converges weakly to a Gaus-
sian process. A bootstrap version of the test was investigated in theory and by means of
a simulation study. The theoretical results open a new toolbox to test for various model
hypotheses in location-scale quantile models. As example we considered in detail the test-
ing for monotonicity of a conditional quantile function in theory as well as in simulations.
Similarly other structural assumptions on the location or the scale function can be tested.
All weak convergence results are proved in the appendix and supplementary material in a
detailed manner. A small simulation study demonstrated that the proposed method works

well.
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model 1
n =50 n = 100
o 0.05 0.1 0.2 | 0.05 0.1 0.2
0.04 0.085 0.173]0.037 0.08 0.176
model 2
n =50 n = 100
b=1 |0.084 0.145 0.267 | 0.146 0.255 0.41
b=250.275 0.383 0.542 | 0.643 0.743 0.851
b=>5 |0.408 0.539 0.689 | 0.823 0.888 0.945
b=10 | 0.459 0.602 0.726 | 0.796 0.872 0.935
model 3
n = 50 n = 100
c=0.210.045 0.094 0.171|0.052 0.089 0.169
c=1 [0.061 0.102 0.215|0.052 0.103 0.221

Table 1: Rejection probabilities for testing validity of the location-scale hypothesis [see Section
3] in models 1-3.
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T=0.25 7=0.5
n = 50 n = 100 n = 50 n = 100
o 0.06 0.1 0.2 | 0.06 0.1 0.2 | 0.05 0.1 0.2 | 0.05 0.1 0.2
=0 10029 0.059 0.145| 0.04 0.072 0.152 ] 0.022 0.057 0.139 | 0.042 0.085 0.175
g =0.151]0.049 0.088 0.187|0.076 0.143 0.261 | 0.055 0.099 0.191 | 0.079 0.153 0.281
g =0.251]0.059 0.118 0.226 | 0.139 0.242 0.401 | 0.073 0.118 0.240 | 0.131 0.229 0.391
g =0.451]0.132 0.216 0.389 | 0.279 0.442 0.644 | 0.117 0.213 0.365 | 0.201 0.315 0.510

Table 2: Rejection probabilities for the test for monotonicity of quantile curves in model 4.

n = 50 n = 100
o 0.06 0.1 0.2 | 0.05 0.1 0.2
7=0.2510.213 0277 0.390 | 0.246 0.32 0.449
7=050.083 0.138 0.239]0.054 0.1 0.192
7=0.751]0.149 0.235 0.364 | 0.212 0.316 0.437

Table 3: Rejection probabilities for the test for monotonicity of quantile curves in model 5.

Different rows correspond to the 0.25,0.5 and 0.75 quantile curves, respectively.
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A Proof of weak convergence results

Before beginning with the proof, we give a brief overview of the results. The proofs of the
main Theorems (Theorem 3.1 and 4.1) and the bootstrap versions (Theorems 3.6 and 4.2)
are contained in Appendixes A and B, respectively. Technical details needed in the proofs
of those results can be found in Appendix C.1 (in the supplementary material). Finally,
Appendix C.2 (as well in the supplement) contains basic results on linearized versions and
differentiability of the quantile estimator ¢,, scale estimator § and the corresponding boot-

strap versions.

Proof of Theorem 3.1. For the joint empirical distribution function defined in (3.2)
we have
- (Xi) | @ (Xi) — g (X3)

. 1 S
Fxenlty) = =3 H{&i <
X,e, ( y) n ZZI € yS(XZ) + S(XZ)

}I{th < X, <t}

Note that by Lemma C.1 without changing the asymptotic distribution of the process the
residuals &; can be replaced by their versions obtained from linearized estimators ¢.r, sp
instead of ¢,, § (see Appendix C.2 for the definitions). Thus we have

Fxen(t,y) = %Zl{ei < ysj((;(iz)) + QT’L()Zz)g)qT(Xi) }I{2hn < X; <t} + 01)(%)‘

i=1

From this we obtain the expansion

. l &
Fxen(ty) = - E Hei <yp{2h, < X; <t}
i=1

(A.1) + /2;:%" <F€ <y iL((;;) + CL,L(?(;)%(@) - Fg(y))]{x <t}fx(z)dr
1
+ 0p(—=)

N4
uniformly with respect to ¢ € [2h,,1 — 2h,] and y € R by the following argumentation.

Consider the empirical process
Gulp) = - i (@(Xz‘,&') - E[@(Xz‘,t?z‘)])a peF,
vn i=1

indexed by the following class of functions,
F = {(X,e) = I{e <ydy(X) + di(X)H{h < X}{X <t} — I{e <y} {h < X}{X <t}

) y ER, At € [0,1],di € CIH[0,1],dy € CL0, 1]},
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for some arbitrary § € (0,1), where the function class C1*9[0,1] is defined as the set of
differentiable functions ¢ : [0, 1] — R with derivatives ¢’ such that

+ sup 5
x,2€[0,1] ‘.CI? - Z‘

! o
max{ sup |g(z)|, sup ]g/(g;)]} M <
z€[0,1] z€[0,1]

[see van der Vaart and Wellner (1996, p. 154)]. We further by slight abuse of notation
define the subset C; ([0, 1]) of C1™([0,1]) by the additional constraint inf,c(o 1 g(z) > 1/2.
Now F is a product of the uniformly bounded Donsker classes {(X,¢e) — I{h < X}[{X <
t}|h,t € [0,1]} and {(X, ) = I{e < ydo(X)+di(X)}—T{c < y}ly € R,d; € C}T[0,1],d, €
C1+9[0,1]} [the Donsker property for the second class is shown in Lemma 1 by Akritas and
Van Keilegom (2001)] and is therefore Donsker as well (Ex. 2.10.8, van der Vaart and Wellner
(1996), p. 192). The remaining part of the proof for equality (A.1) follows exactly the lines
of the end of the proof of Lemma 1, Akritas and Van Keilegom (2001), p. 567, using the

inequality
Var<1{51 < ydo(X1) + dy (XY {h < X H{X, < s} — I{e; <y {h < XM X, < s})

< E[<[{51 < ydo(X1) +di(X1)} — I{e; < y})2}

and applying Lemmata C.3 and C.4 below. For ¢ = ¢p, ¢ 44,4, We obtain

sup ’Gn<g0 Gy p—or )’ = op(1)
y€ER, thvtvyv%v%
tE(2hn1-2hn)

and thus (A.1).
Further, by a Taylor expansion we obtain from (A.1) together with assumption (A4) that
e s (x) — s(x)

" s(x)

7 G (2) = ge(2) 1
wrty) | S e < 1) () dr+ op(72)

FX,E,n(ta y) = %Z Hei <y}l{2h, < X; <t} + yfs(y)/2 Hx <t} fx(z) de
i=1

uniformly with respect to ¢t € [2h,,,1—2h,] and y € R. Applying Lemma C.2 below it follows
that

n n

Frenlty) = 0o S yh{2h < Xo < 1) = 0ly) - S (e < 0} = m){2h, < X, < 1}

i=1 i=1

= 0)s 3 (Hlad 1) = 5) H{2he < X0 < 0} + 0n(—2),

1
n vn

1=

where ¢ and v are defined in the assertion of the theorem. Thus noting that 3 xn(l—2hy,)—
Fxn(2h,) = Fx(1—2h,) — Fx(2h,) 4 0p(1) = 14 0p(1), from the definition (3.3) we obtain
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by Slutsky’s lemma that

Sulty) = %Z (e < v} = Foly) — 60) (1= < 0) =) — wly)(I{lad < 1} — 5))

Fxn(t) — Fx n(2h,
X <I{2hn<XZ-gt}—I{th<Xi§1—2hn} _ Fanll) = Focn(2hn) )
Fyn(1— 2hy) — Fxn(2hy)

—f- OP(]_).

uniformly with respect to t € [2h,,1 — 2h,| and y € R. Note that the dominating part
of this process vanishes in the boundary points ¢ = 2h,, and t = 1 — 2h,,. Further, from
Fxn(t) = Fx(t) + O,(n~/2) uniformly in ¢ € [0,1] and Fx(2h,) = 0, Fx(1 — 2h,) — 1 we
have

Sn(tvy) = Sn,l(tvy) + OP(l)a

uniformly with respect to t € [0, 1], y € R, where S5, 1(¢,y) = 0 for ¢ € [0,2h,,) U (1 — 2h,, 1]
and

1 n
Snalt,y) = N Zg(giay) (I{th <X <t} —I{2h, < X; <1- th}FX(t))
i=1

for t € [2h,,1 —2h,] and y € R, where g(e;,y) = I{e; <y} — F(y) — o(y)(I{e; <0} —71) —
U(y)(I{|e;] <1} — 1) is centered and independent of X;. The first assertion of the theorem
now follows if we show that for

Sualtr) = = glenn) (G <} = Fu®). teblLyeRr,

we have sup,c(o 1) yer [Sn1(t:y) — Sn2(t, y)| = op(1), which is equivalent to

(A.2) sup [Sna(t,y) = Sna(t,y)| = op(1)

t€[2hn,1—2hy],yER

together with

(A.3) sup |Sna(t,y)] = op(1).

t€[0,2hn)U(1—2hy,1],yER

We will only show (A.2); (A.3) follows by similar arguments. Note that S, 1(¢,y)—S,2(t,y) =
Gp(hp,t,y) for t € [2h,,1 — 2h,], y € R, where the process

n

Gn(hvtvy) = \_/—% Zg(elvy)(I{Xl < t} - FX(t))I{Xz S [O,Qh) U (1 - 2h7 1]}
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indexed in h € [0,1], ¢t € [0,1], y € R, converges weakly to a centered Gaussian process G

with asymptotic variance

Var(G(h.t,y)) = Elg*(e1,9)] ((Fx(t A 2k) + Fx(t) = Fx(t A (1= 20)))(1 = 2Fx (1))

+ F2(4)(Fx(2h) + 1 — Fx(1 — 2h))>.

For h = h,, — 0 this asymptotic variance vanishes uniformly with respect to y and ¢. From
asymptotic equicontinuity of G,, (confer van der Vaart and Wellner, 1996, p. 89/90), using the
asymptotic variance as semi-metric, with G,,(0,t,y) = 0 it follows that sup, , |Gy (hn, t,y)| =
op(1) and thus (A.2).

Hence, we have shown the first assertion of the theorem, i.e. S, = S, 2 + op(1) uniformly.
Weak convergence of S, 5 (and thus of S,,) to a centered Gaussian process with the asserted

covariance structure follows by standard arguments. O

Proof of Theorem 4.1. Note that the process S, ; as defined in (4.2) reduces to S,
defined in (3.3) when pseudo-residuals are replaced by unconstrained residuals, i.e. when
dr,1 is replaced by ¢ in the definition (4.1). Now let ¢ = inf,¢(91) ¢.() and note that by our
assumptions ¢ > 0 and by Lemmata C.3 and C.4 we have P(sup,¢(o 1 |4 (7) — ¢, (z)] > 5) — 0
for n — oco. For every € > 0 it follows that

p( sup ]Sn(t,y)—SnJ(t,y)\>e)
te|l

0,1],yeR

. c
< P swp 1S,(t1) — Suslty)l > €. sup |iL(a) - (@) < ) +o()
t€[0,1],yeR z€[0,1] 2

(A.4) gp( sup  [Su(t,y) — Sus(t.y)] > €, inf
tel0,1],yeR z€[0,1]

= o(1).

i’ (z) > o) +o(1)

Here the last equality is due to the following argumentation. If infyco1¢.(2) > 0, then
G- is strictly increasing, and for any increasing function ¢, the increasing rearrangement,
here ¢, equals the original function function, i.e. ¢,; = ¢, (see Section 4). But then,
Sn(t,y) = Sni(t,y) for all t,y and the probability in (A.4) is zero. Hence, we have shown
that uniformly with respect tot € [0,1] and y € R, S,.(¢,y) = S,.1(t,y) +op(1) and therefore
the assertion follows from Theorem 3.1. O
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B Validity of bootstrap

Proof of Theorem 3.6.

In Lemma C.1 it is shown that in the process F X.en the residuals €F can be replaced by
the linearized versions €, (see Appendix C.2 for the definitions). Now let f- denote the
density corresponding to F.. Then note that under assumptions (B1) and (B2), Lemma 2

and Proposition 4 in Neumeyer (2009a) are valid as well as

B1)  swli) ~ L) = o)), swplyfly) — yfl)] = o))

yEeR ogn yEeR
almost surely, where those two additional results can be shown analogously to the first part
of Lemma 2 in the aforementioned paper. The second result in (B.1) will also play an
important role in the proof of Lemma C.2. Using this as well as Lemma C.3 (instead of
Lemma 3 in the reference) we obtain analogously to the proofs of Lemma 1(i) and Theorem
2 in Neumeyer (2009a) that

Fi . (ty)

1
n )
i=1

1
N
1 n
= — E el <ypl{dh, < X; <t}
n
i=1

+/ <F5 <yS*LEI') N @ (x) - éT,L(x)) - F’E(y))[{4hn <z <t}fx(z)de

Sp(x) S1(z)

+op(——)

vn

uniformly with respect to t € (4h,,1 — 4h,], y € R. By a Taylor expansion for F. and due
to Lemma C.2 we obtain

Fin(tn) = =3 1{4h, < X, < 8} (1{e5 < o) — (o) (1416l < 1} - 1)
=1

~duly) (I{er <0} = 7))
1

+0P(%)

uniformly with respect to t € (4h,, 1 — 4h,], y € R, where

7 - yfs(y) 1 _ f;(y) . fs(l)_fs(_1>
o) =557 o) =g (v )
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By the definition of the process S one now directly has
Sn(t,y)

_ %Z: (Her < yd = dnly) (111 <13 - %) ~dulw) (et <0} =7))

X <I{4hn < X, <t — I{dh, < X; <1 — dp, }—t2xn(t) = Fcn(4h0) )
Fxn(1 = 4h,) — Fx ,(4h,)

+ Op(l)

Ly Fxn(t) — Ex(4h

= — Y _galely) <I{4hn < Xy <ty = I{4h, < X; <1 —4h,} = Xn0) X’”A( n) )
\/ﬁ i=1 F’X,n(1 — 4hn) — FX,n(4hn)

+ Op(l)

uniformly with respect to ¢ € (4h,,, 1 — 4h,], y € R, with

9n (5:7 y)
= Hel <y} — Faly) = duly) (1Her < 0} = £(0)) = duly) (1{Ie7] < 13 = Bo(1) + (1)),

Note that E[g.(¢f,y) | Vu] = 0 and the dominating part of the process S vanishes in the
boundary points ¢t = 4h,, and t = 1 — 4h,, for all y € R. Similarly to the corresponding
arguments in the proof of Theorem 3.1 (but with more technical effort) it can be shown
that this process is equivalent in terms of conditional weak convergence in £*([0, 1] x R) in

probability to the process

Sialty) = <= S ot ) (11X < 1)~ Fat), tef01)ye’

VS

Details are omitted for the sake of brevity.

It is easy to see that the conditional covariances Cov(S} ,(s,¥),Sno(t,2) | Vn) converge
almost surely to Cov(S(s,y),S(t,2)) as defined in Theorem 3.1. Thus it remains to show
conditional tightness and conditional fidi convergence of S}, ,. To obtain the latter we use
Cramér-Wold’s device. Let k € N, (y1,t1),...,(yr, tx) € R x [0,1], ay,...,a, € R and
Zy = Z?Zl a; Sy o5(y;, t;) =n~2 37" | 2, Note that for some constant ¢, [g, (e}, y)(I{X; <
t} — Fxn(t)] <1+c¢(l+y)f-(y), which converges almost surely to 1+ ¢(1 +y)f-(y) due to
(B.1) and thus is almost surely bounded. From this the validity of the conditional Lindeberg

condition easily follows, i.e.
1 n
L,(6) = — E B[22, 1{|zn| > n'26} | Y] — 0 almost surely, for all § > 0.
n )
i=1

Finally, to prove conditional tightness we apply the quantile transformation £ to be able
to consider the process in £>°([0, 1]*) and use the decomposition S} ,(F. ' (s),t) = Un(s,t) —
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On(F(5)) Vo (t) — J)n(Ffl(S))Vn o(t) — Fx,n(t)Wn(s), where

Ui (s 7 Z (Hfe: < P )} = B(F M 5) ) X < 1)
Ti(f <0} — .00)) (X < 1) = Feal®)
- 7 =3 (I < 1) = R0+ £0) (06 < 6 = P )
W(s) = % > (Het < B0} - R ().

We show tightness seperately for the four processes in the decomposition. For U, we apply
Bickel and Wichura’s (1971) condition. To this end first consider neighbouring blocks A =
(x,y] x (s,t] and B = (y, 2] x (s,t] in [0,1]* and note that by a straightforward calculation

(2 (1R ) < 2 < F(00) = R )+ R 0) s < X0 < )
< B[ < Fed) < 9} — B(E () + B @)

E (1{33 < E(e) <y} — F(F- () + Fs(Fsl(w)))2
Bl (Hy < FAe}) < 2} = B(F7 () + F(F7' (1))

+2(B[ (e < R <) - RS0+ F7 )

5] ) (Ft) -~ Falo)”

(Hy < F(e) < 2 = B(F7(2) + BB ()

Now calculating the conditional expectations one obtains the simple bound

(FelF ) = BB @) ) (F(E ) = FlF () (Fen(6) = Fxa(5))” = g A)pun(B).

Here we have used that either Fy,(t) — Fy,(s) = 0 or 1< Fxn(t) — Fxn(s). Further
tin((a,b] x (¢,d]) = (Fo(F7Y(b)) — Fo(F7Y(a)))(Fxn(d) — Fx.n(c)) converges almost surely
to p((a,b] x (¢,d]) = (b — a)(Fx(d) — Fx(c)). By a similar but simpler calculation for
neighbouring blocks A = (z, y]x (s, t] and B = (z, y| X (¢, u| one altogether obtains conditional

tightness of U,, almost surely.
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For the other three processes first note that conditional weak convergence of V,, ; and V,, o
to centered Gaussian processes, almost surely, can be shown analogously to the proof of
bootstrap validity in Birke and Neumeyer (2013), following the proof of Lemma A.3 by
Stute et al. (1998). Now to prove tightness of the second process in the decomposition in
terms of asymptotic stochastic equicontinuity the limit limg_,olim,, .., for the conditional

probability

|s1—s2]|<8
|ty —ta]<s

P( sup |G (F2 ' (51)) Vi (1) — u(F " (52))Vaa(ta)| > 1 ’ yn)

< P(sup ‘én(y) — o(y)| + ( sup  |o(F 1 (sy)) — ¢(F;1(52))’> sup [V;,1(2)[ > 7 ' y")

yeR |51—82|<6 t€[0,1] 2

#2((sup 1600 = o) + s 60)]) sup Waltn) = Voale)] > | 2,)
y€eR y€eR [t1—t2|<d

should be zero for almost all sequences (Xi,Y)), (X2, Ys),..., for all n > 0. For the first
probability this follows by uniform almost sure convergence of ¢, to ¢, uniform continuity
of ¢ and conditional weak convergence of sup,cjg 1 |Vn,1(t)| almost surely. For the second
probability it follows from uniform almost sure convergence of ¢,, boundedness of ¢ and
conditional tightness of V,, ;. The proof of conditional tightness of the third process in the
decomposition, i. . 1, (F'(s))V;.2(t), is completely analogous. Also, conditional tightness of
Fx ()W (s) follows from almost sure uniform convergence of Fy, to Fx, uniform continuity
of Fx and conditional weak convergence (and, thus, conditional tightness) of W,,. The latter
is completely analogous to Theorem 4 by Neumeyer (2009a).

This completes the proof. O

Proof of Theorem 4.2.
Theorem 4.2 follows from Theorem 3.6 in the same manner as Theorem 4.1 follows from
Theorem 3.1 by application of Lemmata C.3 and C.4. O
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C Swupplement to “The independence process in con-
ditional quantile location-scale models and an ap-
plication to testing for monotonicity” by Melanie
Birke, Natalie Neumeyer and Stanislav Volgushev

— Technical results

C.1 Main results for proofs

Define ¢, as the estimated residuals based on linearized versions ¢, r, S5, [see Appendix
C.2 for their definition], i.e. &1 = (Yi — ¢r0(X;))/50(X5), and &5 as the corresponding
quantities in the bootstrap setting, that is

oo Y= G(X) Su(Xa)ef + 4u(Xy) — 3 (X)

n §1.(X5) §1(Xi)

The following Lemma demonstrates, that the sequential empirical process based on the resid-
uals &, = (Y; — ¢-(X;))/5(X;) computed from the initial estimators §., $ and the sequential

empirical process of residuals based on ¢; ;, have the same first order expansion.

Lemma C.1 Assume that (K1)-(K6), (A1)-(A5), (BW) hold. Then

sup

1
]— > I{2h, < X; < tH(I{E <y} - I{Ein < y})) = op(1)
t€[2hn,1—2hy],yEY \/ﬁ i

uniformly in t. If additionally (B1)-(B2) hold we also have

w | >ty < X S OU(E <)~ 160 < )| = 0r(1).

t€[dhn,1—4hy,] yeY

Proof We only proof the second assertion since the first one follows by similar but easier
arguments. Start by observing that by assumption there exists a set D,, whose probability

tends to one such that on D,, we have
(1) SUDseian -y (1002) — G (@) + 187 (2) = d20@)] +18(2) — 322)| + [3(2) — 35 @)]) < 70
(17) infoepan,,1—an,) min(8.(x), 57(x)) > ¢ >0

(i) supyey [y.fo(y)| < C

for some deterministic sequence v, = o(1/4/n) and finite constants C,c > 0. A standard

Taylor expansion shows that on D,,

e <y} —1{e, < y}‘ < I{ U, — . @zig% N d:,L(X;)L(—)s;,L(Xi)M - C%}

= Zn,y,C'yﬂ (Uza Xz)




In the same manner as the proof of Proposition 3 in Neumeyer (2009a) it follows from
assumptions (B1) and (B2) that the classes of functions

G = {v s F’ < SLEZ; X (ﬁL( jLz Gr.p(v )’y c y}

are with probability tending to one contained in classes of functions G, 3 with bracketing

numbers satisfying the assumptions of part one of Lemma C.9. Thus the class of functions
Foi={(w0) = Hs <u < 1 (H{Jo = ()] < 2})|g € Gz, € [hay 1 = Ah], |2 < O |

satisfies log N| j(e, F, L*(P)) < Ce™?*, see Lemma C.10, and moreover, standard arguments
show that sup,cr [gdP = (1/\/_) and sup,ez, [ g°dP = o(1). Here, P denotes the
probability distribution of (X;,U;) and ¢g*> = g for all ¢ € F,,. Finally observe that, with
probability tending to one,

sup % Z <I{h < X; < 2y (U X;) — /h / Ty o (0,0) fX(u)dvdu])

t€[dhn,1—4h,] yeY

< nsup(/gdpn—/gdp),

g€Fn

and the right-hand side of the inequality is of order op(1) by part one of Lemma C.9 .

Moreover, standard arguments yield

/ht/Zn,y,c%(v,u)fx(u)dvdu = op(1/V/n).

Summarizing, we have obtained the estimate

1
sup NG > {4, < X; <t} Zyy 04, (Ui, Xi) = 0p(1).

t€[dhn 1—4hy,],y€Y

and thus the proof is complete. O

Lemma C.2 Assume that the conditions (K1)-(K6), (A1)-(A5), (BW) hold. Then

s(x)

uniformly in t € [h,, 1 — hy] and

[ 00 = S (e S0 =g+ 0n(1/ V)

B “Z zhnt] (I{wgl}_%_(I{eiSO}—T)(fs(l)—fs(—lw)+OP(

7.0) )

Si-

11



uniformly in t € [2h,, 1 — 2h,).
If additionally (B1)-(B2) hold

t ¢ (x) — ¢ro(2) 1 " Her <0} —71
o, TS e = Y T gy a0 0r 1/
uniformly in t € [3h,, 1 — 3h,| and
[ H=
4

Fn 8()

I~ DX gy L 0 S0 = D) = D)y
= nZ 0 (el <1} - 5 0 ) +on(

uniformly in t € [4h,, 1 — 4h,].

i

=1

Proof We will only prove the representation for f;hn %&L(I) fx(z)dx since all other

results can be derived by analogous arguments.
Observe the decomposition ¢*(z) — ¢, (z) = ¢* () —q(z) + q(x) — ¢r . (z). Moreover we have
¢"(z) = @7 1 (x) = op(1/v/n), ¢; (x) = ¢-(x) = Op(ra), Sz

x € [3hy,, 1 — 3h,]. It thus suffices to establish

t Q:,L(II?)_CIT(III) Ao — t Grn(x) — ¢-(2) 1 w |
/3n 8($) fX( )d - /3n 8($) f ( )d nz f5(0> ][3hn,t}(Xz)

=1
+op(1/v/n)
uniformly in ¢ € [3h,, 1 — 3h,]|. By definition we have

fx(@)(qp(x) — q(x))
s(x)
[x (@)us M(K) ™

= = 7.0) /_11 r(v) <T:,0,L,S($, Grtob, (T)), - . ,T§7P7L7S(x, Tr 1oy, (x)))tdv + op(1y/n)

) — s(z) = Op(ry,) uniformly in

where

Tipnslon) = 7 3 Kl = X0 (2(2Y) - AGIX)

Later we will establish the following two assertions
t

) [ T 500 0rsum, () @)
3hn,

1 b, (Xi + Uhy
- EZI[%W:—M / Ky g (u ~ )) —FY(QT+vbn(Xi+Uh)|Xz‘))du

dn,
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+0P(1/\/_)
(B) _ZI[?)hnt ) <I{Y < Gryob, (Xi +uhy) +y} — I{e] < y/§L(Xz‘)})

- = Z (A (X)) <F€ <QT+’0bn (X; + ZZLZ)XS Gr0(X;) + y) B FE<qT(Xi) gL(];}é()XZ) + y)

+f5<§L(yXi)> ar(X ;L(;ff( )>+0p(1/\/ﬁ).

uniformly in t € [3h,,1 — 3h,],u,v € [-1,1],y € Y where F. is defined in Lemma C.5. Now
convolving both sides of (B) [with respect to the argument y| with iw(- /d,) and evaluating
the result in 0 yields the identity

% Z Tign o (X (Q (Y - qmb; :XZ- + uhn)> B Q( Z_n ))

= D OB (S - A (MR

T(X> qTL(X)
SL(XZ) )+0P(1/\/ﬁ)

As we will show at the end of this proof, it holds that

3 T (6 ((55) = 14e £ 0}) = op(1/ V).

+1.(0)2

Moreover, the uniform rates of ¢, 1, — ¢., 51, — s and the fact that ¢, € C with probability
tending to one combined with Lemma C.9 yield

1 qr Xz _QT, Xz 1 qr Xz —(jr, Xz
E I TERIpGELCO I LELOHES S INE LAt R S0 S,

S0(Xi) s(Xi)
_ /thn qT(u) - QT,L(U)
. s(u)
g (u) — G- r(u
= [ I )+ op(1/ V)
3hn s(u)
where the last equality follows for ¢ € [6h,,, 1 — 3h,] (for t < 6h,, the indicator in the first

line vanishes). Finally, observe that the smoothness properties of F. (defined in Lemma C.5)

fx(w)du+ op(1/+/n)

and Fy yield the representations

ol <QT(XZ‘2L—()§]1:,>L(XZ‘)> .y (C]r+vbn (Xi —ELU(];?Z)) — QT,L(XZ‘)>

p
- Ubn’y(Xz) + Z fj(Xiu v, TL) (Uhn)j + Tn

p
FY(qTJrvbn (Xz + Uhn)’Xz) =7+ Ubn + Z Cj(Xia v, n)(Uhn)] + T'n,2

j=1

v



where the remainder terms ry, ; are of order O(b2 + h2t!) = o(1/+/n) uniformly in u,v and
&;, ¢ denote some functions that do not depend on u and v is a function not depending on

u. Combining all the arguments so far, we obtain

t
| Tiinstotorn, (@)ds
3hn

() ( £0) / qT(u)S—(uq;T,L(u) Fx(u)du + % D> Lot (Xo)(I{e} < 0} = T))

+%Zukﬂ Zﬁsmmu ) (&(X0) + ¢(X3) + 0p(1/v/n)

Noting that by definition

et M(K) ™ (pi(K), - - ppig (K))' = I{j = 0},

the proof thus will be complete once we establish (A)-(C) and

n

ZIShnt an,) (Xi)([{e] <0} —7) = izj[hnt] J(I{ef <0} =17) +o0p(1/v/n)

uniformly in ¢ € [3h,,1 — 3h,).
Proof of (A) Remembering that K has support [—1, 1], we obtain for any t € [3h,,, 1 —3h,,]

the decomposition

Khn,k:(x_Xz‘)][:Shn,t] (x) = Khn,k($—Xz‘)f[3hn,t] (z) <I[t7hn,t+hn](Xi)+l[2hn,3hn} (Xi)‘i_l[hn,tfhn} (Xz))

We will now show that the contributions corresponding to the summands containing Ijap, 3, (Xi),
It h, 441, (X;) are negligible. Since both expressions can be treated analogously, we only
provide the arguments for Ij,_p, ¢11,(X;). By similar arguments as in the proof of Lemma
C.6 it is easy to show that

Yr —
I (X0) (=2

sup
t,2€[3hn,1—3hn],y€Y

=: A, = Op(ry,)

’ 1 = Khn,k(x_Xz)
nh, = fx(x)

1=

) — Fr(ylx)|

for any compact ) C R. This yields uniformly in ¢ € [3h,,1 — 3h,] [remember that K}, &
vanishes outside of [—hy,, h,] which yields the equality Kp, x(x — X;)I3p,.q(x) = Kp, x(z —
Xi) i, () It—2n, t420,] (7)]

| i3 B o (060 (0 (2 ) — By 010t

/t T g = Op(hra) = op(1/Vil)

—2hn

IN



uniformly in ¢ € [3h,,1 — 3h,|,v € [-1,1]. This completes the proof of (A).
Proof of (B) Observe that

]{Yz‘* < b, (X + uhy) + y} = I{s;* < Gron, (XiF fﬁ(’;?))— q(X;) + y}
S{A4

and

1 e GQriob, (Xi +uhy) = §(X5) +y . y
n zi:][?’h"’t?’h"](Xi)(I{ei = 5(X;) } - ]{52‘ = }>

= X (60 (1{ 5 TR TN s < )+ or/ v

= X a0 (B (T e RO — By 50 (X)) 4 (1)

uniformly in ¢, v,u, which follows from Lemma C.9, Lemma C.10 and the properties of
F..d, 41 [the bracketing numbers can be bounded by observing that for y from bounded sets
the functions involved are all with probability tending to one contained in C’(l;r‘s]. Next, an

application of Lemma C.5 yields

Griob, (X +uhy) — Gr 0 (X;)
—§ s o) (X P (%) )
L 7

~ T XZ - A7— X’L 1 _ - )(Z _ AT XZ
N EZI[Sh"’tSh"](Xi)FE<q ( 2 ! )> B EZI[Shn,t—:shn](Xi)Fs(q ) el )>

S1(X5)
qT VOn,
+ g Ii3h, 630 ( F< el

%

et o 1/vm),

where F. is defined in Lemma C.5. Noting that

- (G (XD = (XD YN a2 Y\ (X)) — dnn(X)
F( 500 )—Fs(y) _f€<§L(XZ-)) S0 + op(1/v/n),

and remembering that f. converges to f. uniformly with rate op((h,/logn)'/?) completes
the proof of (B).

Proof of (C) and (D). Define the sequence of sets S(0,) := {(t,yn,2zn)|x € [3hpn,1 —
3hals Yny 20 € Vo |yn — 2n| < 0, } for some 6, = o(1) for some bounded ) containing zero.
Observe that, with probability tending to one,

sup )—nghnt (X0 (Her S} = Hel < 2} + Bolza) = )|

(tvyn 72n)€S(5n

< sup ‘ Z Iish,, t—3m.( (I{U <ynt—HU; < 2.} + 2, — yn>
(t,Yn,2n)ES(Cdn)

= op(1/v/n)
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by standard empirical, process arguments provided that d, = o(1). Assertion (D) can be

established by a similar argument. For a proof of assertion (C), note further that
Fa(2n> - ﬁs(yn> = FE(Zn) - Fs(yn)

uniformly in |y, — 2,| = o(1) by Lemma C.5. Moreover, the smoothness of F. implies that

we have [here, * denotes convolution)] é(ﬁs(-) *w(-/d)(y) = F.(y)+o0p(1//n). Combining

this facts with the properties of convolution completes the proof of (C). A proof of (D)

follows from

n

S,Seu[op,u %Z <f[3hn,s} (X)) = Ii3n, g (Xz)) <I{Ui < F.(0)} - Fe(o))’
< sup li <I[3hn,s](X) Iigp, (X )) <I{U <y} - ?J)’

s,tyel0,1] TV S

and standard empirical process arguments. O

C.2 Properties of ¢, and s

We start this section by introducing some notation and giving an overview of the derived

-V
Tnksl’y nh Zth r— X <yd )

where €2 denotes a distribution function on R. Also, set

results. Define

Togu(z,y): Xo)I{Y; <y}

and define FYU with 7}, » s in the definition of Y replaced by T}, . Note that by definition,
Thks(x,-) is a smoothed version of T, (x,-) that is obtained by convolution with the

function Ew(- /d,,) where w := (Y. In particular, this implies

Toss(e.s) = [ Tty — duetu)du,
m 1 3
o 8§/Tnyk75(x,y) =0 /w(l)(u/dn)ax Toruv(z,y — dyu)du.
Define the quantities £, ‘ Fy, ﬂ  analogously with Y; replaced by |é;], Y}, €], respectively
where é; :=Y; — ¢(X;), éf := Y — ¢*(X;). The structure of the estimator makes it rather

complicated to directly analyze its derivatives with respect to x. However, it is possible to

derive an asymptotic representation of the form

Fy(yle) = Fyps(yle) +op(1/vn), — Fyly

|z) = Flen,s(y|x) + op(1/y/n),
Fy(ylz) = Fyps(yle) +op(L/v/n),  Ef(yle) = F

aL.slx) +op(1/vn)
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holding uniformly over x,y where FY, L.s(y|z) is defined as

A t
FY,L,S(y|I) = FY(?J|$)+U1 1( nOLS X y "7Tn,p,L,S(‘r7y)>
N t
F’\e|,L,S(y‘x> = e|(y’x) +u M 1( e,n,0,L, S X y ) Te,n,p,L,S(xa y))
A t
B LsWla) = Be(yle) + at MO ™ (T Ls(@,0), - T s(@,9) )

A t
Fions(yle) = Flo(yle) + utM(K) ™ (T;H,O,L,Sm W Tnprs(@:y)

where u} := (1,0, ...,0) denotes the first unit vector in R?™!, M(K) denotes a (p+1) X (p+1)

matrix with entries
MUKy = pissoalE) = [ 02K (wydu

and

Tokrs(T,y) = nh Z m

1
Tenp,rs(@,y) = s > mKh,k(flf - Xi) yi

<
Q(@/ —Yi— ch,L(Xi)\> N Fg@,Xi))
(

Tnsled) = 0 5 ) - Felx)

. 1 & 1 y — 1Y — @7 (X5)]
T kr,s(T:y) = vy Z mKh,k(x - Xi) Q( pi L ) — Fe(y|Xi)).
i=1 ¢ n

This, and further properties as differentiability and convergence rates of Fx Ls(y|z), FM, E:, F\zl
is the subject of Lemma C.6.

Next, consider the functionals

Hg o, (F) = i/ol /; ﬁ(F(G_lb(:)) — U)dvdu

and Qg xrp,(F) := G (Hg s, (F)). Some properties of this functional are collected in

Lemma C.8. With this definition, the quantiles estimators ¢, s, ¢*, $* can be represented as

i(2) = Hoprp,(Fy([2)),  @'(2) = Howr, (F3(12)),
() = Haomrpa(Fel(12)),  87(2) = Hayprp (Figy(+]2))-

The results in Lemma C.8 and properties of the estimators Fy, }Aﬂe‘, F{i, F\ZI yield represen-

tations of the form

Gr(2) = Gre(z) +op(n '), 3(z) = di(2) +op(n~"/?),
G:(z) = @ p(2) +op(n™'?),  §(2) = 81(2) + op(n~"/?)
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uniformly in = [see Lemma C.4] where

: e
Go.r.(T) = qo(z) — 7 000) /1 (FY,L,s(qa+ybn(I)|ZE) —Fy(qa+vbn(flf)|$))'€(v)dv
_ % / K(v) <Tn,o,L,s($, Qatobn (T)), - oy Top£.5(T, Gaoby, (x)))tdv

1

- Qa(x)

. 1 b
sue) = s(@) = T / (Fs(orzean, (@) = Fs1/210m, (2)]2) )s()de

- MUY

t
K(v) (Te,n,o,L,S(fL“a 81/240b, (), -+ s Tonp,1,5(T5 S1/24 b, (flf))) dv
1

fiel(1)
iial@) = 0le) = s [ (Fras(rnn @) = Frlaus, @)la) ) s(w)de
= ) = G [0 (Tt D) T e, ()
@) = 50 = oy [ (Bt @) — Fonjpe, (0)) ) s(o)de
) = B [ 00 (T s () Lo 3200, 0)) o

Differentiability properties and convergence rates of derivatives of these estimators can ob-
viously be derived from the corresponding properties of the underlying distribution function
estimators, see Lemma C.3.

Lemma C.3 Let (K1)-(K6), (A1)-(A5), (BW) hold. Then for any k <p

. log it 1/2
up  [6%(x) — P (@) = O w) = or(l),

2€[hn,1—ha] nhy,(hn A d,
log ht 1/2
2 (k) (k) -0 ( gn, ) _ .
x€[2hsnl:11p72hn] 527 () = s ()] P nhy(hn A dy )2 op(1),

and under (B1)-(B2) it follows that

log bt 1/2
2 VB () — o () — O < - ) o
x€[3hsnl:11pf3hn]’(q7—7L> () — ¢ ()] P o o A )2 op(1),
log h! 1/2
ax ) (k) _ k) :O< gh, ) _ 0.
xe[4hsnlj,11p74hn]’(SL) (z) = s (=)l P nh (B A dy)?* op(1)

Proof of Lemma C.3 Directly follows from the definitions of the linearized versions. O

Lemma C.4 Let (K1)-(K6), (A1)-(A5), (BW) hold. Then
(i) sup  [§(z) = Gro(z)| = op(1/v/n),

2€[hn,1—hnp]

(i)  sup  [3(x) = Sp(x)| = op(1/Vn),

2E€[2hp,1—2hn]

X



and if additionally (B1)-(B2) hold, we also have

(i) sup |q"(x) = 7 ()| = op(1/V/n),

2€[3hn,1—3hn]

(iv)  sup  [§°(x) = 8L(x)| = op(1/V/n).

2€[4hy, 1—4hy]

Proof Apply Lemma C.8 with F; = Fy,ﬁ"d,ﬁ’y,ﬂ I = FY,L,ﬂe|,L,FYL,F oL and F' =

Fy, F|, Fy, Fj¢, respectively. The corresponding assumptions are satisfied by Lemma C.8.
O

Lemma C.5 Let nal = o(1) and assume that the conditions of (i), (i), (ii), (i) of Lemma
C.6 hold. Then for any bounded Y C R we have

swp |Fe(a) = £0) — (Fela) = 20))| = 0p(1/V)

a,beY,|a—b|<dn,

where

Fu(a) = > s Lok, 1—200] (X)) Fy (G, (X)) + a8 (X5) | Xg)
S > Lohn 1-20,0(X0) '

Proof Recalling the definition of F., it is easy to see that F.(y) = al (ﬁ’ () * (- /&n)>( )

where

Fy) = > i Diohn 1—2m, ) (X)) I{Ye — 4(X3) < y5(Xi)}
S > onea—2n,(X0) '

Standard calculations show that

(R0 0(/a0)) () = Foly) + 0p(1/v)

n

uniformly in y € ). Thus it suffices to establish that

Fi(a) = B:(0) = (F(a) = (b)) | = 0p(1/ V).

sup
la—b|<dn

Since = >, Ion, 1-25,](X1) = 1+ 0p(1), we only need to consider the enumerator. Since Y is

uniformly bounded we have, with probability tending to one, uniformly in y € Y

I{Ye = (X)) < y3(X0)} = H{Ye = (X0 < y3u(X0)}|
< Y, — G- (Xi) = y30(Xe) < v} — I{Y% — Gr.0(Xi) — y50(Xi) < =7}

for some 7,, = o(1/4/n). Moreover an application of Lemma C.10 shows that the functions

(u,v) = I{v — Grp(u) —y3p(u) <} — I{v — Gro(u) —ys(u) < —v,}



are, with probability tending to one, contained in a class of functions satisfying the assump-
tions of the first part of Lemma C.9 with the additional property that each element has
expectation of order o(1/4/n). In particular, this implies

s | 57 T 120, (X0 (T{Yim(X0) < y8(X0) = H{Yemdr(X0) S 032 (Xi)}) | = 01/ V)

and thus it remains to consider

1 . . . .
sup E Z [[thJ*th] (Xz) (I{Yk S qT’L(Xk') + CI/SL(X]C)} - I{Yk S qT,L(Xk) + bSL(Xk)}
a,beY,|a—b|<dn, L

Py (.0 (X) + a51(X0) [ Xe) + Py (.0 (X3) + b3 (X0) X))

By arguments similar to those given above, it is easily seen that this quantity is of order
op(1/4/n) if one notes that the smoothness assumptions on Fy imply that with ¢ ., 5, €
CL with probability tending to one the same holds for the function u + Fy (Gr.p(u) +
y$r(u)|u) uniformly in y € Y. This completes the proof. O

Lemma C.6 Assume that conditions (K1)-(K6), (A1)-(A5) and (BW) hold. Then for
any bounded Y C R we have

(i) Fy(ylr) = Fy(ylr) +ul M(K)™! <Tn,o,L,s(1’, Y), -, Toprs(, y))t + op(1/+/n)
= Fys(ylz) + op(1/v/n)

uniformly iny € Y,x € [h,, 1 — hy,] and

(”)/ Fe(y’x) = Fe(y’x) + uiM(K)il <Te,n,O,L,S(xa y), SRR Te,n,p,L,S(xa y))t + OP(l/\/ﬁ>
=: F.ps(yle) +op(1/v/n).

uniformly iny € Y, x € [2h,,1 — 2h,]. If additionally (B1)-(B2) hold,

i) File) = Fr(ylo) + ut M) (T slo), - Tpns(ww)) -+ op(1/v/)
= F1s(yle) + op(1/v/n).

uniformly iny € Y, x € [3h,,1 — 3h,] and

(i) Eryle) = Fulyln) + M) (To0ns(.0), - T s(m)) +op(1/v0)
= Es(yln) + op(1/V/)

uniformly iny € Y, x € [4h,, 1 — 4h,].

X1



Assertions (i)-(iv)’ continue to hold under their respective assumptions for Ty g, To.pn 1, T:k, Te*nk
where the fx(X;) in the definition of Ty g, Tenks Ty s T s 05 Teplaced by fx (),

Moreover, (i)-(iv) hold under the assumptions of (i)’ — (iv)’, respectively.

@) s ko)) - 2L 1) = Or (i)
(uii) yey’xe[s;i?’lighn} |8I;3;F;7L,S(y|$) — 8§8§Fy(y|x)| =Op <%>U2
) yey,xe[sill}:,lfmn] |a§8iF;L75(y|x) N 8I;azl!Fe(y|x)| =0 <%)1/Q

Proof of Lemma C.6
We will only provide the arguments for (iv) and (iv)’ since all other assertions can be derived

analogously. Define the quantity

* 1 . 1 * Jat
Toa0,0) = 3= 3 ey Kl = X0 (107 Sy + 02,00} - 1)
1=1

and note that T7, ; | ¢(z,y) is, up to an error of order df*, the convolution of T, , ;(w,-)

with éw(- /d,,). As we will now show, (iv)’ follows from the following assertion

N t
(iva)  Fy(yle) = Fulyle) + wt M) (T (@,9)s s T () + 0p(1/ V).

Assertion (iva)’ implies assertion (iv)’ since
(F.( o) = -(/da))(w) = Flylo) + Od2) = Fulula) + o(1/ V)

uniformly in x € [4h,,1 —4h,],y € Y. Similarly, in order to establish (iv) it suffices to show
that

- logn \1/2
iva sup OF, u(ylw) — OFF,(y|x)| = O (*)
(iva) y6y7x6[4hn71_4hn]| Loyl (ylz)| = Op Ea

This is due to the fact that

050, (F2s0lo) — Fu(ol)) = o (0421 0Cle) = BEF.(J)) +w0()) )

n

1 .
o (@0, (o) () ) — 040, Pyl
Now, since by assumption 0% F,(y|r) is r times continuously differentiable with respect to y,

logn
nh2k+1g2!

1/2
the second summand is of order d/, 7! = O( ) . The first summand can be estimated
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1/2
by C%ZOP <n1;2g,£1> [note that one d,, can be absorbed into the integral with respect to &].
We will now proceed by establishing (iva)’ and (iva). Observe the identity

Y] <y+q (X)) = I{UZ. < p5<§(§(i) N Q:,L(Xéi()AX_i)qA(Xi))}'

Moreover, a Taylor expansion shows that, with probability tending to one,

-~ 70 (Xi) — 4(Xq) - 750 (Xi) = Gr(X5)
)I{U‘ng&iﬁq’ g(xi)q >}_[{UZ§FE<§L(Z/X¢) o §L(ch) )}
< I{

: ( y  Ga(X) - QT,L(Xi)>’
SL

where v, = 0o(1/4/n), and thus arguments similar to those in the proof of Lemma C.1 yield

I G K plz—u) s 1 1 ~ y ;. 1(X;) — 4(X5)

— = — I.U; < F; :

nZ; I (f(u) f(;;;))( { <5( * ) )})

51(X5) SL(Xi)
Xi) $(X
. B o\ — A:L(X) Gr,1.( Xi)
- %;K f(Ln (f(lu)_f(lx)><[{U 5 :

E(sie T ) oV

Next, observe that we have uniformly over y €

< Oy, sup !yfs(y)!}

ye2Y/cs

| /\

| /\

~ 07, 1(Xi) = @r,0(X;)
ot a0 i)

~ + ~ S Fg_Fe OO+Cn Ssu c SCCn
(X3) 50(X5) s(X;) I I P |yf(y)l

ye2Y/cs

with probability tending to one for a deterministic sequence ¢, = O(r,). Denote by D,, the

set where this inequality holds. Observe that on the set D,, the classes of functions

Fo = {(w0) Khmkf(i_w<f(lu) - f(lf’f’>> )

X (I{v < R(ﬁju) n éi’L(ug)L?uq;“L(u))} - Fe(y\u)) ’x € [4hn, 1 — 4R,y € y}

are, with probability tending to one contained in a class G, of functions with bracketing
numbers N (e, G,, L*(P)) < Cexp(Ce™*) for some a < 2 [see Lemma C.10] and moreover,
every element g of F, satisfies Eg(X;,Y;) = O(hyc,) = o(1/y/n),E¢*(X;,Y;) = O(h,). Thus
by Lemma C.9 sup,cz |>_; 9(Xi, Yi)| = op(1/y/n), i.e. we have shown that the 1/f(X;) in
the definition of T7, , can be replaced with 1/f(x) with an error of order 0,(1/y/n). For the
rest of the proof, note that on D,, we have the inequality

- 77 0(Xi) — 4r,0(X5)
s F<%>_C"} < H{uis FE(éL(yXi)+q | §L(X(j) )} = {vi< F<%>+Cn}

Consider the decomposition
Tn,k,m(xa y) = a;nTn,k(xa y) = T;Ck:,m(xa y) + Tnik:,m(xa y)

xiil



where

n K(’“’ ~X;) o
Tkm(9) = o hmZ o H{ K (=) > 0} (HY7 < g5 (X))} - Fu(y] X))

and T . is defined analogously. On the set D,, we have

T <
) S e 2R

1 K z—X;
h”’k( )]{K}(Ln)k(x—Xz) > 0} X

(= A (y) + ol ~ ()

_. (nm+
- nhm+1 Zg X’L7Ul7cn)

The expectation of each summand gz, (rm,+) (Xi, Ui, ¢,) in the above sum is of the order O(hc,).

Moreover, the class of functions

{(w,0) = g5 (w0, )

z € [4hn, 1 — dhy),y € y}

is with probability tending to one contained in a class that satisfies the assumptions of part
2 of Lemma C.9 with ¢,, = h,,. This yields the estimate

hce logn \1/2 logn \1/2
(n,m + n —
nherl Zg (X3, Ui ea) = BmA+1 T OP<nh2m+1> - Op(nthH)

uniformly in z € [4h,, 1—4h,],y € Y. Summarizing, we have obtained the bound 7" mhm (T, ) <

1/2
Op< ;Emﬁl> , and a corresponding lower bound can be obtained by similar arguments.

Analogous reasoning yields a bound for 7.

(x,y) and altogether this implies T}, j (2, y) =

1/2
Op< ;Emﬁl) uniformly in = € [4h,, 1 — 4h,],y € V.
For a proof of (iva)’, note that a Taylor expansion of F,(y|X;) with respect to X; around the
point x combined with the fact that

iy > K, i(z — X)

1

—— e (XWX)™! : = I{k =0}
RoR S Ky (2 — X)

for k =0, ..., p yields the representation

B > i Kol — Xi) Fe(y]| Xa)
et (XIWX) ! .

nh = Fuyla)+ Op(h™) = Fu(yla)+op(n %)

YKy, (= X5) Fo(y| X5)

Xiv



uniformly in = € [4h,, 1 — 4h,],y € Y. Combining the arguments so far

~ t
F2 (yla) = F (ko) = e (XWX) ™ (To0(@,9), ha T, ), W Do) ) +op(1/v/n)

and moreover T, ;o(z,y) = Op(ry,) for 7 =0, ..., p uniformly in z,y. Together with Lemma
C.7 observing that e{H ™' = ¢! completes the proof of (iva)’.
For a proof of (iva), we recall that by definition of M(K) we have for j =0,...,p

S MK) (i (K), . .., ppss (K))' = I{j = 0}.

It thus suffices to show that

— m logn
pg (KOO Foyla) + 0 (4 s ).

n +1—-m—1
1 (m) FylX) "
E K r—X;)———=> =
nhZHJ,iZI hnk( ) fX()Q) —

J
To this end we first observe that for = € [4h,, 1 — 4h,] integration-by parts and a Taylor

expansion yields

F(y|Xy) /”h” (m)
EK(m)x—Xii = K™ (x — ) F.(y|u)du
[ hn,k( )fX(Xz)} s hn,k( JFe(ylu)
x+hn
= hnm/ Ky p(x —u)0y Fo(y|u)du
z—hyp
p+1-m—1 .
= Wt Y e (KRS F(yle) + O(hE)
§=0

Finally, the estimate

1 < F.(y1 X)) 1 F,(y|X;)
(m) e\Y|-Ai (m) e\Y|Aq

sup ) Y K - X — E[K r— X, 7”

€[ 1—h] yey | MR = i ) fx(X) At i ) fx(X5)

- OP(\/ nlf(L)ngT‘LFJ

follows from the fact that the sets of functions

Fe(y|u)
fx(u)

satisfy the assumptions of the second part of Lemma C.9 with 6, = h,. Now the proof is

Fom furs K0 -0 W a1~ an, )y € )

complete. O

Lemma C.7 Under assumptions (K1) and (A1) if additionally (nh,)™" = o(h,+/logn) we
have the decomposition (holding uniformly in x € [h,, 1 — hy)])

B 1
~ fx(z)

where H = diag(1, by, ..., hY), and 111y p+1) 18 @ matriz with 1 in every entry.

aey n

(X'WX)" HMK) H 4 H Ly Op (VK
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Proof The elements of the matrix X*WX are of the form
1

nh,,

m
n

Z Ky, olz — Xi)(z — Xi)™ = T Z Khpym(z — X5)

(X'WX), =

where m = k + [ — 2. In particular, continuous differentiability of fx together with an

application of Lemma C.9 and Lemma C.10 implies that

1

nhy,

ZKhn,kz(I - Xi) = e fx(z) + OP(<IZin)1/Q h)

uniformly in x. Thus we obtain a representation of the form
XWX = H(M(K) Fx(@) + 1NxN0p(hn))H

where My = M(K) is invertible and H is a diagonal matrix with entries 1, hy,, ..., h2. Thus
for h,, sufficiently small an application of the Neumann series yields the assertion with
probability tending to one. O

C.3 Additional technical results

Lemma C.8 Assume that k is a symmetric, uniformly bounded density with support [—1,1]
and let b, = o(1).
(a) If the function F : [0,1] — R s strictly increasing and F~' is k times continuously

differentiable in a neighborhood of the point T, we have for b, small enough
Higr,(F) = F7H7) + > 2(FD (1) ptiga (k) + Ra(7)

with [Ra(7)] < ClR)WE b1y, [(F)O(7) = (FH)B(S)], i) 1= [ win(u)du and a
constant Cy depending only on k and k. In particular, if we assume that F : R — [0, 1] is
strictly increasing and F~' is two times continuously differentiable in a neighborhood of T
and G : R — (0, 1) is two times continuously differentiable in a neighborhood of F~1(7) with
G'(F~'(7)) > 0 we have

|FH(7) = Qaynrpa (F)] < Cy, sup (G (s)] sup [(GoF™)"(s)] = Ry

|s—GoF~1(1)|<Rn,1 [s—7|<bn

for some constant C' that depends only on r where R,y = Cb;, sup,_, <, [(G o F~1)"(s)].

(b) Assume that k is additionally differentiable with Lipschitz-continuous derivative and that

the functions G, G~! have derivatives that are uniformly bounded on any compact subset of
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R [the bound is allowed to depend on the intervall. Then for any increasing function F with
uniformly bounded first derivative we have |H(Fy) — H(Fy)| < Rn3+ R4 and

‘QG,H,T,bn (Fl) - QG,H,T,bn (F2)‘ S sup ’(Gil)/(uﬂ(Rn,S + Rn,4)

u€U(H (F1),H(F2))

where C' is a constant that depends only on k, U(a,b) :=[a A b,a V b], and

Ce, _ Fi — Flloo + || F1 — F3||lso
_ HFI_F2||<>0 sup |(GOF 1)’(U)|, Rn,4 — Rn73H 1 H H 1 2“

bn lv—7|<cn bn

Rn732
with ¢y = by + 2| Fy — Fallee + | F1 — Fl|oo.

(c¢) If additionally to the assumptions made in (b), the function Fy is two times continu-
ously differentiable in a neighborhood of F~'(7) with F|{(F,*(r)) > 0 and G is two times
continuously differentiable in a neighborhood of Fy (1) with G'(F~1(7)) > 0, we have

1
F{(F(7))
+Rn7

Qrin (F) = Qrrin (F3) = / w(0) (Fa(Fy (7 4 0ba)) = Fy(F (7 4 vby) ) do

1

where

Cby SUpj,_r <, (G 0 P ()| Py — Bolloc + Ry

R, < R,5+ R, -
ol = fnat fina t G(F )

with a constant C' depending only on k and

Rusi=5  sw (G W(H(E) - H(E)
u€U(H (F1),H(F2))
Rogi= s (G ()] [H(R) = GET)| - [HE) ~ HE),

w€U(H(F1),G(F;Y)(r)

Proof See Volgushev et al. (2013).

Lemma C.9 (Basic Lemma)

1. Assume that the classes of functions F,, consist of uniformly bounded functions (with
the bound, say D, not depending on n) with Ny(F,, e, L*(P)) < Cexp(—ce™®) for every

g < 0, for some a < 2 and constants C, ¢ not depending on n. Then we have

vn sup </fdPn—/fdP) = oh(1)

fe]'-n7||f||P,2§5n

where the * denotes outer probability, see van der Vaart and Wellner (1996) for a more

detailed discussion.
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2. If under the the assumptions of part one we have Ny(F,, e, L*(P)) < Ce™ for every
e < 6,, some a > 0 and C not depending on n, it holds that for any 6, ~ n=" with
b<1/2

([ sar= [ 1) =0y (s

fE€Fnfllp2<on
Proof See Volgushev et al. (2013).
Lemma C.10
1. Define F+G:={f+g|lf € F,ge G}, FG :={fg|f € F,g € G}. Then

Ny(F +G,e,p) < Ny(F,e/2,p)Ny(G,€/2, p)

If additionally the classes F,G are uniformly bounded by the constant C', we have
Ny(FG.e, |I-I) < Nj(F,e/4C, [|.1)N; (G, e/4C, |1-])
for any seminorm ||.|| with the additional property that |fa| < |fo| tmplies || fi|| < || f2||-

2. Assume that the Kernel K has compact support [—1, 1], that KSZ) is uniformly bounded
and Lipschitz-continuous, and that fx is uniformly bounded. Then the L*(Px) brack-
eting numbers Ny(F,, e, L*(Px)) of the set

Foi= {um K@ =)o € (1= ha)}
are bounded by Ce™3 for some constant C' independent of n.

3. Assume that the Kernel K has compact support [—1,1], that K is uniformly bounded,
and that fx is uniformly bounded away from zero on [0,1] and Lipschitz-continuous.
Then for the set of function

el

we have Ny(F,, e, L*(P)) < Ce™® for some constant C' independent of n.

u))Khmk(x —u)|x € [hy, 1 — hn]}

4. For any measure P on the unit interval with uniformly bounded density f, the class of
functions

F = {u — I{u < s}’s € [0, 1]} U {u — I{u < s}’s € [0, 1]}
can be covered by Ce™2 brackets of L*(P) length ¢.
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5. Consider the class of distribution functions F := {u > F(y]u))y € R} with densities
f(ylu) and assume that sup,, ly|*(F(y|lu) A (1 — F(y|lu)) < D for some a > 0 and
additionally sup,, , f(ylu) < D. Then we have Ny(F, ¢, || |loo) < Ce=“ for some

constant C' independent of «.

6. For any measure P on R x R¥ with uniformly bounded conditional density fviu the

class of functions
G = {(u,v) = Iv < f(u)}|f € 7}
satisfies Nj(G, e, ||.|[p2) < Ny(F,Ce?, ||.|ls) for some constant C independent of «.

Proof

Part 1 The first assertion is obvious from the definition of bracketing numbers. For the
second assertion, note that G = (F + C)(G + C') — CF — CG + C?. Moreover, all elements
of the classes F + C,G + C' are by construction non-negative and thus it also is possible
to cover them with brackets consisting of non-negative functions and amounts equal to the
brackets of F, G, respectively. Finally, observe that if 0 < f; < f < f, and 0 < ¢; < g < ¢4,
we also have figi < £g < fuga. Moreover [[figi — fugall < Cllfu — fill + Cllgu — gll. Thus
the class (F 4+ C)(G + C) can be covered by at most < Ny(F,e, ||.|)Ny(G, ¢, ||.||) brackets
of length 2Ce. Finding brackets for the classes C'F,CG is trivial, and applying the first
assertion of the Lemma completes the proof.

Part 2+3 Without loss of generality, assume that h = h,, < 1. The respective assumptions
imply that it suffices to establish that for any class of functions F with uniformly bounded
(say by C) elements that have supports of the form [x — h,x + h] with x from [h,1 — h]
and sup e | f(z) — f(y)| < Cloz — y|h™" uniformly in 2,y we we have Nj(F,, e, L*(Px)) <
Ce=@+D for some C' that does not depend on h. Observe that in particular, the L%(P)

norm of elements from F is bounded by Dh'/2. Now consider two cases.

1 &> 4h!/?
Divide [0,1] into N := 2/e? subintervals of length 2« := £ with centers ra for r =
1,..., N and call the intervals I,...,Iy. Note that two adjunct intervals overlap by
a > 2h. This construction ensures that every set of the form [x — h,x + h] with
x € [h,1 — h] is completely contained in at least one of the intervals defined above.
Then a collection of N brackets of L*length De for some D > 0 independent of A is
given by (—CI{u € I;},CI{u € I;}).

2 & < 4p1/?
Observe that by assumption any element g of F satisfies |g(z) — g(y)| < Clz — y|h ™ .
Consider the points t; :=i/(N +1),i = 1,..., N with N := 22**1C/%+1 By construc-
tion, to every x € [h,1 — h] there exists i(z) with |t;,) — x| < 2*F1/(22*T1C). This
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implies
19(2) — g(tiw))| < Ce*HR7F /22410 < g/2

Then N ||.|[cc—brackets of length covering F are given by (g(t;) — €/2,9(t;) + €/2),
i=1,...,N. From those one can easily construct L?(Px)-brackets.

Part 4 Follows by standard arguments.

Part 5 For any ¢ > 0, set y. := ¢~*/D and define t; :== —1/y. + i¢/2D for i = 1,..., N
with such that ¢ty > 1/y.. Note that N < Ce=* for some fixed, finite constant C'. The
collection of brackets (f =0,f=¢),(f=1—¢,f =1),(F(yyl|.) — /2, F(y,|.) + £/2) with
1 =1,...,N covers the class F.

Part 6 Follows from |[I{v < g1(u)} — I{v < go(u) }| < I{]v — g1(w)| < 2[|g1 — 92|l }-
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