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Abstract

We consider stochastic Markovian processes, which describe e.g. queueing network
processes, in a random environment. The environment influences the network by de-
termining random breakdown of nodes, and the necessity of repair thereafter. Starting
from an explicit steady state distribution of product form available in the literature, we
notice that this steady state distribution does not provide information about the cor-
relation structure in time and space (over nodes). We study this correlation structure
via one step correlations for the queueing-environment process. Although formulas
for absolute values of these correlations are rather complicated, it turns out that dif-
ferences of correlations of related networks are surprisingly simple and have a nice
structure. We therefore compare two networks in a random environment having the
same invariant distribution, and focus on questions such as: What happens to the time

behaviour of the processes when in such a network the environment changes or the
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rules for travelling are perturbed? We show that evaluating these comparison formulas

we can compare spectral gaps and asymptotic variances of related processes.

1 Introduction

We consider classical stochastic networks of the Jacksonian type in a random environment.
For a general introduction into the problem of Markov processes in a random environment
with applications to stochastic networks, see [Zhu94], [Eco05], [BM13]. These stochastic
network systems have recently found interest as a general model for queueing networks in
connection with other areas of Operations Research, e.g. inventory theory and reliability
theory. The interaction of network and environment in these models is in the first system
that the service processes of the queues decreases the inventories and the inventory restricts
the possibility of serving customers due to limited stock at hand or that in the second system

external forces let servers break down which requires repair.

We concentrate in the present paper on the second framework: There are external forces
which generate random breakdowns of servers in the network and the subsequent repair is
also performed under random influences. We allow the environment to be of a rather general
structure, which implies that nodes may break down in isolation or in groups, and that batch

repair is possible as well.

For this framework there is a product form extension of Jackson’s steady state result at hand,
which provides in case of ergodicity the joint steady state distribution of the environment
(represented by the set of broken down nodes) and the joint queue length vector in a product
form: The environment status and the queue lengths seem to decouple asymptotically and

in steady state (which is the essence of Jackson’s theorem in case of pure queueing systems).

Clearly, this does not mean that the environment and the queue lengths are independent: The
environment is assumed here to be a Markov process for its own, but it strongly influences the
service provided by the nodes and even the arrival streams there and, furthermore, the nodes
interact as well - the interactions are carried by the traveling customers. These dependencies
are not expressed by the one-dimensional (in time) marginal process distribution, which is
a multidimensional (in space) product form distribution. In fact, very little is known about
the dependence structure of the interacting processes here. Therefore we study in this paper
the correlation structure in time of the environment-queue length process via the one-step

correlations, which in time as well as in space exhibit complex dependence behaviour.

To be more precise, our main interest is focused on the following scenarios: Compare two
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networks in a random environment which have the same invariant (product form) distribu-
tion, and therefore are in some sense variants of one another. Typical questions are: What
happens to the time behaviour of a network when in such a network the rules for traveling

(routing chains) are perturbed, or, when the environment changes ?

Our main results are comparison theorems and formulas which provide differences of one
step correlations in related, resp. perturbed networks. Although the formulas for absolute
values of the one step correlations are rather complicated, it turns out that differences of
correlations of related networks are surprisingly simple and have a nice structure. As a
consequence, whenever we have obtained quantities connected to one step correlations for
some reference network as an anchor (possibly from simulations or numerical evaluations), we
can perform easily explicit performance analysis, especially sensitivity analysis by varying,

e.g., breakdown and repair probabilities or routing probabilities.

The structure of the paper is as follows. In Section 2 we describe the stochastic networks
and the influence of the environment via Markovian breakdown and repair processes, which
results in a non-Markovian structure of the queue size processes alone. We end this section

with citing the steady state distribution for these networks.

In Section 3 we derive the explicit formulas for the one step correlations in time for the joint
environment-network process and show that for the interesting comparison problems these

formulas simplify considerably.

In Section 4 we show that our results allow to compare the spectral gaps and asymptotic
variances of different systems by evaluating our previous formulas suitably. Comparison
results for spectral gaps allow to compare speed of convergence to stationarity for networks

in L? norm. An Appendix in Section 5 comprises the main technical proofs.

Notation and conventions:

For a set M we denote by 2 = P(M) the set of all subsets of M.

For sets A, B we write A C B for A which is a subset of B or equals B, and we write A C B
for A which is a subset of B but does not equal B.

Throughout, the node set of our graphs (networks) are denoted by J := {1,...,J}, and the
?extended node set” is Jy 1= {0,1,...,J}, where "0” refers to the external source and sink
of the network.

We denote the diagonal matrix with a vector £ on the diagonal and zero otherwise by diag(§).
e; is the standard j-th base vector in N Tif1 < j < J and ey is the J-dimensional zero vector.
We will use the following abbreviations:

For D C{l,...,J}and n = (n; : j € J) € N/ we write n,, :== (n; : j € D) € NPl and



2 STOCHASTIC NETWORKS IN A RANDOM ENVIRONMENT 4

njpp = (n;j:je€ J\ D) € NI\PI and will, as usual, identify
n=(n;:j€D),(nj:je€J\D))=(n;:5€D,n;:jeJ\D).

Similarly we use for N”-valued random variables with X; = X(t) =n = (n; : j € J) the self
explaining abbreviations Xp(t) = (n; : j € D) € NPl and X(t) = (Xp(t), X5 p(t))-

We use the following notation. For (E,&,#) and functions f, g : (E,&) — (R,B) we define

the inner product of f, g with respect to 7, whenever the following integral exists:
(F9)s = [ £(2) - gla) 7).
E

We denote by L? := L? (]E, 7) the space of square integrable functions with respect to 7, and
111z = ((f, 1)),

All random variables occurring in the sequel are defined on a common underlying probability
space (2, F, P).

2 Stochastic networks in a random environment

2.1 Stochastic networks

A Jackson network [Jac57]) consists of J nodes numbered 1,...,.J, where indistinguishable
customers arrive, are served, possibly at several stations, and eventually depart from the
network. The nodes are exponential single servers with state dependent service rates and
with an infinite waiting room under first-come—first—served (FCFS) regime. If at node j
there are n; > 0 customers present, either in service or waiting, then service is provided

there at rate p;(n;) > 0; we set 11,;(0) := 0. All customers follow the same rules.

We shall need later on a slight extension of the standard Jackson network models. This is

described in terms of an irreducible stochastic routing matrix
R = [Tij]i,jzo ..... Js (2-1)

where the artificial "node 0” represents the source and the sink of all customers. Strict

inequality may hold for rop > 0, which means that some arriving customers may be rejected.

Customer arrive in a Poisson stream of intensity A > 0 which is split (independently) ac-
cording to the first row rg := (ro; : ¢ = 0,1,...,J) of R. Then at nodes j = 1,2,...,J we
observe independent Poisson-); arrival streams with A\; = Arg;, while a portion A\g = Argy of

the arriving customers is rejected (lost).
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Routing is Markovian, a customer departing from node ¢ immediately proceeds to node j

with probability r;; > 0, and departs from the network with probability 7.

Then the traffic equations for the admitted customers

J
i=1

have a unique solution which we denote by n = (n; : j = 1,...,J). Note, that (2.2) only
counts for the admitted customers because of A\; = X-rg;,7=1,...,J,and \y +... + A; =

A1 — 7g9). For roop = 0, R is the so-called extended routing matrix of standard Jackson
networks, see [DS08][(3.2)].

Let X = (X, : t > 0) denote the vector process recording the joint queue lengths in the
network at time t. X, = (X;(t),..., X;(t)) € N’ reads: at time ¢ there are X;(t) customers
present at node 7, either in service or waiting. The assumptions put on the system imply that
X is a strong Markov process on state space N’ with generator QX = (QX(n,m) : m,n € N’)
which is given for g : NY — R by

J J

Q%)) = D Nlgln+e;) —g(n) + > (1= don, )i (n)rs0(g(n — €5) — g(n))

j=1 j=1
J J
+Z(1 —50nj)uj(nj)z7’ji(9(ﬂ—€j +€;) — g(n)) (2.3)
=1 i=1
We assume throughout that X is ergodic and that sup{p,(k):j e {1,...,J},k € N} < o0

holds, so that QX is a bounded operator, i.e., infneNJ Q%X (n,n) > —cc.

For an ergodic network process X Jackson’s theorem [Jach7] states that the unique steady—

state and limiting distribution 7 on N7 is

m(n) =7n(ny,...,ny) = H <C(j)_1ﬂ%) , n=(n,...,n;) €N/, (2.4)

j=1

with normalizing constants C'(j) for marginal distributions of X.

2.2 Breakdown-repair processes

We are interested in stochastic networks, where the nodes due to external environment influ-
ences can breakdown and are repaired periodically. A simple but common situation is that

the breakdown-repair process is Markov of its own, and the network reacts on this random
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environment driven perturbations. To describe these Markovian processes we consider a set
of J stations or devices (nodes) numbered 1, ..., J. The stations are unreliable, break down

randomly and are repaired thereafter. The repair time is random as well.

We assume that the availability status of the system can be described by a homogeneous

Markov process

Y=Y(@):t>0), Y(t):(QFP)—(27,P12").

The state Y (t) = D indicates that at time ¢ > 0 the stations included in D C J are broken

down and under repair, while stations in .J\ D C .J are functioning (”are up”).

The transition rates (breakdown and repair intensities) of the failure process Y are
Definition 2.1. Take any pair of functions A : 27 — [0,00) and B :27 — [0,00), subject
to A(®) =1 and B(0) = 1 and for D, I, H C J (we set 0/0 =0 and 1/0 = o)

A(I) . B(D) i
— DclIC — HcDCJ.
A(D)<OO YVDcCcICJ and B(H)<OO VHCDCJ

With these functions define breakdown and repair rates as follows:

qY(D,I):%, DcIcClJ,

for breakdowns of nodes in non-empty set I \ D if nodes in D are already down, and
¢*(D,H)=—~-- HcDCJ,,

for finishing repair of nodes in non-empty set D\ H if nodes in D are under repair.
For all other pairs G,H C J,G # H, we set ¢¥ (G, H) = 0, and for all D C J we set
qY<D7 D) = - Zng,H;«éD qY(D7 H)

Example 2.2. If nodes break down independently of one another with rate a(i),i € J,
and are individually repaired with rate b(i),i € J, independent of other nodes, we obtain a
network structure which is a node set in a typical dynamical random graph on a prescribed

network, where nodes disappear and return later on. We have

DcIcJ: ¢*(D,1)= ][] ali), and HCcDCJ: ¢¥(D,H)= [] b(i).

ieI\D i€D\H

The construction of the respective arcs is described in Section 2.3.
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The generator Q¥ = (¢¥ (K, L) : K, L C J) of Y is defined for real functions f : 27 5 R, by

v D
(QYNH(D B o)+ 40 A - [(D)) (2:5)

HCD IDD

By inspection we see that the probability measure
A1 A(D) 7
7= #7(D):=C"1'5—=, De2’ 2.6
#im (#(0)i= 2L D) (2:6)
with normalization constant C'~! fulfills
#(D)-q¥(D,G) =#(G)-¢¥(G,D), ¥D,G€?2) with DCG orD DG,
which implies that the breakdown and repair process Y is reversible with respect to 7.

Example 2.3. In the Example 2.2 we obtain with normalization constant C-1
7= <7%(D) =C! H % D e 2j> : (2.7)
i
ieD

From these explicit formulas (and similar ones) we can directly perform a parametric analysis

of the impact of breakdown and repair rate functions.

2.3 Rerouting

The network process and the breakdown-repair process (availability process) interact and

we have to fix rules for the interaction regime. The general rule is:

(1) Whenever a station is broken down and under repair, service is interrupted and the

customers present there are frozen, while new customers are not admitted to this station.

(2) Therefore we have to define a new routing mechanism. Examples of how to do this to
obtain explicit steady states can be found in [SD03][Sections 5, 6]. We describe an abstract

"rerouting scheme”, which encompasses the three schemes described there.

Assumption 2.4 (REROUTING SCHEMES in open networks). Consider a Jackson network
(with possible customer rejection (roo > 0)) with routing matriz (2.1) and traffic equations
for the admitted customers (2.2) where \;j = Arg;.

Let D C J be the set of nodes of the network which are down. Then the routing probabilities

are restricted to nodes in Jy \ D and are defined by some routing matriz

R” = [Tg]i,jejo\D' (2.8)
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The associated traffic equations for the admitted customers similar to (2.2) are
=M+ > gPrh. jeJ\D,  with \P:=X-rf,, jeJ\D, (2.9)
ieJ\D

and are assumed to be solved by
n =mn;, jeJ\D, (2.10)

where the n; are from the solution of (2.2).

For convenience we set R? := R, and similarly other expressions, if necessary.

Note that under the new rerouting scheme (with nodes in set D broken down) A\ := \- ré’o

is the new rejection rate. The following lemma will be useful.

Lemma 2.5. If (n?,j € J\ D) solves the traffic equations (2.9) for the admitted customers,
when nodes in D are broken down and rerouting is according to Assumption 2.4, then with

§ = A the vector )P = (nP,j € Jo \ D) solves the equation © = x - RP.

Proof. The traffic equations (2.9) can be written as

=X+ Y nlrh, jeJ\D. (2.11)

i€J\D
Summing (2.11) over j € J \ D yields
AL = 7"00 Z n zO ’
ieJ\D

which is the missing equation of x = x - R”, with the required solution inserted. O

Remark 2.6. Prescribing rerouting by (2.9) is not constructive, but a constructive approach
will be not necessary for our main applications. A detailed description of rerouting schemes

which fulfill the requirements of Assumption 2.4 is given in [Sau06][Section 2].

When considering rerouting schemes which are used in the literature it may happen that the
rerouting chain on certain subsets J \ D is not irreducible, for details see [Sau06][Proof of
Theorem 1.2.29]. This makes the computations more involved, but leads to the same results

as those we shall present below.

The following example describes a way that is common to resolve blocking situations in
networks with blocking of stations due to full buffers or blocking due to resource sharing,
and is called blocking principle REPETITIVE SERVICE - RANDOM DESTINATION (RS-RD).
For applications in modeling of communication protocols in systems with finite buffers or
for ALOHA-type protocols see [Kle76], Section 5.11. Within the abstract framework of

reversible processes it occurs in [Lig85], Proposition I1.5.10.



2 STOCHASTIC NETWORKS IN A RANDOM ENVIRONMENT 9

Example 2.7 (RS—RD with reversible routing in open exponential networks). When nodes
in D C J of a Jackson network (with possible customer rejection) are down and under repair,
rerouting is restricted to Jy \ D by
i, i,je o\ D, i#j,

I A 7= \D i (2.12)
Tii_'_ZkeDrik’ ZEJQ\D,ZZJ
The external arrival rates at the Jackson network are in this situation: )\JD = )\réz- = Arg; = Aj
for nodes j € J\ D and AP = Arg; = 0 for nodes j € D (j # 0).

Note that even if rog = 0, external arrivals may be rejected with positive probability because

arrivals to nodes under repair are "rerouted” (= rejected): With A\g = X - g

Ak
T(%ZTOO‘FZTOk: Z 720
keD ke DU{0}

A standard assumption in the literature for this rerouting scheme to apply is that the original

routing Markov chain, resp., its transition matrix is reversible:
;-5 = mi -y for all i, j € Jy with n; from (2.2) and 79 := \. (2.13)
We shall set this assumption always in force when investigating this protocol.

The next rerouting regime seems to be nearly trivial. Nevertheless, it is often implemented
as reaction to detected failures in complex production systems to maintain high production

quality, e.g. in automotive industry.

Example 2.8 (STALLING). Whenever a node failure occurs and a node (or more) break
down, all arrival processes are shut down and all ongoing services are interrupted. So no
customers move in the network until all nodes are repaired. For nodes in D being down we

have
0, i,j€Jo\D,i#7,
D 7= o\ D i (2.14)
1, i€ h\D,i=7j.
We assume that the stopped nodes which are up wait in warm standby. They can therefore

break down without serving and have to be repaired then also.

The next rerouting regime is a typical reaction in case of random walks in a random network
with disappearing nodes. The random walker jumps over the gap, possibly iterated, until a
target node of the random walker allows him to settle down. - In Markov chain theory it

occurs when taboo sets are investigated.
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Example 2.9 (SKIPPING). When the nodes in D are down, moving customers skip these
nodes. If the destination node ¢ of a customer lies in D the customer performs this jump but
does not stay there. Instead he selects according to R another node, say k with probability
r(i, k). If k ¢ D he settles down, otherwise he immediately selects another node according

to R, and so on. This results in a new routing matrix R? with

erk:rjk‘i‘ZTjiTﬁc for k,j € Jo\ D (2.15)
i€eD
with
D __ D . =
ik = Tik + Zﬂ‘mk forie D,k € Jy\D. (2.16)
leD

The external arrival rates during a breakdown of I are AP =0 for & € D and

AP =X+ Ml for je J\D. (2.17)

1€D
2.4 Networks with breakdown and repair: Product formula

We shall exploit the product form of the invariant distribution of the Markov process de-
scribing an unreliable Jackson network in order to find its correlations. In this section we
formally define this process by giving the corresponding generator and prove the product
formula. A Markovian state process for this system requires that the state space N7 of the
Jackson network process X is supplemented by a coordinate Y which indicates the set of
broken down stations. Operating on these states we define a Markov process Z = (Y, X)
describing the degradable network with the state space E = 27 % N’. Elements of E are

= (D,n) = (D,ny,ng,...,ny) € E, where the first coordinate in n we call the availability
coordinate. The interpretation is: The set D is the set of servers in down status. At node
1 € D there are n; customers waiting for server being repaired. We denote by &£ the set of
all subsets of E.

Definition 2.10. The Markov process Z = (Z(t),t > 0) defined by the infinitesimal gener-
ator (transition intensity matriz) Q% = (¢%(n, ') : n,n € E ) via
(sz)(D,TLl, No, ... ,nJ) =
= > gDt e) = f(n) + Y (1= don )i (ny)rip(f(Dyn = e;) = f(m)

jeJ\D jeJ\D
+ > (1=bon)my(ny) D rR(f(Dyn— e +e) = f(m) (2.18)
jeJ\D ieJ\D

+ 5 PO ) - )+ 3 A () ()

HCD 1>D
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15 called unreliable Jackson network process.

Theorem 2.11. (Product form for Jackson networks with breakdown and repair)
[Sau06][Theorem 2.4.1] Under the Assumption 2.4, if Z is ergodic then the steady state is
with m from (2.4) and 7 (2.6) of the product form:

(D) - m(n1,na,...,ny)

H( f[ ()>, (D, ni,...,n;) €E. (2.19)

'Ll’uj

=N

7(D, ny,ng,...,ny) =

n=(n,...,ns) is the solution of the traffic equation (2.2) for admitted customers when all
nodes are up, C; is the normalization constant for the local queue length process at node j

which is finite iof and only if the unreliable network is ergodic. We denote

cocm= ¥ [HH( )] :jri[loj.

(nl 7777 J=li=1
Proof. Because the proof gives some structural insight, we give a shortened version of

[Sau06)[Theorem 2.4.1] for the sake of completeness. For all (D; ny,ng,...,n;) € E we

have to check the global balance equations

ﬁ'(D; nl,ng,...,nj)( Z (1_50’ﬂj>/’bj(nj)(1_erj)+ Z Aj)

jeJ\D j€J\D
+Y YD, D+ Y qY<D,H>>
15D HCD
= Z (1 = don, )T(D; ny,ng,...,n5 — 1,...,nJ))\]D
jeJ\D
+ Z — Oon;) Z 7(D; ny,...,np+1,...,n5 — 1,...,nJ)uk(nk+1)r,Z
jEJ\D keJ\D
k)
+ Z (D; n1,n27...,nj+17...,nj)ﬂj(nj+1)r%
jeJ\D
+ Y & (D; nyng, . ng)qY (D D)+ Y 7(D; nayng, - ng)gY (D, H) (2.20)
15D HCD

We first equate the second line of the left hand side with the last line of the right hand side

and see with inserting the product form

w(ny,ne,...,ny)- ﬁ(D)(ZqY(D,]) + Z qY(D,H)>

IDD HCD

= Zw(nl,ng,...,nj)-ﬁ(I)qY(I,D)—i- Z m(ny,ng,...,ny) - #(H)q¥ (H,D).

DD HCD
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which is obviously the global balance equation associated with the generator QY , and thus

solved by 7.

The reminder terms of (2.20) constitute balance equations corresponding to a Jackson net-
work on the node set J \ D with routing scheme 7”, the traffic equations of which (using
Assumption 2.4) are solved by (n; : j € J\ D). Renormalizing, the problem is reduced to

balance equations for a standard Jackson network when 7 (D) is canceled. ]

In [SDO03] the result of Theorem 2.11 is proved for more general breakdown and repair
schemes: These allow the breakdown and repair rates to depend on the load (queue lengths)
of nodes. The question whether in this framework results similar to those in the following

sections can be derived is still open and part of our ongoing research.

Remark 2.12. Theorem 2.11 is not covered by the product form results for networks in
a random environment of Zhu [Zhu94] and Economou [Eco05]. In both papers the central
assumption is that under different environment states the ratio "local arrival rate/local
service rate” is independent of the environment status. This is obviously not the case in our

systems.

3 One step correlation

Recall \j = A-rgj,j=1,...,J,and A\; +...+X; = A(1 —ry) and that we therefore consider
only admitted customers even if all nodes are up. We will not mention this further in this
section. For the network process Z with generator Q% and stationary distribution 7 consider

one step correlation expressions
<f7 ng>7~r- (31)

If f =g, then (3.1) is (the negative of) a quadratic form, because —Q% is positive definite.
(3.1) occurs in the definition of Cheeger’s constant because division of (3.1) with f = g¢
by (f, f)# yields Rayleigh quotients. It also occurs in the definition of the corresponding
Dirichlet form. This is helpful to bound the second largest eigenvalue of Q% and to prove
the corresponding Poincare inequality for the corresponding Markovian process, see e.g.,
[Ch05]. Furthermore, (3.1) can be utilized to determine the asymptotic variance of costs
or performance measures associated with Markovian network processes and to compare the
asymptotic variances of two such related processes. It is possible to compare the correlations

for Z with that of the related process Z’ with the same stationary distribution 7, using

<f7 ng>ﬁ' - <f7 QZ/g>7~T7
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which will be given explicitly in Section 3.2. Because we are dealing with processes having

bounded generators, properties connected with (3.1) can be turned into properties of

(f, 1 +eQ%9)x = Ex(f(Zo)g(Z-)) (3.2)

where I is the identity operator, and € > 0 is sufficiently small such that I + Q% is a
stochastic matrix (i.e. the transition matrix of the uniformized chain), and 7 ~ exp(e)
(exponentially distributed). This enables one to directly apply discrete time methods to

characterize properties of continuous time processes.

3.1 Correlation formulas

Due to the product form steady state distribution of Z the one step correlation (f, Q%g)x
splits immediately into two terms having an intuitive interpretation. Namely, the one step
correlation is the sum of weighted one step conditional correlations (7) of the environment
process Y, and (ii) of network processes, which for a fixed time point seem to behave

conditionally independent of the environment.

As will be seen immediately, it is illuminating, to define for all D C {1, ..., J} the generators
QXJ \D of certain ”synthetic subnetworks” on node set J \ D with overall arrival rate A, service

rates as prescribed in the Definition 2.10, and routing matrix R”. We have a splitting formula

Proposition 3.1. For unreliable Jackson network processes Z = (Y, X) as in Theorem 2.11

the one step correlations splits as follows

(£, Q%)= > 7S > #D)f(D,n)(Q¥y(-n)) (D)

-\ DC{1,....J}

Y &)Y wolnp)

DC{1,....J} nyeN'®!

> moap)f (D, o n5p)) (Q929(D, (mp, ()510))) (7,)
S\

Rj\D

The proof of Proposition 3.1 and the next correlation formula are postponed to Section 5.

This more explicit correlation formula seems to be of limited use directly, but will yield

remarkable simplifications when used for differences.
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Proposition 3.2. For unreliable Jackson network processes Z = (Y ,X) as in Theorem 2.11,

D

with P the probability solution of the equation x” = zP - R (which applies, when nodes in

D are down), the one-step correlation formula is

<fa ng>ﬁ -
= > Y @D {Z ¢* (D, H)f(D,n)g(H,n) +ZqY(D,I)f(D,n)g(I,n)}
DC{1,...,J} @eNJ HCD ID>D

+ Z Z ﬁ(D,@)é% Z Z 5?7”]2 (D,n+e;)g(D,n+ )

DE{1,ed} N O\ jedo\Dicj\D

- Y ) AD.)f(D,n)gD,n) > g (D H)+ DY q¥ (D) + A+ > pi(ng)

DC{1,. 7} N HCD oD jeJ\D

3.2 Comparison of one step correlations

The following formulas for differences of one step correlations will give additional insight into
various properties of networks, for example to speed of convergence or asymptotic variance.
They display how, e.g., the routing and the breakdown and repair affects correlations in
networks. The proofs of these applications follow those ideas which are used to prove the
following theorems. We therefore present some details of this proof here and give only hints

for proving the applications.

Our first result describes the reaction of an unreliable network to changes of the routing

behaviour of the customers.

Theorem 3.3. Suppose Z = (Y, X) is an ergodic unreliable Jackson network process with
a routing matriz R and Z' = (Y', X") is another Jackson network process having the same ar-
rival and service intensities and failure-repair rates but with routing matriz R’ = [ng}i,jzo,l 77777 7
such that the solutions of the traffic equation derived from R and for R' coincide (denoted by
n). Assume that both networks follow some rerouting mechanism for which the Assumption

2.4 holds. Then for arbitrary real functions f,g € L?

U1.@%0)s = 1,Q% s = B | G (1r (V2 (0.0 - diag(€") - (R~ 1))

Y,
&'

where P is the probability solution of xP = xP - RP (see Lemma 2.5), tr(A) denotes trace

of A, and with ey = (0,...,0)

Wl (D,n) = [g(D, 0+ e) f(D, .+ € je i -
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Proof. Because the external arrival streams are the same, and the traffic equations have the
same solution 7, and the rerouting mechanisms have property (2.10), for any availability
status D the rerouting schemes on J \ D have the same solution of the traffic equation. It
follows from Lemma 2.5 that for all D the probability solution of the equations z” = 2?- RP
and z” = 2P - R'P are in both systems the same. Because of ¢¥ = ¢¥  we immediately have

from Proposition 3.2 the reduction

(f,Q%9)x — (f.Q% g)z =

— Z Z b Z Z EPrif(D,n+ ej)g (D,Q+ei)}
DCA{1,...,J} GN jeJo\D ieJo\D
Z Z Z Z gDr f(D, n+€]) (Daﬂ+€i)}
D17} peN’ jedo\D i€Jo\D
- Lo 3 [T (%)
DpCql,.., NP £eD i=1 o(7)

> 11 H(W ) NS PrRf(D it ep)g(Din e

nJ\DeN] IPl ge J\D =1 jedo\D ieJo\D

——

A

e Z Z &r ’DfD n+e;)g(D,n+e;)

jGJo\D IGJ()\D
We interpret in the last two lines for fixed D and n,, and 4,7 € Jo \ D the expressions
f(D’ﬂ_’_ ej) = f(D7 (ﬂD7ﬂj\D + 6j)) and g(D,@ + 61-) = g(Da (ﬂDvﬂj\D + 61))
as functions of nj p only, and see that the resulting expressions have exactly the structure
of the functions dealt with in Proposition 4.1 of [DS08§].

After renormalization of the densities [],c7 p [[i (%), which is in fact result of condi-

tioning on {Y'(t) = D, Xp(t) = np}, we obtain (f,Q%g)z — (f, Q% g9)»

= > > r =D, Xp(t) =np})

D
DE{L, T}, NP

B, [g% (tr W94 (D, (1, X)) - diage® - (R” = R))) [{Y (t) = D, Xp(t) = )}

0

and deconditioning eventually finishes the proof. O

Our next result describes the reaction of a network to changes of the breakdown and repair

mechanisms. It turns out that it is possible to write the formula for the difference of one step
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correlations for the corresponding generators of networks in terms of scalar products with
respect to invariant measure for the failure processes using the difference of the corresponding

intensity matrices of the failure processes.

Theorem 3.4. Suppose Z = (Y,X) is an ergodic unreliable Jackson network process with
a routing matrizc R = [ri;l;j=o01,. and Z' = (Y',X') is another Jackson network process
having the same arrival and service intensities, and with the same routing regimes, described

by R and rerouting fulfilling Assumption 2.4.

The breakdown-repair process for Z is given in Definition 2.1 and for Z' is defined similarly

via functions A, B’ : 27 [0,00), subject to the indicated restrictions there.
Then the breakdown and repair rates for Y' are:

A'(I)
A(D)’

B'(D)
B'(H)’

¥ (D, 1) = DcICJ, and ¢¥ (D, H) = HcDClJ,.

The processes Y and Y’ are Markov with generators Q¥ = (¢¥(K,L): K, L C j) of Y and
QY = (¢¥'(K,L): K,L CJ) of Y as defined in (2.5) for Y and similar for Y’
Assume that the stationary distributions of Y and Y' are identical, denoted by

7= (fr(D) = él% = é’lgl,ggi, D e 2j) : (3.3)

Then for arbitrary real functions f,q: E — R holds

(. Q29) = {1, Q% g)x = Bx [(F(e, X0, Q¥ (- X)) ()} — ((0, X0, Q¥ g(, X)) (0)+] =

- Eﬂ' |:<f(07Xt)’ (QY - QYl)g<'7Xt)<o>>7Ar

Proof. Interchanging summations, regrouping terms, and exploiting the product form struc-
ture of the state distributions (which are identical for Z = (Y, X) and Z’ = (Y’,X’)) in the

correlation formula of Proposition 3.2, we obtain

(f, ng>fr =
= > wn) ) #D) { > ¢¥(D.H)f(D,n)g(H,n)+ > qY(DaI)f(D,ﬂ)g(f,ﬂ)}
neN? DC{1,...,J} HCD 15D
- > 7wm) > #D)f(D,n)g(D,n) { > (D H)+ Y qY(DJ)}
weN? DC{1,...J} HCD 15D
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+ 2 DA 5 D D Dt e)g(Donte)

DCA{1,..., J}feNJ 0 jeJo\D ieJo\D
> Y HDwADmaDn) A+ Y )
DcA1,..., J}QENJ jeJ\D

Because the arrival streams, the service rates, the routing, and the steady states of the
processes Z = (Y, X) and Z’ = (Y’, X') are the same, for (f, Q% g)s the last two lines in the
respective formula are identical to those in the displayed formula. The difference becomes

therefore

<f7 ng>7~r - <f7 QZlg>ﬁ' =
= > wln) Y, #D) {Z ¢¥ (D, H)f(D,n)g(H,n) + Y ¢¥(D,1)f(D,n)g(I,n)

QGNJ DC{1,...,J} HCD oD

=Y wn) Y #D)f(D.n)g(D,n) { > q¥(D,H) + ZQY(D,I)}
neN’ DC{1,...,J} HCD 15D

- > wm) Y #D) {Z ¢¥' (D, H)f(D,n)g(H,n) + ZqY'(DJ)f(D,n)g(I,n)}
QENJ DC{1,...,J} HCD oD

+ 3w Y fr<D>f<D,n>g<D,n>{Z ¢¥'(D,H) +ZqY’<D,I>}
EGNJ DC{1,...,J} HCD oD

For fixed n we interpret in the last two lines f(D, n) and g(D, n) as functions of D parametrized
by X;(w) = n. This leads to

<f7 ng>7~r - <f7 QZlg>7~r - Z ﬂ-(ﬂ) |:<f<o>ﬂ>7 QY9<7Q)(O>>7? - <f(o7g)7 QY/g('uﬂ)(O»fr
neN’
=FE; <f(o, Xt)a QYg('7Xt)(o>>fr - <f(o7 Xt)? QY/g('v Xt)(o»fr] ) (34>

]

In both Theorems 3.3 and 3.4 we prove a reduction of complexity: We show that one can
reduce comparing operators and resulting one step correlations via functions on infinite state

space to comparing matrix operators via functions on finite state space.

The Theorems 3.3 and 3.4 are valid for all square integrable functions f, g on E. This opens

the way to compare more intricate correlations for multidimensional marginals in time of
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the network processes with unreliable nodes according to concordance ordering utilizing the

abstract setting for Markov processes of [DS08][Theorem 5.2].

For a concise notation we introduce the standard difference operators for functions on N”.

For all f € L? and all j =0,1,...,J, we define (recall e is the zero vector)

D;f :E—=R, (D,n)—D,;f(D,n):=f(D,n+e;)— f(D,n),

and

Df :E =R (D, n) = (D;f(D,n), j € Jo\ D).
That way we can treat Df(D,n) as a vector of the dimension corresponding to the size of
D, and the corresponding routing matrices R” as operators on it. Moreover, it is possible to
consider the corresponding scalar products generated by invariant vectors £, and write the
formula for the difference of one step correlations (which are scalar products with respect

to invariant measures for the network process 7) in terms of scalar products with respect to

invariant measures £ for the routing processes.

Corollary 3.5. For unreliable Jackson network processes Z = (Y, X) as in Theorem 2.11,

with P the probability solution of the equation P = zP - RP we have

(£, Q%)s = Ex | ((D+ 1) f(Yi X)), R*(D + Id)g(Vi, X))
LSO

+ Eﬂ' [_(f(ont)7QY9<'7Xt)(O)>7?}
— Bx [F0 X9V X+ 1y,

where £ is the probability solution of t” = xP-RP (see Lemma 2.5), and p = > jeip Hi(ng)

1s the total service rate for nodes which are up.

Proof. Take the correlation formula from Proposition 3.2, use conditioning as in Theorem

3.3, and insert the suitable difference operators. O

We can now reformulate the result of Theorem 3.3 in a more compact form which immediately

relates our results to methods dealt with in optimizing MCMC simulation.

Corollary 3.6. For unreliable Jackson network processes Z,Z' as in Theorem 3.3 we have

(f.Q%9)x — (}.Q% 9)z = Bx Liy <(D +Id) f(Y:, Xy), (R — R™)(D + Id)g(Ys, Xt)>£yt} :
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4 Applications

4.1 Comparison of spectral gaps

Let Z be a continuous time homogeneous ergodic Markov process with stationary probability
7 and generator Q%. Let 7(f) = [5 f(2)7(dx) The spectral gap of Z, resp. Q% is

Gap(Q®) = inf{(f, —Q%f): f € L*(E,7),#(f) =0, {f. f)z = 1}.

The spectral gap determines for Z the speed of convergence to equilibrium 7 in L2(IE, )
with norm || - ||z: Gap(Q?) is the largest number A such that for the transition semigroup
P = (P,:t>0) of Z holds

IPf —7(f)llz < e 2| f —7(f)llz Vfe L*E,7).

It should be noted that one has to be careful which class of functions is used for the definition

of spectral gap. For a discussion and more references see the introduction of [LS13].

We shall utilize the following orderings to compare routings, failure processes and then

correlations, see [Pes73].

Definition 4.1. Let R = [ry] and R' = [r};] be transition matrices on a finite set E such
that ER = ER' = £ for a probability vector &.

We say that R’ is smaller than R in the positive semidefinite order, R’ <,q R, if the matrix
R — R’ is positive semidefinite.
We say that R is smaller than R in the Peskun order, R' <p R, if for all j,i € & with i # j

holds r;i < 7j;.

Peskun used the latter order to compare reversible transition matrices with the same station-
ary distribution and their asymptotic variance, and Tierney [Tie98] has shown (in a more
general setting, i.e. using operators rather than matrices) that the main property used in
the proof of Peskun, namely that "R <p R’ implies R’ <,4 R”, holds without reversibility

assumptions.

Example 4.2. For any transition matrix R = [r;;] holds for R’ = Id, where Id is the identity
matrix of the same dimension as R,

R <p R, (4'1>

which says that the family of transition matrices R of a fixed dimension has a (unique)
minimal element. If we consider different routing schemes, resp. rerouting schemes, therefore

STALLING from Example 2.8 is an extremal (re-)routing scheme.
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Proposition 4.3. Consider two ergodic unreliable Jackson networks with state processes Z
and Z/' and with the same arrival and service intensities, and the same failure-repair rates.
Assume that the equations © = x - R and x = x - R’ have the same stochastic solution &, and
the Assumption 2.4 holds, i.e. both networks follow some rerouting mechanism according to
(2.9) with the property (2.10).

If RP <,q R'P for all D (also for D =10), then
Gap(Q*) < Gap(Q%).

Proof. From Corollary 3.6 we have for all f € L?
(1.~ Q1)@ fla = Be | 3y (D + T, X, (R = (D4 (¥ X |
0

and from the product formula we rewrite this formula as

(1.~ Q 1)@ i = Bxe | G (D4 1)F 01 X0, (RY = RY)(D + 1), X)) | =

0
. A
= E, ED: #(D) [@ ((D+1d)f(D,X;), (R"” — R”)(D+ 1d) f(D, Xt)>£D] :
From our Assumption on <,; ordering of routings we therefore have for all f € L?
(f,=Q% )z = (f,—Q% f)z

Taking infima on both sides over the set {f € L* : 7(f) = 0, (f, f)z = 1} we get the
result. O

As discussed above, a sufficient condition for Proposition 4.3 is that R'? <p RP holds for

any D, because we then have RP <,; R'P.

Computing spectral gaps for Markov processes with multidimensional state space is chal-
lenging, in many cases nearly impossible. Exceptions are multidimensional independent
birth-death processes, because for birth-death processes explicit results are known, see e.g.
[Doorn02], and Liggett has proved that the gap of independent processes is the minimum of

the spectral gap of the marginal processes [Lig89][Theorem 6.2].

We will show that the gap of the joint queue length network process Z (with unreliable
nodes) can be bounded from below by the gap of a related process consisting of identical
breakdown-repair process and related multidimensional birth-death process with condition-

aly independent components.
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The first result is in the realm of the abstract rerouting framework of Assumption 2.4, while
the second result is for rerouting schemes which are defined by concrete recipes described in
the Examples 2.7, 2.8, and 2.9.

Proposition 4.4. Consider an ergodic Jackson network process Z with unreliable servers as
in Theorem 2.11. Assume that for all D C {1,2,...,J} with #(D) > 0 the routing matriz
RP = [r]}]; icinp has strict positive entrance and departure probabilities (rf, > 0,7 > 0)

for every node i € J\ D.
Assume further that for all D C {1,2,...,J} the rerouting RP fulfills overall balance for all

network nodes which are up
77]’.3 Zrﬁz Z niDrg, Vje J\D. (4.2)
i€J\D i€J\D
Then there exists an ergodic Jackson network process process Z' with unreliable servers as

in Theorem 2.11 with the same stationary distribution 7 as Z, such that

Gap(QZ/) < Gap(Q?).

The nodes of Z' are perturbed by a common breakdown-repair regime identical to that of Z,
and for any given set D of broken down nodes the joint network process on j\ D consists of
conditionally independent birth-death processes, and the coordinate birth and death processes

on the i-th coordinate have birth rate Ark) and state dependent death rate ji;(n;)rk.

Proof. In order to obtain a lower bound for the spectral gap using birth and death processes
the idea is to allow in the comparison network for each node 4, which is up, that any customer
who enters node ¢ from the external source after being served only to feed back (possibly
iteratively) to node i or to depart from the network. This results in updating the service
rates suitably. Recall that the original network processes and the constructed comparison

processes are additionally perturbed by the same failure mechanism.

Consider the situation when nodes in D are down. Directly from the formula (2.18) for
the generator of the network process Z, it is clear that after reducing movements inside
the network, and allowing only for movements into the network from outside, or from the
network into outside, or feedback, we get as long as the reliability level D does not change
transitions for changing the queue lengths which look identical as those of the generator of
independent birth and death processes such that on the i-th coordinate the birth rate equals
Ard and the state dependent death rate equals p;(n;)rd, i € J\D.

Now, in order to be able to apply a formula for differences of one step correlations we have

to show on every reliability level D that such a modification is possible within a class of
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networks with extended routings having the same stationary solution. For this reason we

need the assumption on overall balance (4.2).

More precisely, we define R'” by rif = rlj, (7 = r{, for all 4, v} = 0 for j #1i, i,j € J\ D,
and riP =1 —rk for i € J\ D. With the routing R’ the network process Z’ (when nodes
in D are down) develops as a vector of independent birth and death processes for the up

nodes.

For j € {1,...,J} let 77;-D be the solution of the traffic equations for R’”. We have directly

WP =D +nPrP e J\D, (4.3)
and the solution of this system is uniquely defined. We show that these equations are solved
(for each D) by n? = (nP,j € J\ D) as well. Inserting n” into (4.3) we obtain with

D _ D e T
ri =1—rjforjeJ\D

D D D D D D D D D D,.D
ny = gy ny (L=155) = Xrg; + 1 Z I = Arg; Z M Tij >
i€ J\D i€J\D
which is the traffic equation when nodes in D are down in Z and has the unique solution n”.

The last step is done by first observing that n” is from Assumption 2.4 the restriction of
n, the solution of the traffic equation when all nodes in Z are up, to J \ D, and, secondly,
by considering the above constructed system of independent birth-death processes for the
reliability level () as the comparison system when all nodes are up with routing R’, and the

R'P as rerouting scheme for this network on reliability level D.

Because n = i’ and n” = n’P for all D, the n’P are the restriction of 7/, the solution of the

traffic equation when all nodes in Z’ are up, to J \ D.
Note that for all D
R" <p R",
therefore RP <,; R'P, and the result follows from Proposition 4.3. m

Corollary 4.5. Consider an ergodic Jackson network process Z with unreliable servers as
in Theorem 2.11 with the RS-RD procedures of rerouting. Assume that the routing matrix
R = [rijl; jej, is reversible and has strict positive entrance and departure probabilities (ro; >

0,750 > 0) for every node i € J.

Then there exists an ergodic Jackson network process process Z' with unreliable servers as

i Theorem 2.11 with the same stationary distribution 7 as Z, such that

Gap(Q”) < Gap(Q?).
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The nodes of Z' are perturbed by a common breakdown-repair regime identical to that of Z,
and for any given set D of broken down nodes the joint network process on j\ D consists of
conditionally independent birth-death processes, and the coordinate birth and death processes

on the i-th coordinate have birth rate Aro; and state dependent death rate i;(n;)r0.

Proof. From reversibility of R follows that for any D the overall balance (4.2) holds. So
Proposition 4.4 applies. O

Corollary 4.6. Consider two ergodic unreliable Jackson networks with state processes Z.
and Z/' and with the same arrival and service intensities, and the same failure-repair rates.
Assume that the equations © = x - R and x = x - R’ have the same stochastic solution &, and
the Assumption 2.4 holds. Moreover assume that Z' follows the stalling rerouting scheme. If
R <,q R' then

Gap(Q®) < Gap(Q?).

Proof. For the stalling scheme R'P = Id for all D # ), and R = R’, hence the assumptions
of Proposition 4.3 are fulfilled. O

Taking for R’ the routing corresponding to parallel birth and death processes in the above

corollary we obtain

Corollary 4.7. Consider an ergodic Jackson network process Zi with unreliable servers as

in Theorem 2.11. Assume that ro; > 0,710 > 0 for every node i € J.

Assume further that the routing R fulfills overall balance for all network nodes which are up

n;j Z Tji = Z nirij, Vi€ J. (4.4)
icJ icJ
Then there exists an ergodic process Z' with the same stationary distribution 7 as Z, such

that
Gap(Q*) < Gap(Q?),

where 7! consists of independent birth-death processes, which are perturbed by a common
breakdown-repair regime identical to that of Z, moreover Z' obeys the stalling rerouting
scheme and the coordinate birth and death processes has on the i-th coordinate the birth
rate Aro; and the state dependent death rate p;(n;)rp.

Remark: From irreducibility of Z, for i, j € J,i # j we obtain from (4.2) njr;»];\{i’j - mr;-];\{i’j s

but this does not mean that the matrix R is reversible, because r;]j\{i’j } # r;; may hold.



4 APPLICATIONS 24

The lower bound Gap(Z’) in the previous statements is of interest, because it has con-
stitutive processes with conditionally independent coordinates. From [Lig89][Theorem 2.6]
it is known, that the gap of a process with independent coordinates is the minimum of
the gaps of the coordinate processes. Unfortunately enough, this theorem does not apply
here directly, because the coordinate birth-death processes are controlled by the common
breakdown-repair process. However, the comparison result of Proposition 4.3 can be used

to obtain upper bounds for spectral gaps. This topic will be considered in a separate paper.

Nevertheless the bound is of practical value, because the bounding process Z’ is reversible
with respect to 7, which can be seen by checking the local balance equations. As a con-
sequence, the bounding techniques for reversible processes, e.g., using Cheeger constants,

found in the literature can be applied directly.

In [LS13][Example 6.2] it is shown, that the bounds obtained via Proposition 4.4 can be very
good for networks with reliable nodes. They compare the bound for an example provided
by Ignatiouk-Robert and Tibi [IRT12]:

This is the network described in Section 2.1 with state independent service rates p; = p, and
routing matrix which fulfills r;; = 0,Vi =0,1,...,J, and ro; > 0,Ve = 1,...,J. Furthermore,
foralli,j=1,...,J,i# j, holds complete symmetry by r;; = p € (0,1/(j —1), which results
inryg=1—-p(J—-1)>0,Vi=1,...,J.

It is assumed that no breakdowns (and repair) occur.

In this symmetric network the partial balance (for D = ) holds if and only if ro; = 1/J,Vi =
1,...,J, which implies \; = A\/J,Vj=1,...,Jand n; = \/(J(1 —p(J —1))),Vi=1,...,J

We denote by

Hio = I p1j,
and, recalling the bound of the spectral gap obtained for birth-death processes by van Doorn
[Doorn02], we obtain from the companion result of Proposition 4.4 (see [DS08][Proposition

4.4))

Gap(Z') = <\/m-o(1 —p(J—1)) - 3) :

It is easy to check, that for this setting the Assumptions (3.10) and (3.11) of Corollary 3.4
in [IRT12] are fulfilled, which results in an upper bound for L? spectral gap

1+

Gap(Z)STM(mou—pu—l»— §> . (45)
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For p — 1/(J — 1) the factor % tends monotonously to .J, while for p — 0 it tends

monotonously decreasing to 1.

A consequence which elaborates on the implication Peskun yields positive definiteness is,
that if we perturb routing of customers in the networks by shifting transition probability
mass from non diagonal entries into the diagonal (leaving the routing equilibrium fixed) then

the speed of convergence of the perturbed process is smaller.

The existence of L? spectral gap (that is the question when Gap(Q%) > 0) for unreliable
networks is a related topic. It is a common knowledge that for networks with constant service
rates (not depending on the number of customers at node) the spectral gap for classical
Jackson network exists. For service rates that can depend on the number of customers the
problem is more delicate. An iff characterization in terms of properties of service rates is
given in Lorek and Szekli [LS13]. A special feature of such processes is that the existence of
L? spectral gap is directly related to the tail properties of the stationary distribution. For

references and details see [LS13].

An analogue to Peskun ordering and positive semidefinite order of transition matrices to

generator matrices is as follows.

Definition 4.8. Let Q = (q¢(x,y) : z,y € E) and Q' = (¢'(z,y) : x,y € E) be generator

matrices on a finite set E such that 7Q = 7Q)" = 0 holds for a probability vector 7.

We say that Q' is smaller than @ in the positive semidefinite order (for generators),
Q' <pa Q, if the matriz QQ — Q' is positive semidefinite.

We say that Q' is smaller than Q in the Peskun order (for generators), Q' <p Q, if for all
x,y € E with x # y holds ¢'(x,y) < q(z,y).

Lemma 4.9. Let Q = (q(z,y) : 2,y € E) and Q' = (¢ (z,y) : z,y € E) be generator matrices
on a finite set E such that 7Q) = 7Q" = 0 holds for a probability vector 7. Then

Q=pQ = Q <uQ. (4.6)

Proof. From q(z,y) < ¢'(x,y) for all z,y € E with  # y follows for all x € E that
¢ (z,z) < q(z,z) holds. So

Q —Q:=(d(x,y) —q(x,y) : v,y € E)

is a generator matrix as well. This implies that —(Q’ — Q) is positive semidefinite. H

A direct consequence of Definition 4.8, this lemma, and of Theorem 3.4 is (in the spirit of

the previous statements of this section)
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Corollary 4.10. Suppose Z = (Y,X) and Z' = (Y',X') are ergodic unreliable Jackson
network processes, having the same arrival and service intensities, and with the same routing
regimes, described by R = [rj]i j—01,..s and rerouting fulfilling Assumption 2.4.
The breakdown-repair process for Z is given in Definition 2.1 and for Z' is defined similarly
via functions A', B’ : 27 [0,00), as given in Theorem 3.4.
The processes Y and Y' are Markov with generators Q¥ = (¢¥(K,L): K,L C J) of Y and
QY = (¢Y'(K,L): K,L CJ) of Y as defined in (2.5) for Y and similar for Y.
Assume that the stationary distributions of Y and Y' are identical, denoted by 7.
If QY <,q QY holds, then

Gap(Q¥") < Gap(QY)

Proof. Follows from the relation (3.4). O

An easy to understand property is that whenever the breakdown-repair process Y of Z
is uniformly faster than the breakdown-repair process Y’ of Z/, i.e., for all z # y holds
¢ (z,y) < q(x,y), we have Gap(QY') < Gap(QY). This follows directly from Lemma 4.9.

So, for example, if we have A(D) = x/Pl - A/(D), and B(D) = sIPI . B'(D), A € 27, for some
k > 1, then QY <p QY, and these breakdown-repair processes fulfill the requirement of
Corollary 4.10.

4.2 Asymptotic variance

Peskun [Pes73] and Tierney [Tie98] derived comparison theorems for the asymptotic variance
of Markov chains for application to optimal selection of MCMC transition kernels in discrete
time. These asymptotic variances occur as variance in the limiting distribution of central
limit theorems (CLTs) for the MCMC estimators. For our network processes Z we consider

Markov chain (X}, k > 1), say with transition matrix
K =1+¢eQ?

(with € > 0 sufficiently small). Under some regularity conditions on a homogeneous Markov

chain with one step transition kernel K we can obtain CLT of the form

Vi3 (X — Ba(7(X0)) 3 N(O,olf, K),
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where the asymptotic variance is
v(f, K) = (f, Nz = 7(f) + 2> _(f, K* ).
k=1

Regularity conditions under which CLT holds for such Markov chains is a related topic
which we shall study in a separate paper. For reversible chains with positive spectral gap
it is possible to give conditions in terms of the service rates of our network but a general
iff characterization in terms of the service rates seem to be an open problem. The next

proposition gives a possibility to compare asymptotic variances provided they are finite.

Proposition 4.11. Consider two ergodic unreliable Jackson networks with the same arrival
and service intensities, and state processes Z and Z'. Assume that the routing matrices R
and R’ are reversible with respect to £&. Both networks follow a rerouting mechanism according
to (2.9) with the property (2.10), such that RP and R'® are reversible with respect to £P.

If RP and R'P are ordered for all D in positive definite order, R'P? <,q RP, then for any
function f € L3(E,7) = {g € L*(E,7) : w(g) = 0} holds

o(f, T +eQ%) > v(f, I +Q%). (4.7)

Proof. For standard Jackson networks without breakdown and repair it is well known that
reversibility of the routing matrix R implies reversibility of the joint queue length process. A
direct way to prove this is to check the local balance equations with respect to the stationary
distribution 7. It is easy to see that this way of proof verifies reversibility of the processes
Z and Z' here as well. The reason is that the breakdown and repair process is reversible
with respect to w, and that for fixed D and Np intensities of possible transitions on N [ 7\D|

balance locally with respect to the densities [[,c 7 p [[iZ; (#@))

Because Z and Z’ are irreducible we can apply a result of Mira and Geyer [MG99][Theorem
4.2], which states that under this condition (4.7) is equivalent to ordering of the one step
correlations for f € LZ(E, 7). The letter statement can be shown exactly as in the proof of
Proposition 4.3. O]

As in our previous statements, Peskun ordering of the kernels is a sufficient condition for

~pa ordering, which recovers Tierney’s Theorem 4 in [Tie98].
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5 Proof of the correlation formulas

For f,g : E — R and the steady state probability 7 of Z we are interested in the one-step

correlation expressions

(£,Q%)z= >, > #D.n)f(D,n)- (Q%9)(D,n) (5.1)

= > N #DwfDn) > Y ¢A(D.n; Lim)g(L,m).

DC{1,.... 7} N LC{L,.T} N7

Recall that the steady state of Z is of product form: For (D, nq,...,n;) € E

#(D, nyna,... ny) = (D) - w(ng,na,. .. ny) = #(D) - C HH(% )

j=11i=1

Here n = (m1,...,ny) is the solution of the traffic equation for the admitted customers of
the corresponding standard Jackson network (2.2) with D = () and A\; = X - rg;, and C'is the

normalization constant for the (marginal) joint queue length process

o= 5 I ()] e

(n -----

Proof. (of Proposition 3.1) We evaluate directly

r@ti=ct Y S AL () /o | X Mabate) 62

DE{L,.. 0}, e N (=1 i=1 jeJ\D
+ Z — on, ) 145 (125)7 jOg(D n—ej)+ Z (1 — don,) Z Nj(nj)"’ﬁg(Dvﬂ — € +e)
jeJ\D jeJ\D i€J\D,ij

3" AP+ ST (@ o) (n) (1 —E) | 9(D, )

jeJ\D jeJ\D
+ > q¥(D,H)g(H,n)+ Y ¢*(D,1)g(I,n) (Zq (D,H)+ > q¥ DI) )}.
HCD I>D HCD I>D

Interchanging summations, regrouping terms, and exploiting the product form structure of
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the state state distributions, we obtain

(f, QZ!])fr =
Y ww | Y #(D) { > a¥(D.H)f(D,n)g(H,n) + ) ¥ (D, I)f(D@)g(Ln)}
@eNJ DC{1,...,J} HCD oD
—f(D;n)g(D,n) { > a¥X(DH)+ ) qY(DJ)H
+ Z Z H ( ! H 1e(7)
DC{1,...,J} NPl D

2 H( lelu(i))fw,mmmw))

njp cN/~1Plee\D

Z )\?Q(D,Q +e;) + (1- 50nj)/vbj<nj>7"%9(Da (np, 1\ p — €;))

JjEI\D jeJ\D
+ Z 50”] Z M](n])r]ng(D> (ﬂD;ﬂj\D —€j + 62))
j€J\D i€J\D,i#j

= 2o AT D (= don)(n) (1 =) | 9(D: (2p, 17 p))
jeJ\D jeJ\D
For each fixed D,np the terms in the last squared brackets are identical to the one step
correlation of a Jackson network in equilibrium on node set J \ D (with the respective

transition rates) with respect to the functions f(D, (np, (-) s\ p)) and g(D, (np, () 7\ p))-

We have agreed to denote the generator of such network by Q®/\p and its steady state by
THD> which leads to the proposed formula with the aid of the synthetic networks. O

Proof. (of Proposition 3.2) We restart with the expression (5.2) and observe that for fixed
D C{1,...,J} the contribution of —rﬁ in the negative terms would be exactly the contri-
bution in the double sum of i € J \ D,i = j in the positive terms, where for i = j would

occur g(D,n—ej+e;) = g(D,n) otherwise. Together with £;(0) = 0 V7, incorporating these
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contributions simplifies our expression to

DD 7AT(D)I_[H( = )f(D,n)g(D,n) (5.3)

Y Y H [(,2) som

DCA1,...,.J} N (=11

{Z ¢* (D, H)g(H,n) + qY(D,I)g(L@)}

HCD I>D

ot S Y ﬁﬁ(

D1, I} N7 (=1 jeJN\D
+ Z 5 (15) 309 Z Z 5(125) ]zg =€+ €;)
je\D jeJ\Dic€J\D

Our main work will be concerned with the simplified expression represented by the last two

lines of the formula above. Isolating this, we have

I YED O L) 101 (CENFIENTR S SRTVENERS

DE{L,...J} e N (=1 i=1 jeJ\D
+Z,U/_]nj jog +Z Z/“Ljnj jzg —ejt+e)
j€J\D jeJ\D ieJ\D
ot Y ZIHK 5)

DC{1,...,J} NP ¢eD i=1

Z HH( )D,m > Ag(D,n+e;)

NJ\D LeJ\D =1 jeJ\D

+ Z i (n;) jog ) + Z Z pi(n;) ﬂg —ej+e;)

jeJ\D jeJ\D ieJ\D
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)

Y T() 1 X romsomsen

NJ\D LeJ\D =1 jeJ\D

-t 2 o I

DC{1,....J} NP ¢eD i=1

njp€

+ > () f(Dn)g(Din—e)rg+ Y Y () f(D,n)g(Dyn — e; + e)r;
jeJ\D jeJ\DieJ\D
In the last line, if n; > 0, the expression ju;(n;) cancels against a factor in the steady state

probability, otherwise the respective summands vanish.

Canceling in the relevant expressions the factors p;(n;) > 0, shifting the summation indices

thereafter, reduces the last expression to

DE{L,.. T}, e N jeJ\D jeJ\D

+ 3 > nif(DintegDinte)r) + Y nif(Din+e)g(Don+e;)r)
jEJ\D i€ J\D,i#j jeJ\D
This simple expression seems to be noteworthy for its own, and could be substituted into
the correlation expression. But we can do even better. Write the last expression as (we

underbrace some intuition and use n; = for j € J\ D)

S Y A0 S MDDt e+ 3 aPFDn+e)g(Dw)r,

DC{L,, T} e N7 jeJ\D 0 jeJ\D 50

+ Z Z nij (D n—l—ej) (D,n+ e;)ri] + Af(D, n) (D, n)rg, =Af(D,n)g(D,n)rd

jeJ\D icJ\D

j—)l 0—)0

From Lemma 2.5 we know that with 7y := A the vector #” := (nP,j € Jy \ D) solves the
equation z = - RP. Denote by £ := (¢P i € Jy\ D) the stochastic solution of z = z - RP.

Inserting this into the last expression yields
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S NS w0 s D.ngDn)+ Y LD fD.g(Don + )

DC{1,...,J} >0 neN’ 00 j€J\D e
+ Z rRf(D,n+ej)g Z Z & ri f(D n—l—e]) (D,n+e;)p (5.4)
jeAD 0 jeJ\DicJ\D e

+ Z Z (D, n)Af(D,n)g(D,n)r

DC{1,...,.J} 7€N

We are now ready to insert (5.4) into the complete correlation expressions (5.1), resp. (5.3).

Let ey = (0,0,...,0).

(f.Q%)z= > D &DnfDn) Y > ¢*D.n;Lmg(Lm)

DCA{1,..., J}QENJ LC{l ..... J}ieN
J mny
o ¥y oI "g))ﬂ )
DC{1,...J} =1 im1
Y '
{Zq (D, H)g(H,n)+ Y g (D,I)g(f,n)}
HCD 15D
J ny n A
_ . 1
ot 3 2ol ()
DC{L... T}, N’ =1 i—1 \He 0
\éjr(% (D,n)g Z &?rOJfDn 9(D, n—l—ej)
O:O jeJ\D 0—>j
Z 7"]0 (D,n+ej)g Z Z fDnJrej) (D,n+ ¢;)
J€J\D 0 jeJ\DieJ\D e
J ny
ot Y Y AD]] (”f.))AﬂD,mgw,mm%
DC{L,...J} N’ =1 im1 NPl
J ny n
_ . /i
ot Y Y Ao (G ) e
DC{1,. 0} N 11 o1 N
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= . D @D { > ¥ (D, H)f(D,n)g(H,n) + Zqu,z)f(D,mgu,m}

DC{1,...7} N’ HCD IoD

+ Z Z ﬁ(D,ﬂ)fiD Z Z §DT (D,n+e€;)g(D,n+e;)

DC{L T} N O je(Jufoy\D ic(Ju{o})\D

Z Z Dn)\fDn) (D, n)rd

DC{1,..7} N

> ) #D.n)f(D,n)g(D,n) { [Z ¢ (D, H) + ZQY(DJ)]

DC{l,...J} N’ HCD I>D
Do D )
jeJ\D jeJ\D

This yields finally the desired correlation formula from Proposition 3.2:

<f7QZg>fr
= ) Zﬁ<D>n>{ZqY<D,H>f<D,n>g<H,n>+ZqY<D,f>f<D,@>g<Ln>}
DC{1,...7} e N HCD oD

£ Y T AHowg Y Y DDt

DE{1,. 7} N Fje(JU{OP\D ie(JU{O})\D

- > Zﬁ(D,ﬂ)f(D,@)g(D,ﬂ){ ZQY(D,HHZQY(DJ)]

DCA{1,..., J}neNJ HcD oD
PR EP T Mj(”j)]}
jeJ\D jeJ\D

-~
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