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SYMPLECTIC GEOMETRY

Problem Set 1

1. Prove that a 2-form w on a 2n-dimensional real vector space V is symplectic if

and only if
wWw'=wA---Aw # 0.

n times

2. Recall that for a linear subspace W of a symplectic vector space (V,w) we defined

the w-orthogonal complement as
W :={veV :wlv)=0foraluecW}.
a) Prove that dim W + dim W+« = dim V!

b) Prove that W is a symplectic subspace if and only if (W, w|w ) is a symplectic
vector space if and only if V =W @ W«!

c) More generally, prove that the quotient space W/(W NW) always inherits
a symplectic structure from V.

. Prove that a linear subspace W of codimension 1 in a symplectic vector space
(V,w) is always coisotropic!

. Prove that the standard euclidean scalar product g( ., . ), the standard complex
structure Ji; and the standard symplectic form wg on R*" are related by

g(ua U)st = wst(ua Jstv)-
. Prove that given two Lagrangian subspaces Lo, L1 C (V,w) of a symplectic vector
space such that Lo N Ly = {0} (i.e. Ly and L, are transverse), there exists a

symplectic basis (eq,...,en, f1,..., fn) for V such that Ly = span(eq,...,e,)
and Ly = span(fi,..., fn).

Please turn!



6. Give examples of elements of SL(4,R) which are not elements of Sp(4, R)!

7. We have seen in class that the eigenvalues of a symplectic matrix come in qua-
drupels A\, A7!, X and A7!. Since a 2 x 2 symplectic matrix has at most two

eigenvalues, these four values cannot all be distinct in this case. Prove that for
A€ Sp(2,R)

e Tr A > 2 if and only if both eigenvalues are real, positive and different from

L,

o —2 < TrA <2if and only if both eigenvalues are on the unit circle, and

e Tr A < —2 if and only if both eigenvalues are real, negative and different
from —1.

8. Prove that Sp(2,R) is diffeomorphic to the open solid torus S x R?!



