OUTWARD COMPACTNESS
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ABSTRACT. We introduce and study a new type of compactness principle for strong logics
that, roughly speaking, infers the consistency of a theory from the consistency of its small
fragments in certain outer models of the set-theoretic universe. We refer to this type of
compactness property as outward compactness, and we show that instances of this type of
principle for second-order logic can be used to characterize various large cardinal notions
between measurability and extendibility, directly generalizing a classical result of Magidor
that characterizes extendible cardinals as the strong compactness cardinals of second-order
logic. In addition, we generalize a result of Makowsky that shows that Vopénka’s Principle is
equivalent to the existence of compactness cardinals for all abstract logics by characterizing
the principle “Ord is Woodin” through outward compactness properties of abstract logics.

1. INTRODUCTION

The work presented in this paper contributes to the study of the deep connections between
large cardinals and strong logics. Its starting point is a classical result of Magidor [13] that re-
lates the existence of extendible cardinals to the compactness properties of second-order logic £2.
Remember that an infinite cardinal  is extendible if for every ordinal n > k, there is an ordi-
nal ¢ and a non-trivial elementary embedding j : V;, — V¢ satisfying crit(j) = & and j(x) > 7.
Moreover, given a cardinal &, an L2-theory T is <r-consistent if every subtheory of T' of cardi-
nality less than k is consistent. Finally, an infinite cardinal x is a strong compactness cardinal
for L2 if every <k-consistent £2-theory is consistent. The next theorem summarizes Magidor’s
characterization of extendible cardinals through compactness properties of £2:

Theorem 1.1 (Magidor [13]). A cardinal k is a strong compactness cardinal for L2 if and only
if there is an extendible cardinal less than or equal to K.

The results of this paper are motivated by the aim to obtain analogous characterizations for
various well-studied large cardinal properties below extendibility, e.g., measurability, strongness
and supercompactness. More precisely, for a given large cardinal property ¢, we want to assign,
uniformly in a parameter &, natural and rich classes 7T, of <k-consistent £2-theories to infinite
cardinals k in a way that ensures that for all such &, all theories in 7T, are consistent if and only
some A < k satisfies ¢(\). We start by presenting a characterization of measurability through
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compactness properties of £2 that illustrates the main concepts on which our more general results
are based.

More precisely, we show that for every uncountable cardinal k, there is a canonical <x-
consistent £2-theory T}, whose consistency is equivalent to the existence of a measurable cardinal
less than or equal to x. To obtain this theory, first recall that there is an L£2-sentence in the
language of set theory that holds in a model using this language if and only if its €-relation is
well-founded. Next, work in the language that extends the language of set theory by constant
symbols ¢, for every € V,,;1 and constant symbols d., for all v < , and let T}; be the £?-theory
consisting of the union of the following theories:

e The elementary first-order diagram of V,.; 1, making use of the constant symbols c,.
e All (first-order) sentences of the form dg € d € ¢, for B < v < k.
e The (second-order) sentence stating that the €-relation is well-founded.

The theory T is obviously <k-consistent because for every fragment F' of T, of cardinality
less than x, we can easily find a model of F' with underlying set V1. Moreover, if there is a
measurable cardinal less than or equal to k, then T}, is consistent because this assumption allows
us to use iterated ultrapowers (see [12, Section 19]) to find a transitive class M and a non-trivial
elementary embedding j : V. — M with j(crit(j)) > &, and this allows us to construct a model
N of T,, with underlying set j(V.11), ¢ = j(z) for all x € V.41 and djvv = ~ for all v < k.
Finally, if T} is consistent, then there exists a transitive set N and an elementary embedding
J: Viy1 — N with j(k) > &, and the existence of such an embedding directly implies that
some cardinal less than or equal to k is measurable.

Following the approach outlined above, we now want to isolate a natural consistency property
of a theory T with respect to infinite cardinals k, that strengthens <k-consistency, is possessed
by T, at every infinite cardinal x, and implies the consistency of T at cardinals s that are
greater than or equal to a measurable cardinal. Our definition of this property is motivated
by the observation that for every cardinal A < x, the theory T, is not only <A-consistent in
our ground model V, but remains <A-consistent when we pass to outer models! in which X\ is
still a cardinal, as witnessed by the structure VKV+1,2 by the absoluteness of well-foundedness.
In addition, if we naively assumed that the property that an £2-theory T is <A-consistent in
every outer model in which A is a cardinal could be uniformly expressed by a first-order formula
with parameters 7" and A, it would follow that for every cardinal x greater than or equal to a
measurable cardinal, every £2-theory T with this property is in fact consistent in V. We would
argue as follows: By our assumptions, there is a cardinal A with T" € H), and an elementary
embedding j : V — M with crit(j) < s and j(k) > A. Using our naive assumption, we apply
the elementarity of j to conclude that the £2-theory j(T) is <M-consistent in every outer model
of M in which X is still a cardinal. In particular, since V is such an outer model of M, it
follows that j(T') is a <M-consistent £2-theory in V, and this implies that the pointwise image
§[T] € §(T) of T under j, which is of size less than ), is a consistent £2-theory in V. But this
conclusion also shows that T is consistent in V, because the finitary character of £2-formulae
allows us to identify j[T] with T via the renaming of the symbols of the given language induced
by j.

Since the above assumption on the uniform first-order definability of statements about truth
in outer models is easily seen to be too naive, we will introduce several concepts that allow us
to turn the above approach into a mathematically sound argument.

1I.e., models of ZFC in which V is a transitive class containing all ordinals.

2Whenever M is an inner or outer model of our set-theoretic universe V and « is an ordinal, we write
VM = {z € M | rank(z) < a}. In particular, when working in some outer model of V', we use the notation V.V’
for initial segments of (the ground model) V.



OUTWARD COMPACTNESS 3

Definition 1.2. Given a fragment F' of ZFC and a transitive set M, a transitive set N DO M is
an outer F-model of M if F holds in N and the sets M and N have the same ordinals.

In the following, we let ZFC* denote the fragment of ZFC that contains all the single axioms
of ZFC, together with the replacement and separation schemes restricted to ¥s-formulae. Note
that this theory proves the Yo-Recursion Theorem and therefore proves that all levels of the
von Neumann hierarchy (V, | a € Ord) are sets. Moreover, it is strong enough to yield the
existence of the second-order satisfaction relation =, for set-sized models,® in a way that for
every second-order formula ¢ (v, . .., Vm-1, Wo, ..., W, —1) with first-order variables vy, . .., vy —1
and second-order variables Wy, ..., W, _1,* ZFC* proves that for every non-empty set M, all
Zoy-. ., Tm—1 € M and all Yp,...,Y,_1 € P(M), the statement

<M, €> )252 (,D({,Eo ey L1, Y0, .. .,Ynfl)

holds if and only if the first order formula
QPM(JTO sy Tm—1, 1/0a R Yn—l)

holds, where ™ denotes the first-order relativization of ¢ to M.? In particular, the theory ZFC*
allows us to uniformly speak about the consistency of £2-theories.

Definition 1.3. (1) Given an infinite cardinal x, an £2-theory T is <k-outward consistent
if for all cardinals A < k and all sufficiently large cardinals ¢ > k with T" € Vy, the
partial order Col(w, ) forces that T is <A-consistent in every outer ZFC*-model of Vﬂv
in which A is a cardinal.

(2) A cardinal « is an outward compactness cardinal for L£* if all <r-outward consistent
L2-theories are consistent.

In this definition, note that in any Col(w, #)-generic extension V[G], any outer ZFC*-model N
of Vi is countable in V[G]: N provides any of its levels V. with some cardinality less than o,
and since ¥ is countable in V[G], it follows that N is a countable union of countable sets, and
thus itself countable. Before we state our characterization of measurable cardinals, we make
some easy observations that relate outward compactness cardinals to compactness cardinals.

Proposition 1.4. (1) If K is an outward compactness cardinal for L2, then every cardinal
greater than k is an outward compactness cardinal for £2.
(2) Given a limit cardinal k, every <r-outward consistent L>-theory is <r-consistent.
(3) Every strong compactness cardinal for £L? is an outward compactness cardinal for L2

Proof. (1) Let p > k be a cardinal and let T be a <p-outward consistent £?-theory. Let A < x
be a cardinal, let ¥ > p be a sufficiently large cardinal with T' € Vy, let G be Col(w, ¥})-generic
over V, and let N be an outer ZFC*-model of V" in V[G] in which X is a cardinal. Then, T is
<A-consistent in N. This shows that T is <x-outward consistent, and hence T is consistent.

3This is because the second-order satisfaction relation can be defined by a recursion over subformulae that is
based on a Ya-function: we proceed as for the first-order satisfaction relation, however we have to essentially assert
that IW W = P(M) holds for each set-sized model with underlying set M, which is already a ¥o-statement, and
then we can bound all other relevant quantifiers by W. To prove that such a form of recursion can successfully be
performed only requires replacement for Xo-formulae (a version of this argument for X;-recursion can be found
in [6, Theorem 6.4]).

4In the following, we will usually use uppercase letters for second-order variables and lowercase letters for
first-order variables in £2-formulas.

SInductively defined by (vo € v1)M =vg € v1, (v € WM =v e W, (—p)M = =M, (o Ap)M = oM A M|
(Vz ()M =Vo € M M (x) and (VX ¢(X))M =Vz C M M (z). Note that, violating our above convention,
we consider W to be a first order variable after relativizing v € W to M (alternatively, we could replace W by a
new and otherwise unused variable symbol w).
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(2) Let T be an L2-theory that is <s-outward conmsistent, and assume, for the sake of a
contradiction, that it is not <x-consistent. Fix an inconsistent subtheory Ty of T of cardinality
less than k and a cardinal A < k with |Tg| < A. Pick a cardinal ¢ > k such that Vy is a model of
ZFC* and T is an element of Vy. Let G be Col(w,d)-generic over V. Then, in V[G], the set V)’
is an outer ZFC*-model of itself in which A is a cardinal and hence T is <A-consistent in V.
This shows that Tg is consistent in Vﬁv and, by the nature of the satisfaction relation of £2, we
can conclude that Tj is consistent in V, contradicting our assumption.

(3) Let p be a strong compactness cardinal for £2. By Theorem 1.1, there exists an extendible
cardinal k£ < p. In this situation, Theorem 1.1 together with (2) implies that  is an outward
compactness cardinal for £2, and we can apply (1) to conclude that p also has this property. [

We now present the characterization of measurable cardinals that realizes the approach out-
lined above. The arguments appearing in its proof already contain many of the key ideas utilized
in the later sections of this paper. Some parts of these arguments already appeared in a slightly
different form in the naive approach outlined above, but will be repeated within the proof below
for the sake of clarity of presentation.

Theorem 1.5. A cardinal  is an outward compactness cardinal for L2 if and only if there exists
a measurable cardinal less than or equal to k.

Proof. First, assume that  is a measurable cardinal and T is a <k-outward consistent L£2-
theory. Pick a cardinal A > x with T € H,. Using standard iteration arguments (see [12,
Corollary 19.7(b)]), we find an inner model M and an elementary embedding j : V. — M such
that crit(j) = x and j(k) > A. Pick a sufficiently large cardinal ¥ > j(k) such that j(¥) = o
and Vy is a model of ZFC*. Elementarity ensures that in M, the £2-theory j(T) is <j(r)-outward
consistent. Let G be Col(w, ¢)-generic over V. Since VﬂM is a model of ZFC*, the observation
after Definition 1.3 shows that V¥ is countable in M[G]. In this situation, our setup ensures
that, in M[G], the £2-theory j(T) is <A-consistent in every countable outer ZFC*-model of V!
in which A is a cardinal. This statement can be formulated by a II;-formula using parameters
contained in Hﬁ{ [l and is therefore provably equivalent to a ITi-statement whose parameters
are real numbers coding the original parameters (see [11, Lemma 25.25]). Therefore, Shoenfield
absoluteness implies that the given statement also holds in V[G]. But, in V[G], the set V" is
a countable outer ZFC*-model of V) in which X is a cardinal, and hence j(T') is <-consistent
in V). Now, note that j[T] C j(T) is an element of V) and has cardinality less than A in
VY. Therefore, we can conclude that j[T] is consistent in V), and this implies that j[T] is a
consistent £2-theory in V. But this also shows that T is consistent in V', because the finitary
character of £2-formulae ensures that we can identify j[T] and T via a renaming of symbols.
These computations show that & is an outward compactness cardinal for £2 and we can now
apply Proposition 1.4.(1) to see that every cardinal greater than « is also an outward compactness
cardinal for £2.

Next, assume that x is an outward compactness cardinal for £2. Consider the £2-theory
T, defined earlier, i.e.,, we extend the language of set theory by constant symbols ¢, for every
x € Vi1 and constant symbols d for all v < x, and define T} to consist of:

e The elementary first-order diagram of V,,1 1, making use of the constant symbols c,.
e All (first-order) sentences of the form dg € d € ¢, for B < v < k.
e The (second-order) sentence stating that the €-relation is well-founded.

Claim. The L2-theory Ty is <k-outward consistent.

Proof of the Claim. Let A < k be a cardinal, let ¥ > k be a cardinal with T,, € Vy, let G
be Col(w,)-generic over V and let N € V[G] be an outer ZFC*-model of V) in which A is



OUTWARD COMPACTNESS 5

a cardinal. Then V)Y, is an element of N. Now, work in N and fix a subtheory Ty of T}
of cardinality less than A. Since A is a cardinal, the axioms of ZFC* allow us to construct a
model of T, with domain Vn‘{i-l that interprets all constant symbols ¢, appearing in T by the
corresponding element x, and interprets the (less than A-many) constant symbols dg appearing
in Ty as suitable elements of . O

Using the fact that s is an outward compactness cardinal for £2, we thus obtain that T}
is consistent. The definition of T, now ensures that T, has a transitive model M and, by
sending © € V,.11 to ¢, we obtain a non-trivial elementary embedding j : V.41 — M with
j(k) > dM > k. As above, the existence of such an embedding implies that there is a measurable
cardinal less than or equal to k. O

In Sections 2 and 3, we will refine the notion of outward compactness to isolate analogous
characterizations for other types of large cardinal notions below extendibility. The main result
of these sections provides a general correspondence between objects in this region of the large
cardinal hierarchy and outward compactness principles for second-order logic (see Theorem 3.5)
that we will afterwards apply to several well-studied notions (see Corollary 3.6). This corre-
spondence generalizes both Magidor’s characterization of extendibility in Theorem 1.1 and the
characterization of measurability in Theorem 1.5. More specifically, using the more general no-
tion of W-outward compactness that will be introduced in Definition 3.3 below, we will obtain
the following characterizations:

Theorem 1.6. (1) A cardinal  is a Wg,.-outward compactness cardinal for £L? if and only

if there is a strong cardinal less than or equal to k.

(2) A cardinal k is a Ve.-outward compactness cardinal for L£* if and only if there is a
supercompact cardinal less than or equal to K.

(3) A cardinal k is a Vg .-outward compactness cardinal for L2 if and only if K is w1 -strongly
compact.

(4) A cardinal K is a V.u-outward compactness cardinal for L2 if and only if there is an
extendible cardinal less than or equal to k.

We then discuss the naturalness of the obtained large cardinal characterizations in Section 4,
and consider the question which other types of large cardinal properties below extendibility can
be characterized through outward compactness principles. Finally, in Sections 5 and 6, we extend
our concepts to arbitrary abstract logics and large cardinal properties beyond extendibility. The
main results of these sections will provide a general correspondence between outward compactness
for abstract logics and fragments of Vopénka’s Principle (see Theorems 6.9 and 6.10) that directly
leads to outward compactness characterizations for Vopénka’s Principle and the principle “Ord
is Woodin” (see Corollaries 6.11 and 6.12). The given correspondence directly generalizes a
classical result of Makowsky in [15] that characterizes the validity of Vopénka’s Principle through
the existence of strong compactness cardinals for all abstract logics (see Theorem 6.3). These
results will be based on the (even more general) notion of F-U-outward compactness introduced
in Definition 6.4 below.

Theorem 1.7. (1) The following schemes are equivalent over ZFC:

(a) Vopénka’s Principle.

(b) For every natural number n and every abstract logic L, there exists a ZFCp,-Ueyt-
outward compactness cardinal for L.

(¢) For every natural number n and every abstract logic L with simple formulas, there
exists a ZFC,, -V s.-outward compactness cardinal for L.

(2) The following schemes are equivalent over ZFC:
(a) Ord is Woodin.
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(b) For every natural number n and every abstract logic L with simple formulas, there
exists a ZFC,, -V g.-outward compactness cardinal for L.

2. W-LARGE CARDINALS

We now introduce a broad framework for large cardinal properties between measurability and
extendibility. Our results will later show that all notions that fall into this framework can be
characterized through compactness properties of £2. In order to achieve this goal, we first define
a property to express a certain amount of closeness between two transitive models M C N of
set theory. In the following, we say that a class is closed under basic set operations if it is closed
under taking pairs, products and intersections. Note that for every class M closed under basic
set operations and every limit ordinal A, the set M N V), is closed under basic set operations.

Definition 2.1. (1) A tuple (N, M, p, v, p) of sets is suitable if M C N are transitive sets
closed under basic set operations with M NOrd = NNOrd € Limand p<v<pe M
are limit ordinals with the property that p is a cardinal in N.
(2) A formula U(vg,...,vs) in the language of set theory is a measure of closeness if ZFC
proves the following statements:
(A) If U(N, M, p, v, p) holds, then the tuple (N, M, i, v, p) is suitable.
(B) If p is a cardinal and v < p < 6 are limit ordinals strictly greater than p, then
U (Vy, Vi, p, v, p) holds.
(C) Given transitive sets M C N closed under basic set operations with the property
that M N Ord = N N Ord € Lim and limit ordinals y < v < p < 8 € M, we have

U(N,M,u,v,p) «— W(INNVy, MNVy,u,v,p).

As a first example of the concept introduced above, let ¥,,,¢(vp,...,vs) denote the canonical
formula such that ¥,,s(N, M, u, v, p) holds if and only if the tuple (N, M, u, v, p) is suitable. Tt
is easy to check that the formula ¥,,, also satisfies the above properties (B) and (C):

Proposition 2.2. The formula V,,s is a measure of closeness. 0
We now continue by associating large cardinal properties to measures of closeness.

Definition 2.3. Given a formula ¥(vg,...,v4) in the language of set theory, a cardinal & is
W-large if for all limit ordinals x < 1 < 6, there are unboundedly many cardinals A > n with
the property that there is a transitive set M and an elementary embedding j : Vp+1 — M such
that j(ﬁ) > X and \I/(‘/](g),M N V}(@),)\,j(lﬁl),](’f})) holds.

In the following, we want to show that several well-known large cardinal properties can be
characterized through the notion of W-largeness, in the sense that we can associate a measure
of closeness ¥ to the given large cardinal property so that we can prove that some cardinal « is
W-large if and only if there is a cardinal with the given property that is less than or equal to .
Before we start to derive these characterizations, we observe that no large cardinal property that
is implication-wise stronger than extendibility can be characterized in this way.

Proposition 2.4. If ¥(vg,...,vs) is a measure of closeness, then every cardinal greater than or
equal to an extendible cardinal is VU-large.

Proof. Assume that p is an extendible cardinal, x > p is a cardinal, k < 7 < 6 are limit
ordinals and A > 6 is a cardinal. Then there exists an ordinal p and an elementary embedding
i:Vy — V, with crit(i) = p and () > A. If we now define

J=11Vor1: Vor1 — Viey+1,

then j(x) > X and (B) in Definition 2.1.2 ensures that W(Vj), Vj(9), A, j(£), (1)) holds. These
computations allow us to conclude that x is U-large. g



OUTWARD COMPACTNESS 7

Next, we use standard arguments to show that W-largeness can also be characterized through
the existence of elementary embeddings from V into inner models.

Lemma 2.5. Given a measure of closeness (v, ...,vs), a cardinal k is ¥-large if and only if
for every limit ordinal n > K, there are unboundedly many cardinals X > n with the property that
there is an inner model M and an elementary embedding j : V. — M such that j(k) > X\ and
U (Viy, VX, 5 (k), j(n)) holds for all limit ordinals ¥ > j(n).

Proof. First, assume that x is W-large and fix limit ordinals ( > n > k. Pick a sufficiently
large fixed point v > ( of the J-function. By our assumption, we find a cardinal A > (, a
transitive set My, and an elementary embedding i : V,11 — Mp, such that i(k) > A\ and
U (Viwy, Mo N Viy, Ai(k),4(n)) holds. Since v is a strong limit cardinal, we can use standard
arguments (see [12, Lemma 26.1]) to find an inner model M with Vz%) = Moy N Vi), and an
elementary embedding j : V — M satisfying

I Veule}) =il (Vo u{v}).
That is, we define F to be the (k,(v))-extender derived from i, defining E, for every a € [i(v)]<¥
by
X€E, «— XeP( Aaci(X),

and let j : V — M be the ultrapower embedding of V induced by E. Let j' : V.1 — M’
be the ultrapower embedding of V,,;; induced by E. Since V and V,,1; have the same subsets
of v, it follows that M and M’ agree up to j(v) = j/(v), and that j and j’ agree up to v. Let
k: M — M be the factor embedding satisfying that ¢ = k o j'. Then, by [12, Lemma 26.1],
we first obtain that crit(k) > j(v), yielding that i(v) = j'(v) = j(v), and then consequently that
Vj%) = Vjw) N Mp. If ¥ > j(n) is a limit ordinal, we apply (C) in Definition 2.1.2 to conclude
that W (Vy, V¥, X, j(k), j(n)) holds. Summing up, this shows that we have found our desired
embedding j : V — M.

In the other direction, assume that for some limit ordinal n > k, there are unboundedly
many cardinals A > 7 such that there exists an inner model M and an elementary embedding
j: V. — M for which j(k) > X and ¥(Vy, VM, X, 5(k), j(n)) holds for all limit ordinals 9 > j(n).
Fix a limit ordinal § > n and an ordinal ¢ > 1. Pick a cardinal A > (, an inner model M and an
elementary embedding j : V. — M for which j(x) > A and ¥(Vy, V¥, X, j(k), j(n)) holds for all
limit ordinals ¥ > j(n). Then, My = Vj%)ﬂ is a transitive set, and i = j [ Vpy1 : Vor1 — My
is an elementary embedding for which i(x) > A and W(V;(g), Mo N V;sy, A, i(k),i(n)) holds. These
computations yield the converse implication. O

Using the above equivalence, we can now easily show that the formula ¥,,, canonically cor-
responds to the large cardinal notion of measurability.

Corollary 2.6. A cardinal k is V,,s-large if and only if there is a measurable cardinal less than
or equal to K.

Proof. First, assume that k is ¥, s-large. By Lemma 2.5, there is a transitive class M and an
elementary embedding j : V' — M with j(k) > k. In particular, we know that the critical
point crit(j) of j is a measurable cardinal less than or equal to k. In the other direction, assume
that there is a measurable cardinal less than or equal to x and A > k is a cardinal. Standard
arguments about iterated ultrapowers (see [12, Corollary 19.7(b)]) now allow us to find an inner
model M and an elementary embedding j : V. — M with j(k) > A. Then it is easy to see
that U,,,s(Vy, VM, X, ji(k),j(n)) holds for every limit ordinal x < 7 < X and every limit ordinal
¥ > j(n). By Lemma 2.5, this shows that the cardinal s is ¥,,s-large. (|
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In the remainder of this section, we will show that several other important large cardinal
notions in the region between measurability and extendibility canonically correspond to measures
of closeness.

2.1. Strong cardinals. Let W4, (v,...,v4) denote the canonical suitable formula in the lan-
guage of set theory with the property that W, (N, M, u,v,p) holds if and only if the tuple
(N, M, i, v, p) is suitable and N N'V,, € M holds. The following statement is then immediate:

Proposition 2.7. The formula Vg, is a measure of closeness. O

In the following, we will show that the formula W, corresponds to the large cardinal concept
of strongness. These and later arguments will make crucial use of the following well-known
consequence of the Kunen Inconsistency (see, for example, [12, Corollary 23.14]):

Lemma 2.8. Let M be a transitive class and let 57 : V. — M be a non-trivial elementary
embedding. If X is a limit ordinal of uncountable cofinality with Vy C M, then there exists a
natural number n with j™(crit(5)) > A.

Proof. Assume, towards a contradiction, that the above conclusion fails and define
¢ = sup j"(crit(j)).
n<w

Then, ( is a limit ordinal of countable cofinality with j({) = ¢, and our assumptions ensure that
¢+ 2 < A. But this implies that the map j | Veqo @ Veya — Viqo is a non-trivial elementary
embedding, contradicting the Kunen Inconsistency. O

Lemma 2.9. A cardinal k is Vg--large if and only if there is a strong cardinal less than or equal
to K.

Proof. First, assume that some cardinal u < k is strong, and A > & is a cardinal. In this situation,
there exists an inner model M and an elementary embedding j : V. — M with crit(j) = p,
j(u) > X and V), € M. Then, j(k) > A, and it is easy to see that Wy, (Vig, VI, N, 5(k), j(n))
holds for all limit ordinals kK < 1 < X and all limit ordinals ¥ > j(n). By Lemma 2.5, this shows
that x is W ..-large.

In the other direction, assume that k is W4,.-large, and no cardinal less than or equal to k is
strong. Then, there exists a regular cardinal n > k with the property that no cardinal less than
or equal to k is n-strong. Using Lemma 2.5, we find a cardinal A > 5, an inner model M with
Va € M and an elementary embedding j : V. — M with j(k) > A. Set p = crit(j) < x and
pi = j%(p) for all i < w. Lemma 2.8 yields a least natural number n with ju, > 7. Since u < n,
we know that n > 0, and the fact that p is not n-strong then implies that n > 1.

Claim. In M, the cardinal piy is superstrong with target i, .

Proof of the Claim. By induction, we show that, in M, for all 0 < ¢ < n, the cardinal p; is
superstrong with target p;11. Since n > 1, the embedding j witnesses that p is superstrong with
target 1 in V' and hence elementarity of j ensures that, in M, the cardinal p; is superstrong
with target ps. Next, assume that ¢ < n —1 has the property that the cardinal u; is superstrong
with target p;4+1 in M. Then there exists a transitive class N C M with V’f\f+ , € N and an
elementary embedding ¢ : M — N with crit(i) = p; and i(p1) = pig1. Since i+ 1 < n, we have
pir1 < n and hence V,,., € N. Moreover, the map ioj: V — N is an elementary embedding
with crit(ioj) = p and (i0j)(u) = pi+1- In particular, this map witnesses that p is superstrong
with target p;11 in V. This allows us to conclude that, in M, the cardinal p; is superstrong
with target p;42. This argument completes the proof of the claim. O

6Remember that a cardinal & is superstrong with target A if there is a transitive class M with V), C M and an
elementary embedding j : V — M with crit(j) = x and j(k) = A.
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By the above claim, there exists a transitive class N C M with Vu]\f C N and an elementary
embedding i : M — N with crit(i) = p1 and i(p1) = po. But then, Vx C Nandioj:V — N
is an elementary embedding with crit(i o j) = p and (i o j)(u) > 7, yielding that p is n-strong, a
contradiction. O

2.2. Supercompact cardinals. Let Wy (vg,...,vs) denote the canonical formula in the lan-
guage of set theory with the property that U,.(N, M, p,v,p) holds if and only if the tuple
(N, M, p,v, p)y is suitable and *p N N C M holds.

Proposition 2.10. The formula V. is a measure of closeness. |
We now show that this formula corresponds to the large cardinal concept of supercompactness.

Lemma 2.11. A cardinal k is Vs.-large if and only if there is a supercompact cardinal less than
or equal to K.

Proof. First, assume that p < k is a supercompact cardinal, and A > k is a cardinal. Then,
there exists a transitive class M with *M C M and an elementary embedding j : V — M with
crit(j) = p and j(u) > A If kK < n < A is a limit ordinal, and ¥ > j(n) is a limit ordinal, then
<Aj(n) € VM and this shows that Wy.(Vy, VM, X, j(k),5(n)) holds. By Lemma 2.5, this shows
that x is U4.-large.

Now, assume that x is U.-large, and no cardinal less than or equal to x is supercompact.
Pick a fixed point 17 > & of the 3-function of uncountable cofinality with the property that no
cardinal less than or equal to x is n-supercompact, and apply Lemma 2.5 to find a cardinal A > 7,
a transitive class M with *j(n) C M and an elementary embedding j : V — M with j(k) > \.
Define p = crit(j) < &, and p; = j*(u) for all i < w. Then, our choice of n ensures that V,, C M,
and we can use Lemma 2.8 to find a minimal natural number n > 1 with p, > 7.

Claim. The cardinal p is (n-1)-huge with targets pi1, ..., pn_1."

Proof. Since we have p,_1 < 1 < A, the fact that *j(n) C M implies that j[u,_1] € M, and
hence, we know that

{AC g | jlpn—] € 5(A)}
is a <p-complete normal ultrafilter over P(u,_1) that contains the set
{AC pp_1 | ot(ANp;) = pi—1 for all 0 <i <n}.
By [12, Theorem 24.8], this implies the statement of the claim. |
By the above claim, we know that u is huge with target p,—1, and hence, elementarity implies
that, in M, the cardinal 7 is huge with target u,,. Therefore, we find a transitive class N C M

definable in M with M N#»N C N, and an elementary embedding i : M — N definable in M
with crit(é) = p1 and é(p1) = pn. Since j[n] € "j(n) € M and n < p,, we then know that

(tof)nl = iljln]] € MA'N < N.

This shows that i0j : V — N is an elementary embedding with crit(i o j) = u, (i 0j)(u) > n
and (i o j)[n] € N. But this contradicts the fact that p is not n-supercompact. O

"Remember that, given a natural number n > 0, a cardinal x is n-huge with targets A\i,..., An if there is a
transitive class M with *» M C M and an elementary embedding j : V — M with crit(j) = & and j(Am) = Am+1
for all m < n.
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2.3. Extendible cardinals. Let W..¢(vp,...,v4) denote the canonical formula in the language
of set theory with the property that ¥.,.(N, M, u, v, p) holds if and only if the tuple (N, M, u, v, p)
is suitable and N NV, € M holds.

Proposition 2.12. The formula V., is a measure of closeness. O

The following result shows that the formula W.,; corresponds to extendibility. In order to
motivate the concepts that will be introduced in the next chapter, we use Theorem 1.1 to prove
the backward implication of the stated equivalence.®

Lemma 2.13. A cardinal & is ey -large if and only if there is an extendible cardinal less than
or equal to K.

Proof. First, note that by Proposition 2.4, every cardinal greater than or equal to an extendible
cardinal is W.,.-large. In the other direction, assume that x is U.,-large and let T be a <x-
consistent £2-theory. Pick a cardinal n > s with T € Vi <=, V. By our assumption, we can
apply Lemma 2.5 to find a cardinal A > 7, a transitive class M and an elementary embedding
j +V.— M such that j(x) > X and Vj,;) € M. We then know that Vj(,) = j]g]) <y, M,

and j(T') € Vj,) is a <j(k)-consistent L2-theory in M. Moreover, our assumptions on M ensure
that j[T] is an element of M and has cardinality less than j(x) in M. But this implies that ;[T
is consistent in M, and the above observations show that Vj(,) contains a structure that is a
model of j[T] in M. We conclude that j[T] is also consistent in V" and, since we can identify the
theories T' and j[T'] through a renaming of symbols, this shows that T is consistent in V. These
computations show that & is a strong compactness cardinal for £2, and hence, Theorem 1.1
ensures that there exists an extendible cardinal less than or equal to «. O

2.4. wi-strongly compact cardinals. In [3] and [4], Bagaria and Magidor defined a cardinal
k > wi to be wy-strongly compact if for every set I, every <k-complete filter on I can be
extended to a countably complete ultrafilter on I. Note that every cardinal above an w-strongly
compact cardinal is also wi-strongly compact. In the following, we show that the naive attempt
to characterize strongly compact cardinals through the concept of ¥ -largeness (motivated by
[12, Theorem 22.17]) actually leads to a characterization of w;-strongly compact cardinals. This
characterization differs strongly from the ones presented above, because e.g., the first w;-strongly
compact cardinal can be singular (see [3, Theorem 6.1]). Let Wy (vo, . .., v4) denote the canonical
formula in the language of set theory with the property that Ws.(N, M, u, v, p) holds if and only
if the tuple (N, M, p, v, p) is suitable and for every d € N N P(p) with the property that N
contains no injection of p into d, there exists ¢ € M N P(p) such that d C ¢ and M does not
contain an injection of v into ¢.’

Proposition 2.14. The formula V4. is a measure of closeness.

Proof. The formula U, trivially satisfies (A) and (B) in Definition 2.1.2. Assume that M C N
are transitive sets closed under basic set operations with M N Ord = N N Ord € Lim and
u<v<p<0e M arelimit ordinals. Since M and M NVy (respectively, N and N NVjp) contain
the same subsets of p, the same injections from p into p and the same injections from v into p,
it follows directly that Wy..(N, M, u, v, p) holds if and only if W.(N N Vy, M NVp, u, v, p) holds.
This shows that U, also satisfies (C) in Definition 2.1.2. O

81t would also be possible to establish this equivalence with the help of [16, Theorem 2.28], which shows that
a cardinal k is extendible if and only if it is jointly A-supercompact and \-superstrong for all X > r (see [16,
Definition 2.24]). However, the proof of the equivalence that we present, using the connections between second-
order logic and extendibility, provides an elegant alternative to an adaptation of the proof of Lemma 2.11 to these
large cardinal properties.

9Note that these assumptions are phrased in this way because Definition 2.1.2 only makes minimal assumptions
on the closure properties of the sets M and N.
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Lemma 2.15. A cardinal is wy-strongly compact if and only if it is W g.-large.

Proof. First, assume that k is an wi-strongly compact cardinal, and let A > & be a cardinal. The
proof of [3, Theorem 4.7] then shows that there is a o-complete fine ultrafilter I/ on P, (\). Let
j : V — M denote the ultrapower embedding induced by U, and fix d C j()\) of cardinality at
most A. Then there exists a sequence

(fy 1 Pe(A) — Ay < A)
of functions with d = {[fy]u | 7 < A}. Define
F:P.,(\) — P.(\); ar— {fy(a) | v € a}.
Given v < A, we then have
{ae PV | fo(a) € Pla)} 2 {a€ Pu\) [yea} € U,

and this implies that [f,]y € [F]y. Moreover, since F'(a) has cardinality less than « for each a €
P.()\), we know that [F;; has cardinality less than j(x) in M. In particular, if d has cardinality A,
then A = |d| < |d|M < |[Flu|™ < j(k). These computations show that W.(Vy, VI, N, 5(k),5(n))
holds for every limit ordinal x < 7 < X and every limit ordinal ¢ > j(n). Using Lemma 2.5, this
allows us to conclude that x is Wg.-large.

Now, assume that k is WUg.-large, and let n > k be a limit ordinal. Lemma 2.5 allows us to
find a cardinal A > 7, a transitive class M and an elementary embedding j : V' — M such
that j(k) > X and W (Vig, VM, N, 5(k), j(n)) holds for all limit ordinals 9 > j(n). Since j[n] is a
subset of j(n) of cardinality less than ), we can now find b € P(j(n))™ such that j[n] C b and b
has cardinality less than j(k) in M. By [3, Theorem 4.7], these computations show that x is
wi-strongly compact. O

3. L?-CHARACTERIZATIONS

We now connect the concepts introduced in the previous section to compactness properties of
second-order logic. The next definition provides the first step to establish these connections. In
this definition, we consider simply definable measures of closeness with the additional property
that closeness of a transitive model M to Virnorq is expressible over M by an L2-statement.
Remember that, given an €-theory F' and a natural number n > 0, a set-theoretic formula
©(vo, -+ Um_1) is a A -formula if there is a ¥,-formula g (vo,...,vm_1) and a II,-formula
¥1(vo, - . ., Um—1) with the property that

F b Vzo,...,2m—1 [p(z0, -y Tm—1) — ¥i(z0, ..., Trm—1)]
holds for all i < 2.

Definition 3.1. A formula ¥(vp,...,v4) in the language of set theory is an L2-measure of
closeness if the following statements hold:
(1) W is a measure of closeness.
(2) W is both a AZFC"- and a AZFC _formula.'”
(3) There exists an L£2-formula ¥*(vg, v, v2) in the language of set theory such that ZFC*
proves that for all limit ordinals 4 < v < p < 6 and every transitive set M with
6 C M C Vy, the statement U(Vy, M, i, v, p) holds if and only if (M, €) 2 U*(u,v, p)
holds.

Proposition 3.2. The formulas U,,s, Yy, Wer, Uy and Uoyy are all L2-measures of closeness.

10Ag usual, we let ZFC~ denote the axioms of ZFC without the Powerset axiom and with the Collection
scheme instead of the Replacement scheme.
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Proof. First, note that there is a first-order sentence in the language of set theory that holds in a
transitive set if and only if the given set is closed under basic set operations. Moreover, it is easy
to find an £2-formula o(v) with the property that ZFC* proves that for every transitive set M
closed under basic set operations and every a € M, we have (M, €) 2 p(a) if and only if a is
an element of M N Ord that is a infinite cardinal in V. In combination with the fact that the
formalized satisfaction relation can be defined by both AZFC"- and A?FC™ _formulas, this shows
that U, is an £2-measure of closeness. There is a canonical £2-formula ¢(vg, v1) such that ZFC*
proves that for every transitive set M closed under basic set operations and all o, 5 € M N Ord,
we have (M, €) =,z ¢(«, 8) if and only if the set ®f is a subset of M, and this shows that Uy,
is an L£2-measure of closeness. There is an £2-formula ¢(vg,v1,v2) such that ZFC* proves that
for every transitive set M closed under basic set operations and all «, 8,7 € M N Ord, we have
(M, €) Er2 o(a, B,7) if and only if for every subset d of v of cardinality less than «, there exists
¢ € M such that d C ¢ C v and M contains no injection from g into ¢, and this directly shows
that U, is an £2-measure of closeness.

For the remaining formulas, recall that an argument of Magidor in [13, Proof of Theorem 2]
shows that there is an L£2-sentence 1) in the language of set theory with the property that for
every transitive set M, we have (M, €) =,z ¢ if and only if M = Viynora. In addition, this
L2-sentence 1 can be chosen in a way that this equivalence is provable in ZFC* (see [7, Proof of
Fact 2.1]). This directly allows us to find an £?-formula ¢ (v, v1) in the language of set theory
with the property that ZFC* proves that for every transitive set M and all a,b € M, we have
(M, €) F=r2 p(a,b) if and only if @ € M N Ord and b = V,. In combination with the fact that
the rank function is definable by both AZFC"- and A?FC™ _formulas, we can conclude that the
formulas U, and ¥.,; are both £2-measures of closeness. O

The second step to connect U-large cardinals to second-order logic is given by the family of
compactness properties introduced in the next definition.

Definition 3.3. Let U(vg,...,v4) be a formula in the language of set theory and let x be an
infinite cardinal.

(1) An L2-theory T is W-outward consistent at k if there is a limit ordinal n >  such that
for all infinite cardinals A < x and all cardinals ¥ > n with T' € Hy, the partial order
Col(w,¥) forces that T is <A-consistent in every outer ZFC*-model N of V) with the
property that W(N, V), \, k,n) holds.

(2) A cardinal « is a V-outward compactness cardinal for £ if all £2-theories that are W-
outward consistent at x are consistent.

As noted after Definition 1.3 above, if ¢ is a limit ordinal, G is Col(w,9)-generic over V and N
is an outer ZFC*-model of V)" in V[G], then both N and V}/" are countable in V[G]. Moreover, it
is easy to see that, given an £2-theory T and an infinite cardinal , the theory T is <k-outward
consistent (as defined in Definition 1.3) if and only if it is W,,s-outward consistent at . In
the following, we make a further basic observation about the above notions that relate them to
strong compactness cardinals for £2.

Proposition 3.4. Let U(vo,...,vs) be a AZ¥C-formula that is a measure of closeness. If k is a
limit cardinal, then every L2-theory that is W-outward consistent at k is <k-consistent. In par-
ticular, every cardinal greater than or equal to an extendible cardinal is a W-outward compactness
cardinal for L2.

Proof. Let T be an L2-theory that contains an inconsistent subtheory Ty of cardinality less
than x, and let 7 > x be a limit ordinal. Pick a cardinal ¢ > 7 such that T' € Hy = Vy and
Vy is sufficiently elementary in V. In addition, pick a cardinal A\ < k with |Ty| < A. Then (B)
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in Definition 2.1.2 ensures that ¥(Vy, Vy, A, k,n) holds. Moreover, since T is an element of Vy
and Vy was chosen to be sufficiently elementary in V', we also know that 7" is not <A-consistent
in Vy. Now, let G be Col(w,?)-generic over V. Then V) is an outer ZFC*-model of V)" in
V[G]. Moreover, since ¥ is a A?FC_formula, we can use ¥;-upwards absoluteness to infer that
U (Vy,Vy, A k,n) holds in V[G]. Therefore, T is not W-outward consistent at x in V. O

We now combine the above two concepts to prove a general duality theorem that connects
W-largeness with W-outwards compactness. Together with our earlier results, this can be seen
as a generalization of Theorem 1.5 (see also Corollary 3.6 below). For the proof of this result,
we inductively define the second-order relativisation W|v of an L2-formula in the language of
set theory to some first-order variable v by setting (vg € v1)|lv = vo € v1 € v, (u € W)v =
we W C o, (=)o = (o), (PAD)o = (plo) A (@lo), (Vo p(@))lo = Vo € v (glv)(z) and
(VX o(X))|v =YX C o (¢[v)(X). Note that we consider the resulting formulas in this inductive

definition as £2-formulas in each case. Moreover, if p(vg,...,v,_1) is an L2-formula, then
ZFC* proves that (M, €) =2 (¢|vn)(co, ..., cn_1,d) is equivalent to (d, €) =,z p(co,...,Cn1)
whenever M is a transitive set, d € M is transitive and cg,...,c,_1 € d.

Theorem 3.5. Given an L%-measure of closeness ¥, an infinite cardinal k is U-large if and
only if it is a V-outward compactness cardinal for L2

Proof. First, assume that x is W-large. Let T be an £2-theory that is W-outward consistent at
and let 7 > & be a limit ordinal witnessing this. Using Lemma 2.5, we can find a cardinal A > n
with T' € Hy, an inner model M and an elementary embedding j : V' — M such that j(k) > A
and ¥ (Vy, VM X, 5 (k), j(n)) holds for all limit ordinals ¥ > j(n). Pick a sufficiently large cardinal
9 > j(\) such that j(9) = 9, Hy = Vy and the set Vy is a model of ZFC*. Elementarity now
implies that, in M, the cardinal j(n) witnesses that the £2-theory j(T') is W-outward consistent
at j(k). Let G be Col(w,V)-generic over V. Since V7 is a model of ZFC*, VM is countable in
M[G]. Moreover, our setup ensures that, in M[G], the £L2-theory j(T) is <\-consistent in every
countable outer ZFC*-model N of VM with the property that W(N, V> X j(k),s(n)) holds.
Since our assumptions on ¥ imply that this statement can be formulated by a II;-formula with
parameters in H;zvf (€] and is therefore provably equivalent to a ITi-statement whose parameters
are real numbers canonically coding the original parameters (see [11, Lemma 25.25]), Shoenfield
absoluteness implies that the given statement also holds in V[G]. But X;-upwards absoluteness
implies that W(V)", VM X, j(k),7(n)) also holds in V[G] and, since V;/ is a countable outer
ZFC*-model of VM in V[G], we conclude that j(T') is <A-consistent in V}". Now, note that
FIT] C j(T) is an element of V', and this set has cardinality less than A in V,}’. Thus, the
theory j[T is consistent in V)" and, by the nature of £2, we now know that j[7] is a consistent
L2-theory in V. But this also shows that 7" is consistent in V, because the finitary character of
L2-formulae ensures that we can identify j[T] and T via a renaming of symbols induced by j.

Now, assume that & is a U-outward compactness cardinal for £2. Let 6§ > n > & be limit ordi-
nals and let ¢ > 7 be a cardinal. In addition, let U*(vg, v1,v2) be the £2-formula corresponding
to U as in Definition 3.1.3 and let ¥/(vy, ..., v3) denote the second-order relativisation ¥*|vs of
U*(vg, v1,v2) to vs. Consider the language that extends the language of set theory by a constant
symbol b, constant symbols c, for all elements = of Vj; and constant symbols d., for all v < ¢.
Let T denote the second-order theory consisting of the following:

(1) The first-order elementary diagram of V1, using the constant symbols ¢, for = in Vy4q.
) All first-order sentences of the form “dg < d, < ¢,” for f <y < (.

) The second-order sentence stating that the €-relation is well-founded.

) The first-order sentence “d¢ < b < ¢.”.

)

(2
(3
4
(5) The second-order sentence W' (b, ¢, ¢y, cv, ).



14 PETER HOLY, PHILIPP LUCKE, AND SANDRA MULLER

Claim. The ordinal 7 witnesses that T is V-outwards consistent at k.

Proof of the Claim. Let A < k be a cardinal, let ¥ > n be a cardinal with T" € Hy, let G be
Col(w, ¥)-generic over V and let N € V[G] be an outer ZFC*-model of V)" with the property
that U(N, VY, A, k,7m) holds in V[G]. Since N is a model of ZFC* and T € H) implies that
0 < 9, we can apply (C) in Definition 2.1.2 to infer that W(V¥, VY A k,7n) holds in V[G].
Moreover, since ¥ is a A%FC*-formula and all occurring parameters are elements of N, we know
that W(VY, VY, \, k,n) also holds in N. In addition, the fact that N is a model of ZFC* ensures
that

<V6Vv €> ':£2 \Ij*()‘a K, 77)
holds in NV and hence we know that

<V:9‘-/|-17 €> ':EQ \Iﬂ()H K1, VOV)

holds in V.

Now, let Ty be a subtheory of T in N that has cardinality less than A in N. Since A is a
cardinal in NV, we can construct a model of Ty with domain Ve‘jrl in N that interprets b as A and
all constant symbols of the form d. that appear in sentences in Tj as ordinals less than A\. [

Our setup now ensures that T is consistent. Hence, we find a transitive set M and an
elementary embedding j : Vy;1 — M such that j(k) > ¢ and

(M, €) b=r2 U'(C,(k), (1), 5 (Vo))

Elementarity then implies that M N Ord = j(#) + 1 and j(Vp) = M N V¢ is transitive. In
particular, we know that

<Mﬂ ‘/j(0)7€> ':£2 ‘I’*(CJ("?)J(W)),

and therefore we can conclude that W(Vjg), M N Vj), ¢, j(x),5(n)) holds. These computations
allow us to conclude that x is W-large. O

In combination with the results of the previous section, the above theorem now shows that all of
the large cardinal properties that we considered so far can be characterized through compactness
properties of second-order logic.

Corollary 3.6. (1) A cardinal k is a W, s-outward compactness cardinal for L if and only
if there is a measurable cardinal less than or equal to k.
(2) A cardinal k is a U g,.-outward compactness cardinal for L2 if and only if there is a strong
cardinal less than or equal to k.
(3) A cardinal k is a Ws.-outward compactness cardinal for L% if and only if there is a
supercompact cardinal less than or equal to k.
(4) A cardinal k is a W y.-outward compactness cardinal for £ if and only if k is wy -strongly

compact.
(5) A cardinal K is a U u-outward compactness cardinal for L2 if and only if there is an
extendible cardinal less than or equal to k. O

By Proposition 3.4, extendible cardinals are W-outward compactness cardinals for £2 whenever
U is an £2-measure of closeness. In particular, it is not possible to use Theorem 3.5 to characterize
large cardinal notions stronger than extendibility. Therefore, we may view W¥.,; as the strongest
L2-measure of closeness. This view is further supported by the following observation:

Proposition 3.7. If k is an infinite cardinal, then every <r-consistent L?-theory is W o -outward
consistent.



OUTWARD COMPACTNESS 15

Proof. Let T be a <k-consistent £2-theory. Pick a cardinal n > & with the property that
T € H, =V, and V, is sufficiently elementary in V. Fix a cardinal A < x and a cardinal ¥ > 7,
and let G be Col(w,d)-generic over V. Pick an outer ZFC*-model N € V[G] of V) with the
property that W, (N, Vy", A, k,71) holds in V[G]. We then have V,V = V. Let Ty be a subtheory
of T of cardinality less than A in V. Then, T} is contained in V' and has cardinality less than A
in V. Hence, we know that Tj is consistent in V' and our setup ensures that T} is also consistent
in an. Since VUN = an, this shows that Tj is also consistent in N. These computations prove
that T is <A-consistent in N. O

4. ON THE NATURALNESS OF L£?-CHARACTERIZATIONS

The results of the previous two sections naturally raise the question which other large cardinal
notions between measurability and extendibility can be characterized through outward compact-
ness properties of £2. In particular, Corollary 3.6.4 directly motivates the question whether
strong compactness can be characterized in this way. Below, we will show that this is indeed
possible. But, we will also argue that the presented characterization lacks several desirable
features that the characterizations listed in Corollary 3.6 possess.

Given a formula v (vg, v1,v2) in the language of set theory, we let ¥ (vo,...,v4) denote the
canonical formula in the language of set theory with the property that ¢t (N, M, u,v, p) holds
if and only if the tuple (N, M, p, v, p) is suitable and either N NV, C M or ¢(u, v, p) holds in
MNVypo.

Proposition 4.1. Given a formula ¥(vg,v1,v2) in the language of set theory, the formula ¥t is
an L?-measure of closeness.

Proof. The above definition directly ensures that 1t satisfies (A) and (B) in Definition 2.1.2.
Fix transitive sets M C N closed under basic set operations with M NOrd = NNOrd € Lim and
limit ordinals u < v < p < 8 € M. First, assume that ¢t (N, M, i, v, p) holds. In the first case, if
NNV, € M holds, then NNVyNV,, € MNVy holds and it follows that ¢t (NNVy, MOV, p, v, p) is
also true. Next, assume that ¢ (u, v, p) holds in V1, N M. Since p+w < 0 and V,4,N(MNVy) =
VptwNM, we then know that ¢t (NNVy, MNVy, p, v, p) also holds in this case. Since an analogous
case distinction also shows that ¢ (N N Vy, M N Vy, p, v, p) implies that ¢t (N, M, u, v, p) holds,
we can now conclude that ¢ satisfies (C) in Definition 2.1.2 and hence we know that (1) of
Definition 3.1 holds. By arguing as in the proof of Proposition 3.2, we see that (2) of Definition
3.1 holds. Finally, it is easy to find an £2-formula (v, W) in the language of set theory such
that ZFC* proves that for every transitive set D and every ordinal o in D, the set D NV, is
the unique element X of P(D) with the property that (D, €) =,z ¢(«a, X) holds. Therefore, it
follows that ¢ also satisfies (3) of Definition 3.1. O

We now show how the above concept can be used to obtain characterizations of strongly
compact cardinals through compactness properties of £2. Let 9)st.(vo, v1, v2) denote the canonical
formula in the language of set theory with the property that ¥s..(u, v, p) holds if and only if for
some cardinal p < xk < v, there exists a fine ultrafilter on Py (p).

Proposition 4.2. A cardinal k is ¥l,.-large if and only if there is a strongly compact cardinal

less than or equal to k. In particular, a cardinal k is a ¥},.-outward compactness cardinal for £?
if and only if there is a strongly compact cardinal less than or equal to k.

Proof. First, assume that p is a strongly compact cardinal and x > g is a cardinal. Fix a limit
ordinal 7 > k and a cardinal A > 5. By [12, Corollary 22.18], there exists a fine ultrafilter on
P.(n) and therefore t4.(6, &,n) holds in V, 4., for every cardinal 6 < p. Since p is measurable,
we can find a transitive class M and an elementary embedding j : V. — M with j(u) > A
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By elementarity, we know that ts.(A,j(k),j(n)) holds in Vj(n) 4o This directly implies that

T Vg, VM X 5 (k), (1)) holds for all limit ordinals ¥ > j(n). Using Lemma 2.5, we can now
conclude that r is 1], -large.

Now, assume, towards a contradiction, that & is a ¢, -large cardinal and no cardinal less than
or equal to k is strongly compact. Then there exists an ordinal o > k with the property that
for every cardinal 1 < &, there is no fine ultrafilter on P,(c). Fix a limit ordinal n > a. By
Lemma 2.5, we can now find a cardinal A > 7, an inner model M and an elementary embedding
j V. — M with j(x) > X and the property that ¥J,.(Vj()4w, (n)+W’)‘ J(k),7(n)) holds.
Since n > «, we know that for all cardinals p < k, there is no fine ultrafilter on P,(n). This
shows that for all 6 < k, the statement 1. (9, x,n) does not hold in V, ;.. By elementarity,
Yste(A, Jj(K),7(n)) fails in V(n )4 and it follows that \I/ezt(‘/}(n)_m,Vj](vﬁin,)\,j(/{),j(n)) holds.
In particular, we have Vj,) € M. These computations show that for every limit ordinal n > &,
there is an inner model M and an elementary embedding j : V. — M with j(k) > n and
Vi) © M. This directly implies that s is We,y-large and hence Lemma 2.13 ensures that there
is an extendible cardinal less than or equal to k, contradicting our assumption. 0

Note that the above arguments can be modified to obtain analogous characterizations for vari-
ous types of large cardinal properties defined through the existence of certain filters. Nevertheless,
we consider the outward compactness characterizations obtained in this way as unsatisfying, be-
cause, except for ensuring the suitability of certain tuples, the measures of closeness ¥ utilized
in these characterization only rely on properties of the ground model V and are therefore al-
most completely unaffected by the relationship between V' and the given outer model. In the
remainder of this section, we aim to isolate criteria for the naturalness of outward compactness
characterizations that allow us to separate the characterizations obtained in Section 3 from the
characterization of strong compactness derived above.

Our first criterion is motivated by Propositions 3.4 and 3.7 which, in conjunction, show that
<k-consistency provably coincides with W.,;-outward consistency at all limit cardinals k. More-
over, if ¥ is an L£2-measure of closeness and s is a W-large cardinal that is not extendible,
then Theorems 1.1 and 3.5 show that there is a <k-consistent £2-theory that is not ¥-outward
consistent at k. Therefore, it seems reasonable to expect that £2-measures of closeness ¥ that
canonically correspond to large cardinal notions strictly weaker than extendibility have the prop-
erty that W-outwards compactness differs from <k-consistency at some cardinal x. This intuition
is captured in the following definition:

Definition 4.3. We say that a formula ¥(vp,...,vs) in the language of set theory naturally
induces a large cardinal property below extendibility if ZFC proves that for some infinite cardinal
k, there is a <k-consistent £2-theory that is not U-outward consistent at .

A short argument now shows that the formulae introduced in Section 2 that correspond to
large cardinal notions below extendibility fulfill the above criterion:

Proposition 4.4. If U is one of the formulae ¥,,s, Wer, oo or W, then there is an L2-
sentence ¢ in the language of set theory such that {p} is a consistent L>-theory that is not
W-outward consistent at any uncountable cardinal k.

Proof. There are £2-sentences (g and ¢; in the language of set theory such that ZFC* proves
the following statements:
e Ifi <2and (M, E) 2 p;, then F is a well-founded and extensional relation on E and
the corresponding transitive collapse maps M to Vi, 1.
e We have

2N1 =Ny <— <Vw2+1,€> ):[;2 Yo < <VWQ+1,E> }:[;2 1.
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Now, fix ¢ < 2 with (V,,,11,€) Er2 ¢;. Note that there is a o-closed partial order P with the
property that whenever G is P-generic over V, then (Vw‘:[fl], €) = —p; holds in V[G].

Assume, towards a contradiction, that » is a limit ordinal that witnesses that the theory {y;}
is W-outward consistent at some uncountable cardinal . Pick a cardinal 9 > n such that P is
an element of Hy and P forces that V3 is a model of ZFC*. Let H be Col(w, ¥)-generic over V.
Then we can find G € V[H] that is P-generic over V and our setup ensures that Vﬂv[G] is an

outer ZFC*-model of Vﬁv in V[H]. Moreover, since P is o-closed in V, it is easy to check that
\I/(Vﬁv[G], VY, w, k,m) holds in V[H]. Tt now follows that {(;} is consistent in VﬁV[G] and this
implies that (Vux[fl], €) =2 ¢; holds in V]G], a contradiction. O

Corollary 4.5. The formulae Vs, Vi, Vs and V. all naturally induce a large cardinal
property below extendibility. O

As a second criterion for the naturalness of outward compactness characterizations, we want
to demand that the given characterization actually depends on the consistency of theories in
outer models and does not only check the validity of statements in initial segments of V. This
criterion will be given by the negation of the property introduced in the next definition. It will
turn out to be a weakening of our first criterion.

Definition 4.6. Given a formula ¥(vy,...,v4) in the language of set theory, we say that W-
outward compactness trivializes at a cardinal k if there is a proper class of limit ordinals n > &
with the property that for all cardinals A\ < s and all limit ordinals ¥ > 7, the partial order
Col(w, ) forces that N ﬂVnV[G] C V holds for every outer ZFC*-model N of V,} with the property
that (N, V', \, k,n) holds.

As a first observation, we show that the above property causes W-largeness to be equivalent
to We,s-largeness:

Proposition 4.7. Let U(vy,...,vs4) be an L2-measure of closeness. If W-outward compactness
trivializes at a VU-large cardinal k, then there exists an extendible cardinal less than or equal to k.

Proof. Assume, towards a contradiction, that no cardinal less than or equal to k is extendible.
By [12, Proposition 23.15], we can find an ordinal o > x with the property that for every ordinal
B, there is no non-trivial elementary embedding j : V, — V3 with crit(j) < . Then there
exists a limit ordinal n > « such that for all cardinals A < & and all limit ordinals ¥ > 7,
the partial order Col(w, ) forces that N N VWV[G] C V holds for every outer ZFC*-model N of
Vﬂv with the property that U(N, Vﬂv, A, k,m) holds. Using Lemma 2.5, we now find a cardinal
A > 7, an inner model M and an elementary embedding j : V' — M such that j(k) > A and
U (Vig, VM X, 5 (k), j(n)) holds for every limit ordinal ¥ > j(n). Pick a limit ordinal ¥ > j(n)
with the property that j(9) = ¢ and Vy is a model of ZFC*. Let G be Col(w,1})-generic over
V. By using the elementarity of j and Shoenfield absoluteness as in the proof of Theorem 3.5,
it now follows that, in V[G], we have N N V]‘(/n[?] C VM whenever N is an outer ZFC*-model of
VM with the property that W(N, VM, A j(k),j(n)) holds. Since a < j(n) and our assumptions
on W ensure that W(Vy", VM X, j(k),5(n)) holds in both V and V[G], we can now conclude that
Vj‘(/n) C M and j [V, : Vo — Ve is a non-trivial elementary embedding with crit(j [ V,) < &,
contradicting our initial assumption. ]

We now show how our two criteria are related:

Lemma 4.8. Let U(vy,...,v4) be a formula in the language of set theory. If U-outward com-
pactness trivializes at an infinite cardinal k, then every <r-consistent L2-theory is W-outward
consistent at K.
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Proof. Let T be a <rk-consistent £2-theory. Then there exists a limit ordinal > & such that
the following statements hold:

e T'c H, for some cardinal p < 7.
e Every subtheory of T' of cardinality less than x has a model in V.
e For all cardinals A < x and all limit ordinals ¥ > 7, the partial order Col(w, ) forces

that N N Vn‘jr[f] C V holds for every outer ZFC*-model N of V,} with the property that
U(N,Vy', A\ k,n) holds.
Now, let A < k be a cardinal, let © > 7 be a cardinal, let G be Col(w, 1})-generic over V and

let N be an outer ZFC*-model of Vi’ in V[G] with the property that ¥ (N, Vy", A, k,n) holds in

V[G]. We then know that N N VWV[G] C V and therefore every subtheory of T" of cardinality less
than x in N is contained in V' and has cardinality less than x in V. In particular, the theory T'
is <A-consistent in V. O

Corollary 4.9. If U(vg,...,vs4) is a formula in the language of set theory that naturally induces
a large cardinal property below extendibility, then ZFC proves that V-outward compactness does
not trivialize at all infinite cardinals. O

We are now ready to show that, in contrast to the characterizations derived in Section 3, the
characterization of strong compactness given by Proposition 4.2 does not meet the above criteria.

1+

Proposition 4.10. If there are no strongly compact cardinals, then ¥l

trivializes at all infinite cardinals.

-outward compactness

Proof. Fix an infinite cardinal x. Then there is a limit ordinal 7 > x with the property that for
every infinite cardinal 1 < &, there is no fine ultrafilter on P,(n). Let A < k be a cardinal, let
¥ > k be a cardinal, let G’ be Col(w, ¥)-generic over V and let N be an outer ZFC*-model of V)’
in V[G] with the property that ¥[,.(N,Vy, A, k,n) holds in V[G]. Since ¥s;(), 5,m) does not

hold in Vn‘jrw we can now conclude that N N an[G] C V holds. g

Corollary 4.11. If the formula ¢}, naturally induces a large cardinal property below extendibil-
ity, then ZFC is inconsistent. O

5. FRAGMENTS OF VOPENKA’S PRINCIPLE

We now aim to extend the equivalence established in Theorem 3.5 to obtain characterizations
of stronger large cardinal assumptions. For this purpose, we start by introducing a natural
strengthening of the the notion of W-largeness that is motivated by classical characterizations
of Woodin cardinals (see [12, Theorem 26.14]) and related variations of supercompactness and
extendibility (see [12, p. 339]).

Definition 5.1. Given a formula ¥(vy,...,v4) in the language of set theory and a class A4,
a cardinal k is W-large for A if for all limit ordinals k < 1 < 6, there are unboundedly many
cardinals A > 7 with the property that there is a transitive set M and an elementary embedding
J: Vor1 — M such that j(k) > A,

j(AﬂVH)ﬂV,\ = ANMNV,
and W (Vjgy, M N Vjey, A, j(k),7(n)) holds.

In the following, we present the first example of a large cardinal principle that we aim to
represent through the above concept. Remember that Vopénka’s Principle is a scheme of axioms
stating that for every proper class C of structures of the same type, there exist A, B € C with

HNote that, since we are working in a ZFC context, all classes are definable.
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A # B and an elementary embedding from A to B. Using results from [1] and [2], it is easy to
show that Vopénka’s Principle provides various examples of cardinals with the given property.

Proposition 5.2. If Vopénka’s Principle holds, then for every measure of closeness ¥ (vq, ..., v4)
and every class A, there is a proper class of cardinals that are U-large for A.

Proof. Pick a natural number n > 0, a 3,-formula ¢(vg, v1), and a set y with the property that
A={z | ¢(z,y)}, and pick an ordinal £. Using [2, Corollary 6.9], we find a cardinal x > £, with
y € V., that is C(™-extendible, i.e., the cardinal s has the property that for every A > k with
Vi <x,, V, there exists an ordinal ¢ and an elementary embedding j : V\ — V; with crit(j) = &,
J(k) > X and Vj) <x, V (see [1, Definition 3.2]). We can now use [2, Proposition 3.4] to see
that Vi, <x,,, V and hence ANV, = {z € V, | V. = ¢(z,y)}. In the following, fix limit ordinals
0 > n > k and a cardinal A > 6 with V), <y V. In this situation, we can find an ordinal ¢ and an
elementary embedding j : Vi — V¢ with crit(j) = &, j(k) > X and Vj(,) <z, V. Elementarity
then implies that

j(AﬂVR)ﬂV)\ = {.’L‘EV)\ | Vj(n) ):go(x,y)} = ANV,.

Since (B) in Definition 2.1.2 ensures that W(V;g), Vj(), A, (%), j(1)) holds, we can conclude that
the embedding j [ Vg11 @ Vo1 — Vje)41 possesses the desired properties with respect to n

and A. ]
Next, we prove the direct analog of Lemma 2.5 for Definition 5.1.

Lemma 5.3. Given a measure of closeness U(vg,...,v4) and a class A, a cardinal k is U-large
for A if and only if for every limit ordinal n > k, there exist unboundedly many cardinals A > n
with the property that there is an inner model M and an elementary embedding j : V — M
such that j(k) > X\, J(ANV)NVy=ANMNVy and ¥ (Vy, VM X, j(k),5(n)) holds for all limit
ordinals ¥ > j(n).

Proof. First, assume that x is W-large for A and { > 1 > k are limit ordinals. We find a
sufficiently large fixed point v > ( of the 3-function, a cardinal A > (, a transitive set My and
an elementary embedding ¢ : V,,11 — My such that i(k) > X, i(ANV,)NVy=ANMNV, and
U(Viwy, Mo N Vi), A,i(k),i(n)) holds. By repeating the proof of Lemma 2.5, we can construct
an inner model M with VZ(MV) = My N Vj(,) and an elementary embedding j : V — M with
J 1 (V,u{v}) =41 (V, U{v}). In particular, we know that j(k) > X and j(ANV,) NV, =
AN M N V. Moreover, for every limit ordinal ¢ > j(n), we can use (C) in Definition 2.1.2 to
show that W(Vy, VM, X, j(k),5(n)) holds.

Now, assume that for every limit ordinal n > &, there exist unboundedly many cardinal A > n
with the property that there is a transitive class M and an elementary embedding j : V — M
with j(k) > X, j(ANV,) NV, = ANV, and the property that ¥(Vy, VM, X, j(k),5(n)) holds for
all limit ordinals ¥ > j(n). Pick limit ordinals # > n > x and an ordinal ¢ > n. Then there is
a cardinal A > (, an inner model M and an elementary embedding j : V. — M such that the
above statements hold with respect to x, n and A. We then know that M NV} )41 is a transitive
set and the map j [ Vpy1 : Vog1 —> M N Vjg)41 possesses all of the desired properties. O

5.1. Vopénka’s Principle. We now show how the validity of Vopénka’s Principle can be char-
acterized through the existence of cardinals that are W-large for certain classes. Note that the
results of [1, Section 4] show that, over ZFC, Vopénka’s Principle is equivalent to the scheme
that only requires the instances of Vopénka’s Principle for classes of finite signatures that are
defined by formulas without parameters to hold. The following lemma is a direct adaptation of
the results discussed in [12, p. 339] to our setting.

Lemma 5.4. The following schemes are equivalent over ZFC:
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(1) Vopénka’s Principle.

(2) For every class A, there is a proper class of cardinals that are U .¢-large for A.

(3) For every parameter-free formula p(v) in the language of set theory, there is a cardinal
that is We.-large for the class {x | o(x)}.

Proof. First, note that the implication from (1) to (2) already follows from Proposition 5.2, and
the implication from (2) to (3) is trivial. Now, assume that (3) holds. Fix a proper class C of
structures of the same finite signature that is definable by a formula ¢(v) without parameters.
Let k be a cardinal that is W4.-large for C. By our assumptions, there is a structure B in C that
is not an element of H,. Fix a cardinal n > « with B € H,, =V}, and a cardinal § > 7 such
that the formula p(v) is absolute between Vy and V. In this situation, we can find a cardinal
A > 1, a transitive set M and an elementary embedding j : Vyi1 — M such that j(k) > A,
J(CNV)NVy = CNVy, and Voo (V9y, MNVj(g), A, j(%), j(1)) holds. We then know that B € H%N)
and hence elementarity implies that j(B) # B. This shows that j(B) is a structure of the given
signature and the embedding j induces an elementary embedding of B into j(B). Moreover, our
setup ensures that the set M contains both B and the given elementary embedding of B into
j(B). In addition, we know that

B e CnVy C jCNV,) = j({zeVi| Vs o)}

By elementarity, this implies that, in Vp1, there is an elementary embedding of a structure A
of the given signature into B such that A # B and Vy = ¢(A). This shows that, in V, there is a
structure A € C with A # B and an elementary embedding of A into B. As discussed earlier, the
results of [1, Section 4] show that these computations ensure that Vopénka’s Principle holds. O

5.2. Ord is Woodin. Remember that “Ord is Woodin” is the scheme of axioms stating that for
every class A, there exists a cardinal x that is strong for A, i.e., for every ordinal A, x is A-strong
for A: there is an inner model M with V), C M and an elementary embedding j : V — M
with crit(j) = &, j(k) > A and ANVy =j(ANV,) NV, (see [5] and [17]). The following lemma
shows how this principle is related to the concepts introduced above. Its proof is based on the
Y n-Product Reflection Principle introduced by Bagaria and Wilson in [5].

Remember that for any set .S of relational structures of the same type, the set-theoretic product
[1S is defined to be the structure whose domain is the set of all functions f with domain S and
the property that f(.A) € A holds for every structure A = (A4,...) in S, and whose interpretation
of relation symbols is defined pointwise, i.e., for every (n+ 1)-ary relation symbol R in the given
language, we have RIIS(fy, ..., f,) if and only if RA(fo(A), ..., fu(A)) holds for all A € S. For
a class C of relational structures of the same type, we then let PRP¢ denote the statement that
there exists a non-empty subset S of C with the property that for every A in C, there exists a
homomorphism'? of [] S into .A. Given a natural number n > 0, Bagaria and Wilson then defined
the 3,,-Product Reflection Principle to be the statement that PRP¢ holds for every non-empty
class C of graphs that is definable by a X,,-formula without parameters (see [5, Definition 3.1]).
The results of [5, Section 5] show that Ord is Woodin if and only if the 3,-Product Reflection
Principle holds for all n > 0.

Lemma 5.5. The following schemes are equivalent over ZFC:

(1) Ord is Woodin.

(2) For every class A, there is a proper class of cardinals that are Ug,.-large for A.

(3) For every parameter-free formula p(v) in the language of set theory, there is a cardinal
that is U-large for the class {z | p(x)}.

1275 defined in [10, Section 1.2].
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Proof. First, assume that (1) holds. Fix an ordinal £ and pick a formula ¢(vg,...,v,) and
parameters Yo, . .., Ym—1 with A = {z | (2, yo,...,Ym—1)}. Define

Ae = {{zo,. . xm) | ©(x0s ...y Tm)}-

Using [5, Theorem 5.13], we find a cardinal x > £ that satisfies yo, ..., ym—1 € Vi and is strong
for A,. Fix a cardinal A > k. We can then find an inner model M with V), € M and an
elementary embedding j : V. — M with crit(j) = &, j(k) > A and A, NVy = j(A. NV,) N V.
Given x € V), C M, we then know that

reEA = <xay05---aym—1>€A* — <$7y07-~-,ym—1>€j(A*ﬂVn)
= MEo@yo, . Ym-1) <= z€j(ANV,).

These equivalences show that j(ANV,) N VN = ANV, holds. Moreover, it follows that
Ui (Vig, VAT, X, §(k), (1)) holds for all limit ordinals k£ < 7 < A and all limit ordinals 9 > j(n).
By Lemma 5.3, this shows that the cardinal x > & is W,.-large for A. Hence, we have shown
that (2) holds in this case.

The implication from (2) to (3) is immediate.

Now, assume that (3) holds. Let C denote a non-empty class of graphs that is defined by
a formula p(v) without parameters. By our assumptions, there is a cardinal x that is Uy~
large for C. We then know that C NV, # (. Fix a graph G in C and pick a cardinal 7 > x with
G € H,, =V,. Using Lemma 5.3, we now find a cardinal A > 7, a transitive class M with V), C M
and an elementary embedding j : V' — M satisfying j(k) > X and j(CN V) NVy =CNV,.
In this situation, we know that G € j(C N V). Since the graph j([J(C NV,)) is a subgraph
of the product graph [[(5(C N V,)) and therefore the embedding j induces a homomorphism
of [I(CNV,) into [T(J(C NVy)), we can combine this homomorphism with the projection from
[1G(C N V) to G to find a homomorphism from [[(C NV,;) to G. These computations show
that the X,-Product Reflection Principle holds for every natural number n > 0 and therefore
the results of [5, Section 5] allow us to conclude that (1) holds in this case. O

6. ABSTRACT LOGICS

In order to connect the existence of cardinals that are W-strong for certain classes to compact-
ness properties of strong logics, we now fix a notion of abstract logic. This notion, as introduced
below, is taken from [8]. As argued in [8, Section 4], results of Makowsky in [15] show that
Vopénka’s Principle is equivalent to the assumption that every abstract logic has a strong com-
pactness cardinal (see Theorem 6.3 below), i.e., a direct analogue of Theorem 1.1 that replaces
second-order logic with arbitrary abstract logics and the existence of an extendible cardinal with
the validity of Vopénka’s Principle. The goal of this section is to formulate and verify similar
analogues of Theorem 3.5 and Corollary 3.6 for abstract logics.

Definition 6.1. (1) A language is a tuple
T = <8"r» R, ¢, a'r>

consisting of disjoint sets §, (the function symbols in 7), R, (the relation symbols in 7)
and €, (the constant symbols in 7) together with a function a, : § UR, — w (the
arity function for ).

(2) Given a language 7, a T-structure is a tuple

M = (M|, (fM | feF), M| reR) (M| cec,)),

where |M]| is a non-empty set (the universe of M), each fM is an a,(f)-ary function on
|M], each r™ is an a,(r)-ary relation on |M|, and each ¢™ is an element of |M|. We let
Str, denote the collection of all T-structures.
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(3) A renaming of a language o into a language 7 is a bijection
r:§o UR;,UC, — F UR, UC,

satisfying r[§,] = §r, 7[Rs] = R+, r[€;] = €, and a,(s) = a-(r(s)) for all s € F, UR,.
In this setting, we let r* : Str, — Str,; denote the canonical bijective class function
induced by 7 that fixes the universes of the given o-structures.

Given the above definitions, there is a canonical notion of a sublanguage of a given language.
Moreover, given a sublanguage o of a language 7, there is a canonical notion of a o-reduct
M | o € Str, of a 7-structure M. Finally, given a language 7, there is a canonical notion of an
isomorphism of 7-structures.

Definition 6.2. An abstract logic (L,=r) consists of a class function £ and a binary class
relation =, that satisfy the following conditions:

(1) The domain of L is the class of all languages.

(2) If M = ¢, then there is a language T with M € Str, and ¢ € L(7).
(3) (Monotonicity) If ¢ is a sublanguage of 7, then L(o) C L(7).

(4) (Expansion) If o is a sublanguage of 7, M € Str, and ¢ € L(o), then

MEL ¢ <= M|olL ¢

(5) (Isomorphism) Given a language 7 and isomorphic 7-structures M and N, we have

MEr¢ < N, ¢

for all ¢ € L(7).
(6) (Renaming) Every renaming r of a language o into a language 7 induces a unique bijection
ry : L(0) — L(7) with the property that

Mr ¢ <= (M) £ r(9)

holds for every M € Str, and every ¢ € L(0).
(7) There exists a cardinal ¢ with the property that for every language T and every ¢ € L(7),
there exists a sublanguage o of 7 with |§» UR, U&,| < ¢ and ¢ € L(0).

In the remainder of this section, we will usually write £ instead of (£,=,) to denote an
abstract logic. Given an abstract logic £, we call =, the satisfaction relation of L and, given a
language 7, we say that £(7) is the set of 7-sentences. In addition, we call the least cardinal ¢
witnessing (7) in Definition 6.2 the occurrence number of L. We say that a set T is an L-theory
if there is a language 7 with 7' C £(7). We say that an L-theory T is consistent if there is a
language 7 with T'C L(7) and a 7-structure M with M =, ¢ for all ¢ € T. Given an infinite
cardinal x, we say that an L-theory T is <k-consistent if every subset of T' of cardinality less
than k is consistent. Finally, we say that an infinite cardinal x is a strong compactness cardinal
for L if every <k-consistent L-theory is consistent. Makowsky’s result from [15] can now be
formulated in the following way:

Theorem 6.3 (Makowsky [15]). The following schemes are equivalent over ZFC:

(1) Vopénka’s Principle.
(2) Every abstract logic has a strong compactness cardinal.

We now generalize the notions introduced in Section 3 to obtain characterizations of the valid-
ity of fragments of Vopénka’s Principle through compactness properties of abstract logics. In the
following, we say that an abstract logic £ is defined by formulas ¢g(vg, v1,v2) and ¢1(ve, v1,v2)
together with a parameter z if £ = {{z,y) | po(x,y,2)} and == {{z,y) | ¢1(z,y,2)}.
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Definition 6.4. Let F be an €-theory, let U(vp,...,v4) be a formula in the language of set
theory, let xk be an infinite cardinal and let £ be an abstract logic that is defined by formulas g
and ¢; together with a parameter z.
(1) An L-theory T is F-¥-outward consistent at k if there is a limit ordinal n > & such that
for all cardinals A < k and all cardinals ¢ > n with T, z € Hy, the partial order Col(w, )
forces that T'is a <A-consistent £'-theory in N whenever N is an outer F-model of V}},
L' is an abstract logic in N and the following statements hold:
(a) W(N, VY, \ k,1n) holds.
(b) The formulas o and ¢; are absolute from V to N with respect to parameters
contained in V/\V.l?’
(¢) The formulas ¢q and ¢; together with the parameter z define £’ in N.
(d) T is an L'-theory in N.
(2) A cardinal  is an F-U-outward compactness cardinal for £ if all L-theories that are
F-U-outward consistent at x are consistent.

In order to motivate the above concept, we now discuss its relation to the compactness prop-
erties of £2 introduced in Section 3. For this purpose, we make the following definition, which
will also be relevant later in this section.

Definition 6.5. A measure of closeness ¥(vy,...,vy) is strong if it is a AZFC" _formula with
ZFECEYVYM, N, u,v,p [ (N, M, p,v,p) — Ve(N, M, p, v, p)].

Proposition 6.6. Given a strong measure of closeness ¥, an L2-theory T is U-outward consis-
tent at a cardinal k if and only if it is ZFC*-¥-outward consistent at k. In particular, a cardinal
K is a W-outward compactness cardinal for £? if and only if it is a ZFC*-W-outward compactness
cardinal for L2.

Proof. Our definitions directly ensure that every L£2-theory that is W-outward consistent at a
cardinal & is also ZFC*-W-outward consistent at the given cardinal x. In the other direction,
assume that a limit ordinal 7 witnesses that an L£2-theory T' is ZFC*-W-outward consistent at
a cardinal k. Fix a cardinal A < k and a cardinal ¥ > n with T € Hy. In addition, let G be
Col(w, ¥)-generic over V and pick an outer ZFC*-model N of Vi) in V[G] with the property that
U(N,Vy A\ k,n) holds in V[G]. We then know that the canonical formulas defining £? define
an abstract logic £ in N and T is an £'-theory in N. Moreover, these formulas are absolute
between V' and V) as well as between N and VAN . Since our setup ensures that V/\N = V/\V, we
can now conclude that T' is <A-consistent in . ]

As a further motivation for the results proven below, we now derive an analogue of Proposition
3.4 for the above compactness property.

Proposition 6.7. Let ¥ be a AP¥C-formula that is a measure of closeness and let n > 1 be a
natural number. If L is an abstract logic and k is a limit cardinal, then every L-theory that is
ZFC,,-V-outward consistent at k is <k-consistent. In particular, if Vopénka’s Principle holds,
then every abstract logic has a ZFC,,-V-outward compactness cardinal.

Proof. Fix formulas ¢q(vo,v1,v2) and ¢1(vo,v1,v2) and a parameter z defining an abstract logic
L and let n be a limit ordinal witnessing that an L-theory T is ZFC,,-V-outward consistent at
a cardinal k. Assume, towards a contradiction, that there is a subset Ty of T of cardinality less
than x that is an inconsistent L-theory. Pick a cardinal A < k with |[Tp| < A and a cardinal
¥ > n with T,z € Hy = Vy and Vjy sufficiently elementary in V. Then (B) in Definition 2.1.2

13I.e., the statement ¢;(xo,z1,22) holds in N for all ¢ < 2 and zg,z1,22 € V/\V with the property that
i (20,21, 2) holds in V.
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implies that ¥(Vy, Vy, A, k,7n) holds. In addition, our choice of ¢ ensured that the formulas ¢
and ¢ are absolute between V and Vy. Finally, we also know that, in Vy, the formulas ¢y and
1 together with the parameter z define an abstract logic £’, and that T is an £L’-theory that
is not <A-consistent. If G is Col(w,¥)-generic over V, then V" is an outer ZFC,-model of V)’
in V]G], and the fact that ¥ is a AZFC-formula ensures that ¥ (V) , V), A, k, 1) holds in V[G].
However, this contradicts that T is ZFC,,-W-outward consistent at « in V. O

In the following, we will restrict ourselves to abstract logics with the property that both its
formulas and the translations of formulas induced by renamings are produced from the given
signatures and renamings by some simple recursive procedure. It is easy to see that all finitely
generated logics (see [15, §1]) possess the property introduced below. In particular, we can apply
the results below to second-order logic.

Definition 6.8. An abstract logic £ with occurrence number ¢ has simple formulas if there
exists a Xj-formula ¢(vg,...,vs3) and a set z with the property that whenever r is a renaming
of a language o with less than ¢-many symbols into a language 7 and 7. : L(o) — L(7) is the
bijection induced by 7, then

{(¢,7:(¢)) | 0 € L)} = {(z,9) [ @(r,2,y,2)}.

Note that if a Xj-formula ¢(vg,...,v3) and a set z witness that an abstract logic £ with
occurrence number ¢ has simple formulas, then

L(o) = {z | ¢(ids,2,2,2)}
holds for every language o with less than ¢-many symbols, where id, denotes the trivial renaming
of o into itself. This shows that the restriction of the class function £ to languages with less
than ¢-many symbols is also definable by a ¥;-formula with parameter z in this case. The next
theorem generalizes the forward direction of Theorem 3.5 to the setting of this section.

Theorem 6.9. Let U be a strong measure of closeness. Assume that for every class A, there
is a proper class of cardinals that are V-strong for A. Then for every natural number n, every
abstract logic with simple formulas has a ZFC,,-V-outward compactness cardinal.

Proof. Let £ be an abstract logic with simple formulas that is defined by formulas ¢y and ¢
together with a parameter zy. In the following, let ¢ denote the occurrence number of L. Fix
a Yj-formula (v, ...,v3) and a parameter z; witnessing that £ has simple formulas. Next,
note that for every language 7, the identity id,(;y on £(7) is the unique (as in (6) of Definition
6.2) permutation 7 of L£(7) corresponding to the trivial renaming of 7 into itself. In particular,
we know that for every language 7 and every non-trivial'* permutation 7 of £(7), there exists
X € L(7) and a 7T-structure O with

Okcx < O, 7(x). (1)
We can now pick a cardinal p above ¢ that satisfies 2y, 2, € H, = V,, and has the property that
for every language 7 in H, and every non-trivial permutation 7 of £(7), we have £(7) € H, and
there exists x € £(7) and a 7-structure O in H, with (1). Let A be a class that codes the classes
{r}, {z0}s {21}, {(Wo, y1,92) | wo(yo,y1,v2)} and {(yo,y1,y2) | ¥1(¥o,y1,¥2)} in some canonical
way. Pick a cardinal k > p that is W-large for A. Fix a natural number n > 1. Pick an L-theory
T that is ZFC,,-U-outward consistent at x, and let n > k be a limit ordinal witnessing this. Let
o be a language with T C L(c). In this situation, we can apply Lemma 5.3 to find a cardinal

A > n with o, £(c) € H), an inner model M and an elementary embedding j : V. — M such
that j(k) > X\, J(ANV,)NVy = ANM NV, and ¥(Vy, VM, X, j(k),5(n)) holds for all limit

14I.e., not equal to the identity on L£(7).
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ordinals ¥ > j(n). Our assumptions on ¥ then ensure that V) C M. Moreover, by our choice of
A, we know that j(p) = p, j(20) = 20 and j(z1) = z1. Given i < 2, we define

Bi = {(yo,y1,y2) € V3 | iy, y1,2)}-

Our setup then ensures that

B; = j(BinV)NVa = {{yo,y1,42) € VX | M = 0i(yo, y1,92)}

holds for all ¢ < 2. Finally, we set u = crit(j).
Claim. p > p and 29,21 € V,,.

Proof of the Claim. Assume that one of the statements of the claim fails. Then there is a limit
ordinal p < ¢ < A with j(¢) = ¢. But this implies that the map j [ Veja : Veyo — Voo is a
non-trivial elementary embedding, contradicting the Kunen Inconsistency. |

Next, note that j(o) is a language in V.
Claim. j(T') C L(j(0)).

Proof of the Claim. Fix ¢ € T. We can find a sublanguage & of o with less than ¢-many symbols
that satisfies ¢ € £(7). By our assumptions, we know that p(ids, ¢, ¢, z1) holds in V and hence
elementarity implies that ¢(id;(5),j(¢),j(¢), z1) holds in M. But then ¥;-upwards absoluteness
ensures that this statement also holds in V. Since our first claim shows that j(5) is a sublanguage
of j(o) with less than ¢-many symbols, j(¢) € L(5(5)) C L(j(o)). 0O

Notice that the elementarity of j ensures that, in M, the formulas ¢y and ¢ together with the
parameter zo define an abstract logic £, and the limit ordinal j(n) witnesses that the £y;-theory
J(T) is ZFC,-P-outward consistent at j(k).

Claim. The L-theory j[T] is consistent in V.

Proof of the Claim. Let ¢ > j(\) be a cardinal such that j(9) = ¥, the set Vy is sufficiently
elementary in V and the set VM is sufficiently elementary in M. Let G be Col(w,?)-generic
over V. Then VM is countable in M[G] and we know that, in M[G], j(T) is a <A-consistent
L'-theory in N whenever N is a countable outer ZFC,,-model of V¥, £’ is an abstract logic in
N and the following statements hold:

(a) \I/(N, VﬁMa )‘7](/{)7](7’)) hOIdS'

(b) If ¢« < 2 and (yo, y1,y2) € By, then v;(yo,y1,y2) holds in N.

(¢) The formulas ¢g and ¢; together with the parameter zy define £’ in N.

(d) j(T) is an L'-theory in N.

Since the given statement can be expressed by a II;-formula with parameters in H, é\f [G], Shoenfield
Absoluteness ensures that it also holds in V[G]. Thus, ¥;-upwards absoluteness implies that
U (VY , VM X, j(k),7(n)) holds in V[G]. Moreover, since V)" was chosen sufficiently elementary
in V, we know that for all i < 2 and all (yo, y1,y2) € B;, the statement ¢;(yo, y1,y2) holds in V.
In addition, since the previous claim shows that j(T") is an £-theory in V, our choice of ¥ also
ensures that the formulas ¢y and ¢; together with the parameter zy define an abstract logic £’
in V) and j(7T) is an £'-theory in V). This allows us to conclude that j(T) is a <A-consistent
L'-theory in V). Since j[T] is an element of V) and this set has cardinality less than X in V),
we now know that j[T7] is a consistent £'-theory in Vﬂv. In this situation, the fact that Vﬁv was
chosen to be sufficiently elementary in V allows us to conclude that j[T] is a consistent £-theory
in V. (|



26 PETER HOLY, PHILIPP LUCKE, AND SANDRA MULLER

Let o, denote the sublanguage of j(o) that is given by the pointwise image of the symbols
in o under j, and let r denote the canonical renaming from o into o; induced by j. Since the
occurrence number ¢ of £ is smaller than the critical point p of j, we know that j[T] C L(0;).
Moreover, the previous claim shows that there is a o-structure N with the property that the
oj-structure r*(N') obtained from N using the renaming r is a model of j[T']. Assume, towards a
contradiction, that N is not a model of T" and fix ¢ in T such that N [~ ¢. Pick a sublanguage
o of o that contains less than ¢-many symbols and has the property that ¢ is an element of
L£(5). Then j induces a renaming 7 of & into the sublanguage j() of o;, and this function is
equal to the restriction of r to . Let N denote the &-reduct of N. Then N £, ¢. Moreover, the
§(&)-structure 7* (V) obtained from N using 7 is equal to the j(7)-reduct of 7*(N) and therefore
we know that 7 (N) =, j(¢) and 7*(N) &, 7.(¢). In particular, it follows that 7. (¢) # j(¢).

Now, pick a renaming s of a language 7 € H, into 6. Then j(s) is a renaming of 7 into j(7)
and our setup ensures that j(s) = 7 o s, i.e., we know that the following diagram commutes:

¢ ——" > j(0)

s i(s)

id,
T——T

Since V) € M, we know that the sets &, j(d) and 7 as well as the maps s and j(s) are all
contained in M, and this implies that the renaming 7 is also contained in M. In addition, our
setup ensures that £(G) = L (7), L(j(7)) = La(§(F)) and L(7) = Lpr(7). Let sy : L(17) —
L(7) denote the bijection induced by s in V. Then s, is contained in M and X;-upwards
absoluteness implies that s, is also the bijection between £/(7) and L;(7) that is induced by s
in M. Since j(s.) is the bijection between £y (7) and L/(j(5)) induced by j(s) in M, we know
that j(s.) o s; ! is the bijection between £y/(5) and £(j(5)) induced by 7 in M.

Claim. j(s.)os; ! =7 L(7).

Proof of the Claim. Assume, towards a contradiction, that the statement of the claim fails. Since
j | £L() is a bijection between £(5) and L(j(5)), we then know that the map j(s.)™! o jo s, is
a non-trivial permutation of £(7). In this situation, our setup yields x € £(7) and a 7-structure
O € H, with

OFcx <= O ((s))  ojos)(x)
Note that £(7) = Ls(7) and, since £(7) C V), our setup ensures that
OFrv < O, v

holds for every v € L(7). Moreover, if s*(O) denotes the g-structure obtained from O using s,

then, in M, the j()-structure j(s*(0)) is obtained from O using the renaming j(s). Since j(s.)

is the bijection between L;(7) and L(j(¢)) induced by j(s) in M, we then know that
Oy i(s:)(v) <= j(s"(0)) Fey v

holds for all v € L),(j(5)). By combining these equivalences with the elementarity of j, we can
now conclude that

Okcx < s7(0) e s«(x) <= J(s7(0) Fru i(s:(x))
= OFcy (i(s)7 0jos)(x) <= O kL (i(s)7 0jos) (),

a contradiction. O
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The above claim shows that, in M, the map j [ £(7) is the bijection between L£,;(5) and
L(j(5)) induced by 7. This directly implies that ¢(7, ¢, j(¢), z1) holds in M. By X;-upwards
absoluteness, we know that this statement holds in V' and we can conclude that 7.(¢) = j(¢), a
contradiction. ]

The following result provides a generalization of the backward direction of Theorem 3.5 that
will turn out to be suitable for our characterizations of fragments of Vopénka’s Principle.

Theorem 6.10. Let U be an L2-measure of closeness. Assume that for every natural number
n, every abstract logic that extends second-order logic and has simple formulas has a ZFC,,-¥-
outward compactness cardinal. Then, for every formula ¢(v) in the language of set theory, there
exists a cardinal that is W-strong for the class {x | p(x)}.

Proof. Let A denote the class {z | ¢(x)}. We define an abstract logic £, that extends second-
order logic by adding atomic formulas ¢g(vg,v1) for every binary relation symbol E and all
variables vy and vy, and defining M =, ¢g(co,c1) to hold for constant symbols co and ¢y,
whenever EM is a well-founded and extensional relation on |M| and the corresponding transitive
collapse 7 : |[M| — N sends c}! to an ordinal A and ¢} to a set X with the property that

WwnNX = {zeNnVy| e}

Let ¢o(vo,v1) and ¢1(vg, v1) denote the canonical formulas defining £, (without using additional
parameters), and pick a natural number n > 1 such that ZFC,, proves that these formulas define
the abstract logic £,,. Finally, since it is immediate that £, has simple formulas, our assumptions
ensure that there is a ZFC,,-V-outward compactness cardinal « for L,,.

Now, let & > 1 > k be limit ordinals and fix a cardinal { > 7. Let U*(vg,v1,v2) be an
L2-formula in the language of set theory witnessing that ¥ is an £2-measure of closeness, and
let ' (vp,...,v3) denote the relativisation of U*(vg,v1,v2) to vs, i.e., ¥’ has the property that
ZFC* proves that (M, €) =2 U'(a,b,c,d) is equivalent to (d,€) =2 U*(a,b,c) whenever M
is a transitive set, d € M is transitive and a,b,c € d. Consider the language that extends the
language of set theory by a constant symbol b, constant symbols c, for all elements x of Vyiq
and constant symbols d, for all v < (. Let T" denote the L, -theory consisting of the following:

(1) The first-order elementary diagram of V1, using the constant symbols ¢, for = in Vy1.
(2) The sentence “d¢ < b < ¢,” and all sentences of the form “dg < d, < ¢,” for f <~y < (.
(3) The sentence (b, ¢y, ¢y, vy )-

(4) The sentence ¢¢c (b, canv, ).

Claim. The ordinal n witnesses that T is ZFC,,-U-outward consistent at k.

Proof of the Claim. Fix a cardinal A\ < k and a cardinal ¢ > n with T' € Hy. We then know that
¥ > 0. Let G be Col(w,d)-generic over V, and let N be an outer ZFC,,-model of V}}’ in V[G]
such that W(N, V), X, k,n) holds in V[G], and the formulas ¢y and ¢; are absolute from V to N
with respect to parameters in V)\V. We then know that 1" is an L,-theory in V. Next, we apply
(C) in Definition 2.1.2 to show that W(V¥, V', \, k,n) holds in V[G] and, using the fact that ¥
is a AZFC"_formula, we can conclude that this statement also holds in N. We then know that

<‘/9‘117 €> ):l:g; \I]/()‘7 K, 1, ‘/Gv)
holds in N.
For all o < A, our setup ensures that
<Va+1’ €> ':Lgp be (aa AN Voé)

holds in V' and, since all parameters appearing in this statement are elements of V), our assump-
tions on N ensure that it also holds in N. Hence, we know that AN V)\N is equal to the set of all
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T € V)\N N V/\V with the property that ¢(z) holds in N, and this allows us to conclude that

(Vir, €) Er, de(N, ANV)

holds in N.
Fix a subtheory Ty of T in N that has cardinality less than A in N. The fact that A is a
cardinal in N now allows us to construct a model of Ty with domain Ve‘il in N that interprets b

as A and all constant symbols of the form d., that appear in sentences in T as ordinals less than
A O

Since r is a ZFC,-V-outward compactness cardinal for £, the above claim shows that the
theory T is consistent. This allows us to find a transitive set M, an ordinal ( < A € M and an
elementary embedding j : Vy41 —> M with j(x) > A and

(M, €) Fr, e\ JANVL)) A WA G(k),5(n),5(Ve))-
We then know that
JANVINV, = ANMNV,.

Moreover, since elementarity implies that j(Vy) = M N Vj ), we can conclude that

<Mﬁ Vi, €> lzﬁw \P*(Aaj("ﬁ)a.j(n»

and this shows that W(Vjy, M N Vjg), A, j(x),5(n)) holds. These computations show that the
cardinal k is W-strong for the class A. O

We can now combine the above results to characterize the principles discussed in Section 5
through compactness properties of abstract logics.

Corollary 6.11. The following schemes are equivalent over ZFC:

(1) Vopénka’s Principle.

(2) For every natural number n and every abstract logic L, there exists a ZFC,, -V opp -outward
compactness cardinal for L.

(8) For every natural number n and every abstract logic L with simple formulas, there exists
a ZF¥C,, -V . -outward compactness cardinal for L.

Proof. First, assume that (3) holds. Then Theorem 6.10 implies that for every formula ¢(v) in
the language of set theory, there exists a cardinal that is U,.-large for the class {x | ¢(z)}. An
application of Lemma 5.4 then shows that (1) holds. This completes the proof of the corollary,
because the implication from (1) to (2) is already given by Proposition 6.7 and the implication
from (2) to (3) holds trivially. O

Corollary 6.12. The following schemes are equivalent over ZFC:

(1) Ord is Woodin.
(2) For every natural number n and every abstract logic L with simple formulas, there exists
a ZFC,, -V 4. -outward compactness cardinal for L.

Proof. Tf we assume that (2) holds, then Theorem 6.10 implies that for every formula ¢(v) in the
language of set theory, there exists a cardinal that is WU,.-large for the class {z | ¢(z)}, and then
Lemma 5.5 shows that (1) holds. In the other direction, assume that (1) holds. Then Lemma
5.5 shows that for every class A, there is a proper class of cardinals that are W,-large for A. In
this situation, Theorem 6.9 shows that (2) holds. O
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7. OPEN QUESTIONS

We close this paper by listing some questions that are raised by the results of this paper. First,
as already mentioned in Section 2.4, results of Bagaria and Magidor in [3] and [4] entail that
the combinatorics of Wg.-large cardinals are fundamentally different from those of the other
large cardinal notions studied in Section 2. For example, it is consistent that the least Wy~
large cardinal is singular and therefore all embeddings witnessing the W, .-largeness of the given
cardinal have critical points that are strictly smaller than this cardinal. It is therefore natural
to ask if such characteristics of the given large cardinal notion can be read off from the formula
inducing it:

Question 7.1. Is there a natural characterization of the collection of all formulas ¥ with the
property that it is provable that if there is a W-large cardinal, then the least such cardinal is
regular?

In a similar direction, the above results also raise the question whether they are somehow
connected to the Identity Crisis phenomenon, first studied by Magidor in [14]. More precisely, a
combination of Corollary 3.6(4) with results in [3] and [14] shows that, assuming the consistency
of sufficiently strong large cardinal axioms, the axioms of ZFC do not decide whether the first
W4 -large cardinal is the first measurable cardinal. In contrast, Corollary 3.6 also shows that if
Weont-, WUeem or WUyy-large cardinals exist, then the first cardinal of this type is bigger than the
first measurable cardinal.

Question 7.2. Is there a natural characterization of the collection of all formulas ¥ with the
property that the existence of a W-large cardinals provably implies that the least cardinal of this
type is bigger than the first measurable cardinal?

Next, we consider the question whether other canonical formulas induce large cardinal notions
that also consistently exhibit unusual behavior. Remember that a cardinal k is globally super-
strong (see [9]) if for every A > k, there exists a transitive class M and an elementary embedding
J 'V — M with crit(j) = &, j(k) > X and Vj(,) € M. There is an obvious candidate for a for-
mula ¥ such that W-largeness corresponds to global superstrongness: let Wgqs(vo,. .., v4) denote
the canonical formula in the language of set theory with the property that Wg.,(N, M, p, v, p)
holds if and only if the tuple (N, M, p,v,p) is suitable and N N'V,, C M. Then, ¥4, is an
L2-measure of closeness. Moreover, it is easy to see that every globally superstrong cardinal is
W ,es-large. But, it is not clear if it is possible to prove a variation of Lemma 2.9 for this formula.

Question 7.3. Is it provable that a cardinal x is Wgg,-large if and only if there is a globally
superstrong cardinal less than or equal to 7 Is it consistent that the least W, -large cardinal
is singular?

Finally, motivated by the observations made in Section 4, we ask if there is a canonical outward
compactness characterization for strong compactness:

Question 7.4. Is there an £?-measure of closeness ¥ that naturally induces a large cardinal
property below extendibility and has the property that ZFC proves that a cardinal & is W-large
if and only if there is a strongly compact cardinal less than or equal to 7
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