
Deformation Theory after Lurie (DAGX)
SPreliminaries

Disclaimer : aCategories work
in

ZE]

Recall : For nice 1Category 2 (eg. C = Set) have monadic adjunction e
, Ab(l)with category of abelian group objects of C

For nice scategory 2 leg. 2
= Ani := o category of anima/spaces/o groupoids)

have adjunction to stabilization of 2

29 pointed obj of C loop functor-
estable-im)...Car
AniAnic

= GEiAni2 El=,EEsT

honest inclusion

by Wall-finiteness =: Exc(Anig
,
e) strongly excissive functors

N

Eilenberg Maclane functor think Brown representability
45 any spectrum EESp defines

For example Ab(Set) =Ab > Stab (Ani) = Sp Anik -> Anif

monoidal Q.=[] laxsda Q =1
,
$= [9(k) X+1

*

([(x)QE)
04180xgE)= *

Warning on notation : for monoidal Icat 2 write (Mon(2)GR , CAlgr , AlgR
for monoidal cat2 write En(2)FR , EAlgr , AgAlgr = EnAlgR

accessible localization of some Fun (K ,Ani) for small K
5 Deformation Context and Smallness (in particular it is complete and cocomplete)

↓
Def : A deformation context is a pair (T, E) with M a presentable ocat and EEStabIM)

Ex : RelEo(Sp)wDN = EcAlgangD Stab(N)Modr ~D 19-(E) ~ ROR[n]
call this the commutative context

E R
"
= REEJ with 121 =u

"

Recall : for stack X : CAlgy- Gupd considered completion :Art- > Grpd
Q : in the coherent setting , what are Arlin algebras/nilpotent extensions ?

A -Al

Def: A morphism D :A-A' in a defoctxt (M, E) is elementary , if Im0:
↓ is small , if it is a finite composite of elem morphisms
A is small

,
if A-K is smal

Fact : The full subcategory 4SMCN on small objects is essentially small
If A-A' andA' are small

,
so is A A-A

Tsm admits pullbacks along small morphisms : d't 16 in M with I
,
A
, B ,B' small

B'- B =>!A' small



S

Ex : (ex 1 .
1
.
6
, essentially referring to HA 7 .

4)
In the commutative context for KE(Mon (Ab)=Es (Sp) a field
- 0 : A- AEEnAlgauelem EDIn0 : Klu] in Modal and if n = 0 :

connective in TTk = 0 for K0 ↓ TokokTok is zero

- AEloAlgang smallD ACEAlgang o st
. TAEVect and ToA local comm ring

with max idealm st
.
K EiTToA/M

- : A'-AEAlgang i
s

small (PTo(d) :ToA'-ToA surjective
- Somehow the forgetful Sunctor ExAlgang ,sm-EsAlgk is full and faithful
=> can forget about the augmentations and simply writeEAlg

⑤Formal Moduli Problems

Def : A formal moduli problem in a defoctxt (4
,
E) is a functor X : MSM-Ani with

A - A X(A)) + X(A)
X(k ) = 4 and Xt Ismall = 1 ↓

B + B X(B) - X(B)

or equivalently x J * X(A) + X(A')
=I

S
t

(G
. Prop 1.1.15) 4 +28

-

4E 4 - X(28
-

"E)

Obtain presentable ocategory Modulit = Fun (MSM, Ani)

Ex : For AET have FMP Spec(A) : TSM-Ani ~ functor Spec : Top-Modulit
B Mapp (A ,B)

Ex : In the comm cext over a field R - Ro X(r) - X(Ro)
X : 4SM-Ani FMPEDX(+ ) = 4 and XI Loswj = ! ↓

Ru - Rz XIR1) - X(Rz)

Es The Targent Complex

Prop : Let (N, E) defoctxt
,
recall EEStab(M) = Exc(Ania

,
M

(i) Have factorization Anis
E
, i
U

Expsm
(ii) For any FMP XeModulit : X(E)

: = Anik E, psm*, Ani -ExclAnia
,
Ani) = Sp

Def : The Langent spectrum (tangent complex) to a FMP XEModulit is X(E)ESp

Sketch (i) HTS E(K) + 4 = E(0) is small FKEAnia
Write K = Ko

...
[kn ** as finite seq of cell attachments

ic
. Kiti with diso appling Eyied

Elki)
↓
↳ - Eisdi) -die



(ii) Clearly XE(0) = X(k) = 4 thus HTS por pb
Problem : X only prespb along small morphisms
Fact (analogously to (i)) : f: k+ K'Surj on To = El) small

For

VV
have p , pf surj onTo =D Elp) , ElpC) small

, by FMP
&

Obtain xE(K) - XElk)- XElKYKlimf)
↓ combeipation ! /BEMP !
xE() - XE(L1) - XElLY(Limg)

Ex : (ex1 .2.8
, again making heavy use of HA7 .

4)
In the comm cext over C consider augmented K-alg R&,

It defines FMP :EsAlg-Ani
B ↳ MapEnAlgang (HR , B)mapping spectrum Stopological cotangent <plx ,

J coincides with algebraic one
unwinding definitions(E) = mapmodur (Kie ,

4) over K ... )

Have refinement * (E) E Modre = D(K) , so targent cplx is a chain opk

Rem : The targent spectrum is a strong invariant of FMPs !

Prop : Let (4, E) defo ext , XiYeModulit
Then x :X-Y is equiv <FD2 : X(E) +Y(E) is equiv

Prf :

"
=D "clear

, precomposing with Epreserves equiv
"C"HTS &A equiv VAETSM

Write A= to +... + An = 4 as composite of elem morphisms
Have X(k) = x = Y(* ) v

X(Ai)
= as pb

· X(Aire)
= by induction

S C

Y(Ai) I > Y(Aite) RTS X (10-KIE) + Y(00-KIE) equir
Il

V

* > X(18-kiE) XElki)
~

* YCEN-NiE)



⑤ Deformation Theories

Goal : Recognition principle for an equivalence Moduli -E

Approach : in terms & conditions of D : Kop &2Modulit A
A L Mapp (A ,-(

Why? Suppose we have such an equivalence Yoneda warning : porphrporphL ↓
For an KEweget AnigE , pK, Ani which is strongly excissive

= t

=> have functor e: E, Fun(, Ani)E, ExclAnid, Ani) = Sp , which is

limit preserving and conservative (use previous prop
Assume E presentable & e pres sifted colim ESp monadic

Barr-Beck
=> E =T-Alg for nice algebraic/monadic spectra

Def : A deformation theory for a defo cext is a functor D:Mo-E satisfing
(D1) E is presentable

(D2) Dadmits a ladj D' :E-RP (equivly D pres limits)

(D3) (i) D'-D restricts to on equin E = (NSM) with EEEf full replete
(ii) DEEo ,

in particular D = DD'(0) =D(41 initial in (PSM)P

A - B
(ii) 1 I small pullback in 45m

D(A)DBI

↑
S

↑ pushout in thence to
A- B D(A) = D(B)

(DU) The functor e: E, Fun (EP
,
Ani) ** Fun (NSM

,
Ani)E ExcCAnic

,
Ani) = Sp

is conservative and pres sifted colim

Rem : By (D3) an, KEE gives rise to a FMP
SMI

, TipElAni
=> have functor 4 :E, Fun (P,Ani)

#
, Modulit and e= Eto4 is welldef.

Warning - This definition is a mashup of Def 1 .3
.

1 & Prop1 .3 .
5
,
made for didactical

purposes : this way it is clearer how E . relates topism and why e
is welldefined. The conditions of Def 1. 3 .

1 are probably easier to verify in
Practice...

- There is a notion of a weak deformation theory (essentialle D1 ,D2 ,D3)
This is necessary , since not all defo cexts admit a deformation theory

Ex : In the comm ext over a field of char O we will see next time that
DI

(EAlgang(op1 + Kien := dgliev [qiso-1] with D() =(
↑

is a deformationtheore Chevalle, Eilenberg <plx



It remains to demonstrate that we reached our goal :

Thm : Let (T, E) be a defocext and D : MSM-EP be a detothy
Then 4 :E -Modulit is on equiv

Sketch (essentially blackboxing 2 subchapters of DAGX)

The functor P : E-Modulit Fun (MSM
,

Ani) pres limits and filtered colim
k (A Mapq(D(A) , k) y

Fact : D(A)W by Lem 1. 5
.
10

= has ladj & and STS 1 . ↑ conservative
2 .
mit niidModulin > YI is equiv

1. 4(8) : 4(K) =4(k')e :eckekfi

2
.
For XEModuliT HTS UX : X + YE(X) equiv of FMP
b, Prop STS 0 :=Ux(E) : X(E) - YE(X)(E) equir of spectra

= e((X))
~homotopy colim it fat realization

Fact : JX.Fun (/oP
, Modulityx) St . - IXoll = XEModulit

- each Xn is prorepresentable
note since e, pres sifted colim a

e([(1X . (1) = (le((X. ) Il filtered colim of representables in Fun (P,
Ani)

=> have t: X . (E) - elt(X. ) with 110. 11 = E
= STS each On : Xn(E) -e((Xn)) is equiv or equivalently

each Uxn : Xn + 4E(Xn) is equir
/SpecA , K) =Mod(SpecA, Yk)

Since 4, pres filtered colim L
= 4(k)(A)

STS UspecA : SpecA-4ESpecA = 4(DA) equir VAET = ELDA , K) FK

RTS VBERSM Spec(A)(B) = Mapp (A,B)Map (DB,DA) =MapD'DB)
↑
y : idism D'DB


