Delormtabion Theor) offer Lude (DAG X)

& Pelimiiocies,

Discloimer: = categories work ™ 7E7

Recall - l:o‘r nice 46&‘—6&0?/ ﬁ (e& ¢= Sd') have wonadic aoldun/\cl‘z\ol/\ ¢ @ Ab(L)
with axle%or/ ok abelian qrovp Obde,d—s of € u

For vice oocakenory € (eq. €= An = oo coleqory of am{ma,/s CS/OO roupoids )
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[/Jarvu‘mgow notokion:  Lor wenoidal Acak & wrnke Clon(€) 3R, OA‘l%R, AlSR
Lor wonoidal cocak € winte Ewo(l) 2R, EOQ’A‘ISR, /AOQAISR = lE"A',E}E

& Delornmabion Context and Svallness

D€ A delormobion confext is o pour (T E) wit LY Pr@a\bbka ot ond EeShab(m)

Bt Re Bolep) 2 7= BaAlgh® ~r Shab(IM) 2 Medg ~ 977(E) & ROE[)
call Hiis Hue commulakive context Ee K

RPecoll:  for shack X'—CA’ISu-’?Grpo[ considered CoMpchon Q’Arl—u — 6
Q: in the coherent seting , whot ore Ackin alge\oras/ nilpotent extensions ¢

A —A
Def: A worpluspna O:A—-A" o dels dxt (TVE) is 6l€me|/\br7/ L Jn>0: l) lwdn
¢ i svall, i€k is o Gnike composite o elem worphismes « -0

A s <o, iIF A—& i swall

Fack: The &l SM[DCCAI'EZ@OF? "< 7 on emall okb'eds s essenholl; emall
£ A—A" ond A are small, <0 s A A A
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Ex: (ex 446, 359@”“““7 referring fo HA 2.4)
ln the commutahive conkext bor IKe Mon(Ab) < Ex(Sp) a Celd

- A=A e IEOOAIS%EO elem ¢ Jn20: K] ~A' Mody and € n=0":

l b TuemK ST is zero
o — A A

- A€ AGY® sl o= A€ By, ok ToA€Veck, and ToA bocal comm ring
wilh mox deal e o kK ETo ALy

- ¢: A=A €|EmAlj°‘/:M8’%M cvall &P To(d) T A' —THA aAIUeche

- Somehow fhe ConeHul buncor By (8™ — By, e QA ard itk
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& ool Modutli Froews
Def: A Gornal moduli ProblemA in o delo cxt (TE) s o funclor T Ani oot

A — A X(A') — X(A)
X(¥) =« and 7<<L‘J ls/vlall> = 1 )J L
B —B X(B) — X(B)
— Al — (
or ec[u/fva(el/lH/ X (AL J ? ) ~ X(f‘) ) X(LA)
+ —0”"E & — X(Q”°"E)
Cotauin presentoble cvcateqor) Moduli™ € Fun (M=) Ani)
Ex: For Ael” howe FMP Speé(/\) : FSN~—aAwf ~ Lunclor SPeC‘ FOF’—’ Mooluliﬂ
B +—— MQP]" (ArB)
Bx: ln He comm chxt over o Geld PR X(R) — X(Ro)
X 1" g FMP a=> X(%) =¥ and x<1’ msu{j)x 17 1
Ra =K, 7((243"$X(RZ)

8 The Torqent Complex

Rop: Lek (TE) oelo chxb, recall E€ Sob(M) = Bxe(Adif,0)
(1) Hove Coclorizobion Ang ——T"

\g\x F‘SMU/ ~
(i) For omy PUP X eModul™: X(E)i= Anif 55 15" X Ani- € Exe (s, Anl ) =Sp

De€: Tle tanoent speckeunn (fonegnk complex ) do o FP X Modul" s X(E) eSp

Slekels (i) HTS E(K) — *=E(0) is svall ¥ KeAnE
Wrte K=W & ... &« Un2¥ os lnite seq of cell aftodhrements
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(i) Cleos] Kg(o) =X« ) =¥ Hwus HB po - pb
7 Pe = pe
Poblem: X on(7 pres pb alomg sviall Wlorpbusn/\s N
Fock (analegouely fo (i) £: UK surjon To = E(6) svall

For U — 10 QKV(K‘\WC) howe. P, pF eurd on Ty =v g(f), /EU(Pﬁ) small
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Ex: (ex128, QSOUM Wta\,(('mg heaw; use oL HAZY)
la Hae comm chxb over € consider owlngemed d-aly R £,
b delines FMP R : BnAigp — A
K
R — MOFM&%S(H ,B)
U\V\wu‘nolmg delinihons  R(E) = W\QF/MHK (Lgr C)
Howe reCuvement /X(E)eMoo\M ~ D(C), so W&en{- cplx. 1S o dain cplx
Rem: The +a/\8ml' sPe,cJ{uvm s 0 shong mvonank of FUP. |
Rop: Lek (TUE) defo cixk-, X YeModuli™
Then s:X—Y &5 eqwiv &> & X(E) =Y(E) i equv
PL: =" cleos, Precomloosfms with B preserves eqou‘v
""" HTS oy equiv \JAET ™
Wrte Ao = . .= A =& as amposite of elem worplhustig
Hove X(k)=4=Y(x) v
%(A:) X(IA:FH) ~
\“ ’ \'— oa- ! -l .
Y(A;)l—w(m“) RS X(&E) — (&) equiv
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& Deformohion TheonesS
Goal: lzecognil'{om Pn’(ncilblc For on e_qu/{VqJemC& Madli7 2 =

/’\P[:roadA s in fervs & condiitions of D: 7P _Sﬁe_‘j/{/bcw“ﬂ ~ O
A HMO’PP (A/-)

Lul/\/? Suﬁ;oee we howe sudh on @ciw.va|eV\Cf,

. °p op
Foron7 LelE we gd A./uf _E | Pl -l P—;‘J‘(K) A

=L
= howe Luncor 2 T = Fon (5% Ant) €, Bre (Anig, Ani ) =Sp, whick s

]f'm”— Prcscr\/llvla onch conservahve

n - which s 6‘-@/@7 excissVe

Assume presenbble, & e pres alted colin o = iSP wionadic

=P B :T—Alg Lor ice algebrou‘c/ monadiC SFECL@P

Del: A delomabon {-err/ Cor o delo cixt is o bunckor D: 7P =5 %a}{s%{ms
(M) 2, &5 presentable

(©2) D odvite o lodj D"H —[*F (equivl, D pres lwils)

(D2) () D'4D reshicks fo on c«iuu\v g, ~ (FSM)OF wiHa EOQE LAl reple‘—e
(&) e, , n Po\rHCu\qr = TD'(g)=Dlx)

o N D) D)
(i) l L swal FMHBQC}( in 1157 = TJ T P”Slnoul- m 5 hene

(DY) The Luncor ¢: & i EAV\(EUPIAVI; ) l."*Fum (FSM/ A.,,;)—E: EXC(AW?:S,AH;):SP
5 concervabve and pres silled colim

Rewr: B, (D2) ony UE T, qives rise ko o PP T 25 or S04,
= have lunchor ~¢: 3 &£ Fun (5P, Ani ) D Moduh™ and e=E*o ¥ is weldef

Lk)cm‘m& - This deliniHon & o woshup of Def 434 & Pop135 wode for didochcal
purposes : His woy it is clearer hiow 3 relokes o 5™ gad why €
& welldelined. Tue conditions of Def 431 are Probobl/ easier to venﬁ} M
Prochee - -. . .
- Thee is o nohon of o weale delarncton HAeor/ (essenhalle D4,D2,D3)
Tws is necessary, since notal delo dxts admt o deformoakion ‘H/lcor/

Bx: ln the comm chxb over o Lield of dor O we will see next kwe ik
D
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D
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L remoune to denmonsiote Hiak we readied our Soal'-

Tiwr: Lek (TE) be a deb chxt ond D ™ — 2% be a defo
Then Y- E‘ —Mduli™ s an eﬁw‘\/

Sleeleln (es%enHQH) lolacl&box'ma 2 subchoptess of DAGX )

The Lunctor ¥:2 — Moduli™ € Fun(™" Ani) pres limits ond Gltesed colinn
W — (A V—?MOFE,(D(M,M))

=> hos lOI{J d ond S5 1. ¥ conservabive
Zowk wiidy 0 = @ s equv

A YEPU) U = el):e(W)eelk!) = LU=V
e=hy e cons

2. For XEModul” HTS Uyt X — YI(X) equiv ok FuP
by Pop  STS © =Ux(B): X(E) — VP(X)(E) equiv of speckro-
= e

Fack: I Xe €Fun (P Moduli Ty ) sk = [ Xell 22X € Modul;™
- eadha Xv/\ |‘5 Ffo('ﬁ[)f‘eﬁeﬂ\’uble
vote since €, @ pres silled colin

e(@UX.Y = e @I

= hove ©.: X (E) — e(B(X.)) wH Jo.] =0
=> SIS eadh Bp:Xn(E) — €D (X)) is e_ciw'v or eqw'valan7
each Uy, %Xn — YB(Xn) & equiv

Sice ¥, @ pres Lltered colim
STS Usgec SpecA — ¥8Speck = VDA) equiv YAel

RIS VBET™ Spec(AXR) = Mappr (AB) %MOFE (DB, DA) = Map (A, DDR)
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