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Goal :

Understand semisimple & non - semisimple TFTS
in a

uniform & computationally explicit way.

In other words , we propose an answer to the question :

where did the formulas in Ingo 's talk last week
"
come from

"?

Outline :

i ) Semisimple story ( where does Reshetikhin -Turner's invariant "come from" ? )

ii) Generalizing to the non - semisimple case
.



-

a J - theory of Crane - Yetterb. Reshetihhin - Turner as

Recall : M semisimple modular category .

RTM (n' presented as surgery on a link D= ,nN ¥4!!? Hi)
norm- factor. Think L evaluated

at Xi

RTM is a O - theory of an oriented
(fully extended! ) 4d theory cyan

(Ye more generally defined for ribbon fusion categories .

In dimensions (017,) 2,3 cye is skein theory for e:

gheinelms) .. = KLE- labelled ribbon graphs
embedded in M

topics& local relations
from C

Cyelm
') :c Skein elm'T

E.g : Heine 153)IrEnde graphs S3 can be isotoped into a disk and

evaluated in E to an endomorphism of I.



Altogether, skein theory gives :

Ge : Cobra,→ Nectar
T Sym .

mon . 2 - category of

Sym .
mon . (2,1)- category of

closed oriented 2mflds .

finite semisimple linear categories

compact oriented 3 - bo- d
isms{orientation;¥.es ; giareomorpni.ms) (III: I:L!? )

[Really : fully extended TFT into appropriate higher Morita catego- target,

"factorization homology
beta

"

Ayala - Francis , Schein
bauer,

Cooke
,
Morrison -

Walker
,
Johnson-Freed,

What about 4 - manifolds
?

( i) I will give an explicit formula to get a feeling & compare with RT

( ii) Then ,
I will explain that this is forced on us & is the

unique extension ( up to a Atk) of
CYe to 4-manifolds .



Crash course : Handle decompositions of 4-manifolds .

Is
' pn×p3 02×02 glue 03×0

"

glue 04 's
041 n glue glue -→ →M

s #My-7 M2
to embedded M3 to embedded

→NO
to embedded to embedded

0+(01×03)=5×03 0+(02×02)=5×02 0-110707=5×0' 0+1041=53
in M2 in Nz

in Mo in My

O- handles r - handles 2 - handles 3 -handles 4-handles

Simplifying assumption : ¢ -9M built from one o-handle and 2 - handles.

⇒ Handle decomposition encoded in attaching maps of
2 - handles

,

ie . embedded 5×02 in ILO -handle)=SZ⇒ framed link ES 's

⇒ M=dW is obtained by surgery on the link
L .

-

"A framed link LES
?
is really a presentation of a

"

4- manifold W together with a bounding 3 - manifold



Let ¢-9M be represented by a link Les?

Then : CYECW)
- skeinecok-k-sske.netMY 03×51

U Ihandle diagram of 0/-75×5L

E-
"""" '

Gianni) T'

skein diagram in 5×51

Analogous formulas for general Min -9 Mont
.

°°: c. years) Empty skein

RTE
"

Ii.IT#ss)--k-scyeln7--Skeinecm5-sk
[ if we choose a

normalization sit.
d2= dime)]

Rte In 3) = empty
skein

⇒ Rte is a boundary theory of Cyc : cyecm
' )- k

tf C modular ⇒ C. Ye Im
') is one -

dimensional
.

If e moreover anomaly- free ⇒ cye ( w) =CYe (w
') for all W, W

'

: →M ?



I . Extending field theories

Question : How much choice did we have in extending skein theory
to 4-manifolds ?

M

Thm [R .

- Walker] . Let 11 be a sym .
mon .

bi category . Then
b or Z
- →m

extensions of a

"

(n.qn.me) -TFT
" colon - in

.

-711
J or

,

r

-

Cobh - I, ninth
" htt "

correspond to a choice of
1-morphism D : I→ Zcsn) [data]

fulfilling a sequence
of n non- degeneracy conditions : [ property]

i=O : Then- morphism I 215) EZIO
"

#⇒
710

") is the unit of

an adjunction in IT
.

i=k : The t - morphism I zfskxsn-kj-zcsk.ro
" -Yo Ztskxo "

-K) build
2- ISIS

"")
from the count't of the adjunction in step ink-7 is the unit of an adjunction.

[of . the induction step in Lurie 's proof sketch of the cobordism hypothesis .]



For skein theory :

skein 5) E Ende II)

Therefore : e semisimple

extensions of non - degenerate
ribbon to- Sor over K?

skeine.TT to
⇐

Er : Ende II)-3k
⇐

4- manifolds

Fixing tr sit . tr Cide )=tek→ get Cy
formula from

before



III. Non - unital skein theory & modified traces

Let C be a (non - semisimple) finite
ribbon category.

Observation : Tatts really only see pro; ie) .
← Khai.no?Yant!mIFtthe

finite - dim.

Hom spaces

⇒ Let's do skein theory for Prog
-

le) !
& finitely many in

decomposable.

But Projle) doesn't have a tensor unit.

⇒ Non - unital skein theory
B

( m3) = k
e- labelled ribbon graphs in m

]

Sit . every component
of M3 contains

skeinproves ^
(at least one projective label

Komi "IeYa"Linkin
\ disks with at least

one

F a more general expression which works for
projective on the O.

'

general
"
non - unital ribbon categories it!

For A- = Pro; Ie)→ simplifies by allowing
labels from E .



some endomorphism

::÷:÷÷*÷÷÷÷÷:÷÷÷÷÷÷÷:i÷÷÷i÷%More
label

p string
can 't be

away from
simplified

rest further !

±¥÷w.
Ende "% in "¥.

in

(5)VE space of
modified traces

Thm [R .

- Walker] : Skeinprojie) on pro; le)



IV combining everything

80% - Thin [R .
- Walker]

Let e be a modular ,
Unimodular finite ribbon category.

Then
,
extensions of Skein project)

"

to an
oriented 4d TQFT

correspond to choices of non- degenerate
modified traces on Boiled .

and if s is a
e- labeled ribbon

Moreover, if E is anomaly - free in contrast to

← RT,
"empty skein

"

graph in a closed oriented M3
,
then

is not an
allowed

µ Zein 3) = Skeinpro;
( MY K

vector.

is independent of the choice of compact oriented W
" with dw¥M3

and agrees with the renormalized Lyubashenko invariant of

[De Renzi- Gainutdinov- Geer
'

- Paturean -Mirand - Runkel]



Further comments : More generally , I expect

a) the non - degeneracy conditions to hold for any

non - degenerate modified trace
on a unimodular

finite ' ribbon category whose symmetric center is semisimple .

Moreover
,
the resulting 40 TFT should be

invertible iff

e is modular
.

a) the RGGPMR 3D TFT to be a not - everywhere
defined

boundary TQFT of this (everywhere -defined ! ) 40 theory,

analogous to the RT - Cy situation .

Thanks for listening to


