REGULAR PARTITIONS OF HYPERGRAPHS:
COUNTING LEMMAS

VOJTECH RODL AND MATHIAS SCHACHT

ABSTRACT. We continue the study of regular partitions of hypergraphs. In
particular we obtain corresponding counting lemmas for the regularity lemmas
for hypergraphs from [Regular partitions of hypergraphs: Regularity Lemmas,
Combin. Probab. Comput., to appear].

1. INTRODUCTION

In this paper we continue the line of research from [4, 8, 11, 13] and obtain the
corresponding counting lemmas — Theorem 8 and Theorem 9, for the regularity
lemmas from [I1]. A standard application of those theorems, following the lines
of [3, 4, 5, 8, 14], yields a proof of the so-called removal lemma for hypergraphs.
Moreover, those new lemmas were already used for other applications in [1, 2, 9,

, 12].

1.1. Basic notation. For real constants «, (3, and a non-negative constants & we
sometimes write

a=pxEg, if f-{<a<f+E.

For a positive integer ¢, we denote by [{] the set {1,...,¢}. For a set V and an
integer k& > 1, let [V]* be the set of all k-element subsets of V. We may drop
one pair of brackets and write [¢]* instead of [[E]]k A subset H) C [V]* is a
k-uniform hypergraph on the vertex set V. We identify hypergraphs with their edge
sets. For a given k-uniform hypergraph H®*), we denote by V(H*)) and E(H*))
its vertex and edge set, respectively. For U C V(H®)), we denote by H*)[U] the
sub-hypergraph of H*) induced on U (i.e. H®[U] = H*® N [U]*). A k-uniform
clique of order j, denoted by K ](»k), is a k-uniform hypergraph on j > k vertices
consisting of all ({) different k-tuples.

In this paper f-partite, j-uniform hypergraphs play a special role, where j < /.
Given vertex sets V1, ..., Vp, we denote by Kéj) (Vi,...,Vp) the complete {-partite, j-
uniform hypergraph (i.e., the family of all j-element subsets J C Uie[é] V; satisfying
[V J| < 1 for every i € [¢]). If |V;|] = m for every i € [{], then an (m,?, j)-
hypergraph HU) on Vi U --- UV, is any subset of Kéj)(Vl, ..., Vo). Note that the
vertex partition V3 U---U Vj is an (m, ¢, 1)-hypergraph (). (This definition may
seem artificial right now, but it will simplify later notation.) For j < i < £ and
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set A; € [£]', we denote by HW[A;] = HW[Uycy, Va] the sub-hypergraph of the
(m, £, j)-hypergraph H) induced on Usea, V-

For an (m, ¢, j)-hypergraph H) and an integer j < i < £, we denote by ;(H))
the family of all i-element subsets of V(H)) which span complete sub-hypergraphs
in H\9) of order i. Note that |K;(H(?))| is the number of all copies of Ki(j) in HO).

Given an (m, £, j — 1)-hypergraph H=1) and an (m, ¢, j)-hypergraph HU) such
that V(HW) C V(HU™Y), we say an edge J of HY) belongs to HU=D if J €
K; (HU=Y), i.e., J corresponds to a clique of order j in HU~Y. Moreover, HU~1
underlies HY) if HU) C K; (HU=Y), i.e., every edge of H\Y) belongs to HU~1). This
brings us to one of the main concepts of this paper, the notion of a complez.
Definition 1 ((m,£,h)-complex). Let m > 1 and { > h > 1 be integers. An
(m, £, h)-complex 'H is a collection of (m, ¥, j)-hypergraphs {’H(j)}?zl such that

(a) HY is an (m,¥,1)-hypergraph, i.e., HY) = Vi U--- UV, with |V;| = m for
iel;
(b) HU=Y underlies HY) for 2 < j < h, i.e., HU) C /Cj('H(j*l)).

1.2. Regular complexes. We begin with a notion of relative density of a j-
uniform hypergraph w.r.t. (j — 1)-uniform hypergraph on the same vertex set.

Definition 2 (relative density). Let HU) be a j-uniform hypergraph and let
HU=Y be a (j — 1)-uniform hypergraph on the same vertex set. We define the
density of HY) w.r.t. HU=1 as

|HD Ak, (HU~D)|
d(H(j) |H(j*1)) — 1K (HG-D)]
0 otherwise.

it |K;(HU=D)| >0

We now define a notion of regularity of an (m, j, j)-hypergraph with respect to
an (m, j,j — 1)-hypergraph.
Definition 3. Let realse > 0 and d; > 0 be given along with an (m, j, j)-hypergraph
HY) and an underlying (m, j,j — 1)-hypergraph HU=Y. We say H\) is (e,d;)-
reqular w.r.t. HU=Y if whenever QU—1 C HU-D gatisfies

K;(QU=)] > e|K;(HU)],  then d(HW|QU™V)=4d;te.

We extend the notion of (¢, d;)-regularity from (m, j, j)-hypergraphs to (m, ¢, j)-
hypergraphs H).
Definition 4 ((e,d;)-regular hypergraph). We say an (m, ¢, j)-hypergraph H)
is (¢,d;)-regular w.r.t. an (m,£,j — 1)-hypergraph HU~Y if for every A; € [¢]J
the restriction HW[A;] = H1) [U/\eAj V] is (g, d;)-regular w.r.t. to the restriction
H(j—l)[Aj] = HG-1) [UAeAj VA]

We sometimes write e-regular to mean (5, d(H(j) "H(j_l)))-regu]ar.

Finally, we close this section with the notion of a regular complex.
Definition 5 ((e,d)-regular complex). Let ¢ > 0 and let d = (da,...,dp) be
a vector of non-negative reals. We say an (m,{, h)-complex H = {’/"l(j)};’:1 is
(e, d)-regular if HY9) is (e, d;)-regular w.r.t. HU-YD for every j =2,..., h.
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1.3. Main results. In this paper we prove the counting lemmas corresponding to
the regularity lemmas from [11]. Such a counting lemma should ensure the “right”
number of copies of a given k-uniform hypergraph in an appropriate collection of
dense and regular polyads provided by the corresponding regularity lemma. Here
the “right” number means that the number of copies is approximately the same as
in the random object of the same density. For example the following well known fact
is the counting lemma corresponding to Szemerédi’s regularity lemma for graphs
restricted to the case of estimating the number of cliques.

Fact 6 (Counting lemma). For every integer ¢ and positive reals d and «y there
exists € > 0 so that the following holds. Let G = U1§i<j§l GY be an (-partite
graph with (-partition Vi U - U Vp, where G = G[V;,V;], 1 < i < j < ¢, and
Vi| = ... = |Vi| = n. Suppose further that all graphs G¥ are e-regular with
density d. Then the number of copies of the {-cligue Ky in G is within the interval
(1+7)dG)nt.

In order to avoid some technical details, for the hypergraph case we restrict our
attention to the lower bound only. We now first state the counting lemma for [11,
Theorem 2.13]. For that we use the following notation.

Definition 7 (v-close). Let m and £ > k > 2 be integers and v > 0, let R =
{R(j)}f;ll be an (m, !,k — 1)-complex, and let H*) and G*) be k-uniform sub-
hypergraphs of K(R%* 1), We say H*) and G*¥) are v-close w.r.t. R, if for every
Ay € [0)F we have

‘ (H(’“) M K (R [Ak])> A (g<k> N K (R [Ak])) \ < v|CR(RE=D)] .

The following lemma estimates the number of cliques in a hypergraph H®*),
which is v-close to an e-regular hypergraph G*).

Theorem 8. For all integers £ > k > 2 and all constants v > 0 and dy, > 0 there is

some v > 0 such that for every dy > 0 there is € > 0 and mg so that the following
holds.

Suppose
(i) R = {R(j)}f;ll is an (g,(da,...,dg—1))-regular (m, €,k — 1)-complex with
d; > dy for everyi=2,...,k—1 and m > my,
(ii) G¥) C Kp(R* 1) is (e, dy)-regular w.r.t. RE=V[Ay] for every Ay € [(]*
and
(iii) H®) C Kp(R¥F=V) is v-close to GF) w.r.t. R.
Then

k £
KO > (1 =) [[d) x me.
j=2

We give the details of the proof of Theorem 8 in Section 3. Basically, it will
follow from the “closeness” of H¥) and G¥) (cf. (4ii)) that the number of ICyC)’s
in G N'H®*) will be essentially the same as in G(*). Therefore, in order to prove
Theorem 8 it suffices to find a lower bound on the number of such cliques in G*).
For that we will make use of the so-called dense counting lemma (see Theorem 10
below) which was proved by Kohayakawa, Rodl, and Skokan [6]. The dense count-

ing lemma estimates the number of Kék)’s in a “densely regular” complex such as
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{RW, ..., RE=D G Here “densely regular” means that the measure of reg-
ularity is much smaller then the densities of the complex in which one wants to
count, i.e., € € d; for all i = 2,..., k. In other words, compared to the measure of
regularity the complex is relatively dense in every layer.

Note that such a “densely regular” environment cannot be enforced by an ap-

plication of the regularity lemma, since § is independent of as,...,ar—1. Conse-
quently, a counting lemma useful in conjunction with [I1, Theorem 2.16] has to
allow the following hierarchy of the constants
-1 -1 -1 1
di > 0 > dp_1 = ap_q, di_o = Qg oy Lde=ay >4, o (1)

The methods developed in this paper allow a simple proof of the following theorem,
which matches the hierarchy in (1).

Theorem 9. For all integers £ > k > 2 and positive constants v > 0 and di > 0,
there exist 6, > 0 such that for every dg_1,...,dy > 0 with % € N for every

1 =2,...,k —1 there are constants § > 0 and positive integers r and mqy so that
the following holds.
Suppose

(i) R = {R(j)}?;ll is an (0, (dz,...,dg—1))-reqular (m, £,k — 1)-complex with
m > mg, and
(ii) H®) C Kp(RF=D) is (0n, dy, r)-reqular w.r.t. RE=D[AL] for every Ay, €
[
Then

k 4
’K@(H(k)” >(1-7) H dj(j) x mt .
j=2

We note that the condition that + € Nfori =2,...,k—11n (i) is not restrictive.
This is because the hypergraph regularity lemma, provides a partition &2 in which
all densities of the underlying structure satisfy this condition (i.e., d; = a% for
i=2,...,k—1).

2. THE DENSE COUNTING AND EXTENSION LEMMA

The proof of Theorem 8 and Theorem 9 relies on so-called dense counting lemma
from [6] This theorem can be used to estimate the number of copies of K éh) in
an appropriate collection of dense and regular blocks within a regular partition

provided by the regular approximation lemma [11, Theorem 2.13]. Moreover, it

)

can be applied to count the number of K ,Ek& ’s in the polyads of the partitions

obtained by the regularity lemmas from [11].

Theorem 10 (Dense counting lemma). For all integers 2 < h < ¢ and all positive
constants v and dy there ezist epcr, = epcL(h, £, 7,do) > 0 and an integer mpcr, =
mper(h, 4,7, do) so that ifd = (da, ..., dy) € R'"1 satisfying d; > do for2 <j <h
and m > mpcr, and if H = {H(j)}?:1 is an (epcw,d)-regular (m, ¢, h)-complez,
then

‘ICK('H(h))’ =(1=x7) de(j) x mt.

Jj=2
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This theorem was proved by Kohayakawa, Rodl, and Skokan in [6, Theorem 6.5].
The proof presented there was based on a double induction over the uniformity A
and the number of vertices of F). As it turned out a double induction over h
and the number of edges in F") allows a somewhat simpler argument and we will
follow this idea. In that sense the proof presented here is similar to the proof of
the counting lemma in [15]. Due to the induction we prove a slightly more general
statement (see Theorem 13 below). The generalization of Theorem 10 allows us
to estimate the number of copies of an arbitrary hypergraph F with vertices
{1,...,4} in an (m, £, k)-complex H = {H(j)}?:1 satisfying that H)[A;] is regular
w.r.t. HU=Y[A;] whenever A; C e for some edge e of F(®). Rather than counting
copies of Ky in an “everywhere” regular complex, this lemma counts copies of F ()
in H" satisfying the less restrictive assumptions above. We introduce some more
notation before we give the precise statement below (see Theorem 13).

For a fixed h-uniform hypergraph F*)| we define the j-th shadow for j € [h] by

Aj(FMY ={J: |J] =jand J C f for some edge f € FM}.

We extend the notion of an (e, d)-regular complex (cf. Definition 5) to (e,d, F)-
regular complex.

Definition 11 ((e,d,F)-regular complex). Let ¢ be a positive real and let d =
(da,...,dy) be a vector of non-negative reals. Let F = {FU) ?:1 be a (1,4, h)-
complex on { vertices {1,...,£}. We say an (m,{, h)-complex H = {H(j)}?zl with
vertex partition HY =V, U--- UV, is (e,d, F)-regular if for every 2 < j < h the
following holds

(a) for all A; € FY) the (m,j,j)-hypergraph HY[A,] is (e, d;)-regular w.r.t.
HU=D[A;] and
(b) for all Aj ¢ FU) the (m, 7, j)-hypergraph H[A;] is empty.

Definition 11 imposes only a regular structure on those (m, j, j)-subcomplexes
of HY) which naturally correspond to edges of the hypergraph F() (i.e., on a
subcomplex induced on Vy,,...,Vy,;, where {A1,...,);} forms an edge in FUy.
We need one more definition before we can state the generalization of Theorem 10.

Definition 12 (partite isomorphic). Suppose F = {f(j)}?zl isa (1,4, h)-complex
with V(FM)) = [(] and H = {HD}"_, is a (m, {, h)-complex with vertex partition
V(HM) =ViU---UV,. Wesay a copy Fo of F in H is partite isomorphic to F
if there is a labeling of V(}'él)) = {v1,...,v¢} such that
(i) v; € V; for every i € [{], and
(i) wv; — 1 is a hypergraph isomorphism (edge preserving bijection of the vertex
sets) between ]—"éj) and FU) for every j =1,..., h.

The following theorem is a generalization of Theorem 10.

Theorem 13 (General dense counting lemma). For all integers 1 < h < £, every
(1,4, h)-complex F = {]:(j)}?zl, and all positive constants vy and dy there exist € =
e(F,v,do) > 0 and an integer mo = mo(F,~,do) such that if d = (da,...,dp) €
R~ satisfies dj > do for 2 < j < h and m > mo, and if H = {’H(j)}?:l is an

(e,d, F)-regular (m, £, h)-complex, then the number of partite isomorphic copies of
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F inH is

h .
(1+7) H dljf(])‘ x m.
j=2
Proof. Theorem 13 is trivial if h = 1. (Alternatively, we could start the induction
with h = 2, for which Theorem 13 reduces to the well-known counting lemma for
graphs (see, e.g., [7])).

Let h > 2. If F(") = & then Theorem 13 follows from the induction assumption
for h — 1. So let |.7-"(h)| > 1 and positive constants 7 and dy be given. Fix some
arbitrary edge e € F and let FW = g \eand F_ = {FWL) .. ,}"(h’l),}'(_h)}.
We set . o

h J
€ = min {EThm.lg(.'F',, 7/2, do) 5 %dOZ:J:2 4 ‘}
and let mg be sufficiently large.

Let H be a (e, d, F)-regular (m, £, h)-complex. Set H = H®) \H™[e], i.e., we
obtain ng) from H™ by removing those edges which are spanned by the vertex
classes Vi, U ---UV;, indexed by elements of e = {i1,...,i5} € [(]*. Moreover,
let H_ = {H(l),...,H(hfl),H(,h)}. Clearly, H_ is a (g,d, F_)-regular (m, £, h)-
complex and due to the choice of € and the induction assumption on the number
edges in ]—"Sh), the number #{F_ C H_} of partite isomorphic copies of F_ in
H_ is

~y ! |FD| ol FM |1
#{F_Q’H_}:(li§)ndj x df x m?. 2)
j=2

For a partite isomorphic copy F_ o = {fél), e ,fo(hfl),fy%} of F in H, let
n(F_,0) be the unique set of those h vertices for which {.7:(51), . ,féhil),]—'(fh()) U
n(F_ )} is a partite isomorphic copy of F. Note that n(F_ o) does not necessarily
span an edge in H". We denote by 1y (n(F_0)): H"™ — {0,1} the indicator
function, indicating if the edge is present or not, i.e., 1ym (n(F_,)) = 1 if and
only if n(F_ ) € H™. Hence, the number #{F C H} of partite isomorphic copy
of F in 'H equals

#{FCH} = Z {IH(;L) (77(.7'-,’0)) : F_ o is partite isomorphic copy of F_ in ’H,}

=Y (dn + Ly (0(F - 0)) — dn)
F_o

= #{F CH I xdy | Ly ((F o)) — .
F_o

3)

Due to (2) we have good control of the first term in (3) and we will bound the
contribution of the “4-term” using the regularity of H. For that, consider the
induced sub-complexes F, and H, on X = [{]\e C F®) and Y = HW) \Ui ee Vi

Fo=FIX] = {FO\ e, FOX],.., FW[X]}

and M, = H[Y]:= {H<1> U Vij,H(Q)[Y],...,H(h)[Y]}.

1j€€e
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For a partite isomorphic copy Fo . of F, in H., let EXT(Fy ) be the set of all

crossing h-tuples 1 € U2 ce Vi, such that V(]—'é}*) ) Un spans a partite isomorphic
copy of F_ in H_, which extends Fy .. Since F" C K}, 1( (2=1)), ¢ induces a

K" in F(=1 and hence EXT(F.) € Kn(H"=D U, Vi,]). Set

€€
QI =N(Fo.) = Any ((EXT(Fo.)) ={n Cn: | =h—1and n € EXT(Fo.)}.
Clearly, Q=1 (F.) C HP V[, ¢, Vi,] and K (@D (Fo ) 2 EXT(Fo ). A

moment’s thought shows that, in fact, K, (Q" "V (Fo.)) = EXT(Fo.)'. Hence
the regularity of H yields

Z Ly (N(F—0)) — dn| = Z
F_o

Fx0

Z Ly (n(F-0)) — dn

nEEXT(Fo,.)

< H{F.CH.} x 5(’Ch (H(h_l)[ U VD)

1j€€e

L—h

<mfh xemh <em?. (4)

Combining (2)—(4) and recalling the choice of &, we infer

h—1 A .
#{F CH} =dp x (1 + %) H dljf(])‘ X dlhf( -1 x mt + em?

( )Hd‘fmlxm +em’ = =(1x%) Hd‘f( !

j=2
]

Theorem 13 yields the following corollary, Corollary 14, which states that ‘most’
edges of the h-uniform layer of an (e, d, F"))-regular complex belong to the ‘right’
number of partite isomorphic copies of F)

Corollary 14 (Dense extension lemma). For all integers 2 < h < £, every h-
uniform hypergraph F™ on £ vertices, and all positive constants v and dy there
exist epgr, = EDEL(]:(h),’y,dQ) > 0 and an integer mpgy, = mDEL(f(h)77,d0) S0
that if d = (dg,.. ,dp) € Rh1 satisfying d; > dy for 2 < j < h and m > mpgr,
and if H = {HU } _, is an (epgwL, d, F)-regular (m, £, h)-complex, then

h h
= ) x a2 TT4 o)
and for all but at most y|H™| edges e € H™ we have

n
ext(e; FM) = (1 + 4 r[d‘A FE1=() xmth. (6)
j=2

Hndeed the existence of a clique K € K(QH=1(Fp .)) \ EXT(Fo,.) implies that for some
disjoint sets J C K and I C V(]—'é *)), say J = {viy,...,vi;} and I = {vj;4,...,v,}, we
have JU I & 'H(h), while {i1,...,in} € FM. On the other hand, for any (kb — 1)-tuple H €
Q(h=1)(Fy ), with H D J there exists H € EXT(Fo,«) with H C H, yielding a contradiction.
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Proof. The proof is based on the following useful consequence of the Cauchy—
Schwarz inequality.

Fact 15. For every real v > 0, there is some 8 > 0 such that if x1,...,xN are
non-negative real numbers which for some A € R satisfy

N N
d wi=(1+B)NA and Y a7 =(1+B)NA?,
i=1

i=1
then for all but at most YN indices i € [N] we have x; = (1 £ +)A. O

Let an h-uniform hypergraph F) with vertex set V(F()) = [¢] and positive
reals v and dy be given. We have to find appropriate constants epgr, and mpgL.

First for every edge f in F("), let D(F ") f ) be the h-uniform hypergraph on 2¢—
h vertices constructed from two copies of F") by identifying corresponding vertices
of the edge f. Now let 8 <« be given by Fact 15 applied with . We fix promised
constants epgr, and mpgy, by setting

€pEL = Min {€DCL(h7 h, 8. do),ecpen (FM, 8. dy),

min {EGDCL( (f(h)vf)7§’d0>}}’

feFh)

where epcr, and egpcr, are given by Theorem 10 and Theorem 13, respectively.
Similarly, set

MpEL = max {mDCL (hyh, 2, do), meper (F™, £, dy),

feFom {mapor (D(FM, £), 5, 0)}}'

After we fixed all constants, let H = {HU) ?:1 be an (epgr, d, FM)-regular
(m, £, h)-complex with vertex partition V1U- - UV}, m > mpgr, and d = (da, ..., dp)
satisfying d; > do for j = 2,...,h. From the choice of epgrr, < epcL (h h, 3,d0)
and since m > mpgL > mDCL (h h, 3,d0), Theorem 10 (applied to the (m, h, h)-
complex H[An] = {HWD[AL]}1_, for every A, € [¢]" that is an edge in F()) yields

|H™| = |]-'(h|><<1i )Hcﬂ : (7)

which implies (5). Moreover, since epgr, < egpor(F™, 3,d0) and m > mpgr, >
mGDCL(]:(h), g, dp) we can apply Theorem 13 to estimate the number of partite
isomorphic copies of F in H") by

h
(1 + §> [T xmt. ®)
j=2
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Consequently,

h
Z ext(e;]:(h)) @ |.7-"(h)‘ X (1 + 5) Hdlej(}—(h))l x mft

ecH M) j=2
148 b AL (FMYy (9)
Ul SUVOIIE | P () e
1+ , J
3 Jj=2
=(1£8)H™|A,
for
SOIAED-()
A=]]4 i xemth (10)
j=2
In view of (9) and Fact 15 it is only left to verify
2
S (ext(e;f<h>>) = (1£B)|H™ |42 (11)

eeH (M)

for showing Corollary 14. For that let Aj, be an edge in F*). Consider, the complex
DC(H, Ay) which we obtain by taking two copies H; and Hs of H and identifying
those vertices with its copy which belong to a vertex class indexed by some \ € Ay,.

More explicitely, for 1 < ¢ < £ let V; = {v14,...,0m} be the vertex classes
of H. Suppose W; = {w;1,...,Wim} and U; = {u;1,...,u;m} are the vertex
classes of the copies H; = {ng) ?:1 and Ho = {’Héj) ?:1 of H so that w; . +— v,
(respectively, w; , +— v;,) for every 1 < ¢ < £ and 1 < r < m is an hypergraph
isomorphism between 'ng) (resp. Héj)) and HUY) for every j = 2,...,h. Then,
DC(H, Ay) is the complex which we obtain from H; and Hs by identifying wy ,
with uy . for every A € Ay and 1 <7 < m.

It follows from the assumptions on H, that for every edge Ay € F) the com-
plex DC(H, Ap,) is an (epgr, d, D(FM, Ay))-regular (m,2¢ — h, h)-complex. Con-
sequently, the earlier choice of epgr, and mpgr, allows us to apply Theorem 13 to
DC(H, Ap) to estimate the number of partite isomorphic copies of D(F" Ay) in
'DC(H, Ah) by

h
. (h)
(1 n g) T dl @A en (12)
j=2

On the other hand, the number of partite isomorphic copies of D(F™) Ay) in
DC(H, Ap) coincides with S {(ext(e; FM))2: e € HM[A,]}. Therefore, since
|A(D(F®, Ap))| = 2|A;(FM)| - (1) for every j =2,...,h we have

h
2 g 218 (F M= (5 -
Z (ext(e;}"(h))) = (1 + 3) de () x m2=h,
e€H (M [Ap] Jj=2

Repeating the same argument for every edge A, € F) yields

h
> (ext(e;]—‘(h)))2 = |FW| (1 4 g) delAj(ﬂM)l—(?) o m2—h
j=2

ecH (M)
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Hence, in view of (10) and (7) we have

2 148
Z (ext(e;]—"(h))) = 72 x |HM| x A% = (1 £ 8)|H™)|A%,
ecHM) 1+3
which gives (11) and concludes the proof of Corollary 14. O

3. PROOFS OF THEOREM 8.

The proof of Theorem 8 will be a consequence of the results from Section 2, i.e.,
the dense counting lemma (Theorem 10) and dense extension lemma (Corollary 14).

Proof of Theorem 8. Given integers £ > k > 2 and positive constants vy and dj, set

diy
= . 13)
7 (
16(;)
After fixing v the constant dy is displayed and we set
. [
YDEL = L@ x min{do, di}* , (14)
8()
and then for h = k and F*) = K,Ek) Corollary 14 yields positive constants
EDEL = 5DEL(Kék)7'YDEL7min{dOa di}) (15)

and mpgL = mDEL(Kék)y'YDELymin{dOa di}).

We finally set ¢ = min{epgr,, %’“} and mg = mpgL.
Let now R = {R(j)};?;ll, G and H*) satisfying assumptions (i)—(iii) of
Theorem 8 be given. Hence {R(j)}g»k:_ll) U{G®™} is an (epgL, d)-regular (m, £, k)-

complex with d = (da,...,dr) and d; > min{dy,ds} for j = 1,... k. Observe that
the choice of ypgr, in (14) yields

YEL < — de(?) < 0 .de(_f)—(?). 16)

By Definition 11 we may view {’R(J)}k U {GW} as an (epgw,d, Ke(k))—regular
complex. By the choice of constants in (10) we therefore can apply the dense
extension lemma, Corollary 14, to G*) and infer that

k
é k,
(k)| —
1G] = <k> (1+~pEL) 1;[ () : (17)
and, more importantly, that all but ypgr|G*| edges e € G**) obey
k (Z
eth(k) (6 K( )) = 1 i'YDEL H ]J J 716- (18)

In view of the last assertion let X C G*) be the set of exceptional edges in G
Consequently,

1X| < vpe|6®)], (19)
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and we infer

1 1
@l = ) > extgu (e, K¢ > @ S extga (e, K1)
ecG(k) €GN\ X
1 k o
Zwlg \ X[ x (1 = pEL) H
k :
k (20)
U‘)) 1 5-(%)
> —(1—peL)|G™] x (1 - ypEL H ](] mt—k
0
(17) k . - k )
> (1= pEL) H 2(1f§)deJ «mt
i s

where we used yprr, < 7/6 in the last inequality. We also note that (19) and (16)
imply

k ﬁ k-
¥ < %HE] B g, (21)
k j=2

Having estimated the number of cliques in G*) we are going to bound the corre-
sponding quantity in H*). First observe that

”CZ(H(k))| > ‘/Ce(')'{(k) N Q(k))} > ’/Cg(g(k))’ — Z extg ) (e,Kék)) . (22)
eeG\H®

Since the first term of the last estimate has already been estimated (cf. (20)), we
will now focus on the second. Since G**) and H*) are v-close by assumption (i)
of Theorem 8 we have

v|Gg®)
GBI\ HE) | < v]ICp(RED)] < d’k_ | < dk|g<k>| (23)

where we appealed to the (g,dy)-regularity of G*) in the second inequality and
€ < dg/2 in the last one. Consequently,

Z eth(k) (B,Kék))

cegM\H®
(k) (k (Z)_(k) l—k l—k
<@\ HO)\ x|+ ) [T x4 |2 pm
j=2
k
(2 5) 2v O (k _ _
‘g(k)’ 1+7DEL de(]) (J) Xme k_"_"x‘mé k (24)
j=2
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where we also used vpgr, < 1 and (13) in the last step. Then, (20) and (24)
combined with (22), yields

KR > (1 =) T dY) x e,

Jj=2

which concludes the proof of Theorem 8. (]

4. PROOFS OF THEOREM 9.

In this section we deduce Theorem 9 from Theorem 8. Theorem 9 gives a lower
bound on the number of cliques in a (dj, di, r)-regular hypergraph H*) . In order to
apply Theorem 8 we have to find an e-regular G*), which is v-close to H*¥) (cf. Def-
inition 7). Such a regular approximation will be provided by the following lemma,
which is a simplified version of Lemma 5.1 from [11] (where F*) = [, (R*F=1)).

Lemma 16. For all positive reals v and €, and every vector d = (da,...,dx_1)
satisfying 1/d; € N for 2 < i < k—1, there exist a positive real 15 and integers tig
and mqg such that the following holds. Suppose

(a) m > mys and (t1g)! divides m,

(b) R ={RW 5;11 is a (816, d)-reqular (m, k, k — 1)-complez, and

(¢) H® C Kp(R*FY) is (v/12, *,t%é)—regular w.r.t. RE,
Then there exists a k-uniform hypergraph G C K, (R¥*=1)) such that the following
holds

(i) G®) is (e, d(H®|RE=DY)-regular w.r.t. R*E=Y and
(i) IQ(’“)AH(US V| Kk (RE=D)]

Proof of Theorem 9. We will apply Lemma 16 to find a “very regular” hyper-
graph G*) which is v-close to H*). We then apply Theorem 8 which in such
an environment ensures many /(-cliques in H*¥)

Let £ > k > 2 be integers and «y and di be positive reals, given by Theorem 9.
We first have to fix ;. For that let

vs = v(Thm.8(, k, 1, dx)) (25)
be given by Theorem 8. We set dy,
vy
5 = — . 2
= (26)
After displaying dx, due to the quantification of Theorem 9, we get dy_1,...,d2 >0
satisfying i € Nfori=2,...,k— 1 and have to fix constants J, r, and mgy. For
that we first use Theorem 8, which gives
£ = E(Thm S(E k, bR d() = min{dg, ey dkfl, dk})> y (27)

mg = mo(Thm 8(¢,k,3,do = min{dy, ..., dy_1, dk})) .
As mentioned earlier, we intend to apply Lemma 16. For that we now fix the
constants
Vig =Vg, E16= %Eg, and dig = (da,...,dg—1) (28)
to obtain the constants
b1, tig, and mig.
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Finally, we fix 9, r, and mg required by Theorem 9 to

4 = min {%58 5016}, r= t%g , and (29)
mo = max {mg—i— (tm)!,mw + (tl())',%f(t](,)'} . (30)
Having fixed all constants, let m > mg, along with an (9, (da, ..., dk_1))-regular

(m, ¢,k —1)-complex R = {’R(J) _1, and a hypergraph H® C K (R*~1), satis-
fying H® is (0y, d,, 7)-regular w.r.t. R(k_l)[A;d for every Ay € [{]*, be given.

N First we obtain an (m, ¢,k — 1)-complex R = {R(j)};:ll and a hypergraph
H® C Ki(R*D) from R and H®, respectively, by removing at most (f15)!
vertices from each vertex class so that

(t16)! divides m and m — (t15)! <m <m. (31)

Since we remove only constantly many vertices, we may assume w.l.o.g. that Risa
(20, (dg, . . ., dj,_1))-regular complex and H*) is (26}, dy., 7)-regular w.r.t. RFE=1[A,]
for every Ay € [{]F and

d(HPRFVIA]) = d(HPREVIA) £o(1) =dp o5, (32)

Now we want to apply Lemma 16 ( ) times for every Ay € [/]*, with the constants
chosen in (28) to

= {ROMJY and  HY = HO 0 G (RED[AL).

Clearly, R[A;] and ﬁ(A’j} satisfy the assumptions (a)—(c¢) of Lemma 16. We repeat-
edly apply Lemma 16 for every Aj € [(]¥ and infer that for each A € [(]* there
exist an

(516,d(ﬁg\kk)ﬂi(k*l)[Ak])) regular hypergraph g(’“)
which satisfies

|Q(k)AH(k)| < V1(|Ick k: 1)[Ak])|

Moreover, since d(H\! \Rk DAL]) = d(H®|RED[AL]) = di + 16 for every
Ay € [0 (cf. (32)) settlng

g(k)_ U gAk’

A)CG[Z]I"

gives rise to a sub-hypergraph of ICk(R (k=1)) . which is (2516,dk) regular w.r.t.
R(k=1) [Ak] for every Aj € [(]¥ and which is vig-close to Hk Since, 2e15 = €3
and v15 = vg (cf. (28)) we can apply Theorem 8 to ’R,, Gk ), and H(k), which yields
by the choices in (25) and (27) that

k £
[Ke(H®)] > (1 —~ 1) dei) x (33)
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and, consequently, since H*) D H*) we have

(1]
2]
(3]

[4]
(5]
[6]
7]

(8]
[9]

(33) k e B
| S (1) [ <
i=2
> = [[d7 x m— (o) > A=y [[d" xm".
2 =2 1=2
O
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