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ABSTRACT. We study an extension of the triangle removal lemma of Ruzsa
and Szemerédi [ Triple systems with no siz points carrying three triangles, Com-
binatorics (Proc. Fifth Hungarian Colloq., Keszthely, 1976), Vol. II, North-
Holland, Amsterdam, 1978, pp. 939-945], which gave rise to a purely combi-
natorial proof of the fact that sets of integers of positive upper density contain
three-term arithmetic progressions, a result first proved by Roth [On certain
sets of integers, J. London Math. Soc. 28 (1953), 104-109].

We obtain a generalization of the triangle removal lemma for subgraphs
of sparse pseudorandom graphs and deduce the following version of Roth’s
theorem, which applies to sparse sets of integers: If A C [n] = {1,...,n}
has the property that all non-trivial Fourier coefficients X of the indicator
function 1 4: [n] — {0,1} satisfy |\| = o(|A|3/n?), then any subset B C A
that contains no three-term arithmetic progression satisfies |B| = o(|A]).

1. INTRODUCTION

In the mid-seventies Ruzsa and Szemerédi [25] solved a problem of Brown, Erdds,
and Sés [5] and established the so-called triangle removal lemma. Loosely speaking,
the triangle removal lemma asserts that every graph which does not contain many
triangles can be made triangle-free by removing only a few edges. More precisely,
for a positive integer n we denote by K, the complete graph with vertex set [n] =
{1,...,n}. For two graphs F and H we say H is F-free, if H does not contain
a (not necessarily induced) copy of F. For a graph G = (V, E) we denote the
minimum number of edges that meet any triangle in G by

73(G) = min{|E'|: E' C E and H = (V,E\ E') is Ks-free}.
Theorem 1 (Ruzsa & Szemerédi). For every d > 0 there exist ¢ > 0 and ng such
that every graph G = (V, E) with |V| = n > ng that contains at most c(g) copies
of K3 satisfies 5(G) < 6(3).
Theorem 1 stimulated a great deal of research and several generalizations for

graphs and hypergraphs are now known (see, e.g., [23] and the references therein
and [10] for a new proof of Theorem 1). Moreover, it was already shown in [25] that
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Theorem 1 yields a new proof of Roth’s famous theorem on arithmetic progressions
of length three [24] (see [3] for the best known quantitative bound). We say a set
of integers is APs-free, if it does not contain a non-trivial three-term arithmetic
progression, i.e., three distinct elements x, y, z such that = + z = 2y. For a finite
set of integers A we denote the maximum size of an AP3-free subset of A by

r3(A) = max{|B|: B C A and B is AP3-free}
and we simply write r3(n) for r3([n]).

Theorem 2 (Roth). For every 6 > 0 there exists ng such that for all n > ng we

have r3(n) < dn. O

Sparse versions of Theorems 1 and 2 were studied in the context of random
discrete structures. In particular, in [16] it was shown that, for any > 0, with
high probability a random subsets A C [n] with |A| = Csn'/? satisfies r3(A) < 6| A|,
where Cs depends only on ¢ (see [26] for generalizations of this result to arithmetic
progressions of length k > 3 and see [21] for an alternative proof for the case k =
3). The techniques developed in [16] can be used to obtain a similar extension of

Theorem 1 for subgraphs of random graphs. This extension asserts that for every
fixed & > 0 there exist constants Cs and ¢s > 0 such that if p > Csn~'/? then
a random graph I' € G(n,p) satisfies with high probability the following: every
subgraph G C T that contains at most csp> (g) copies of K3 satisfies 73(G) < 5p(g).
Note that Theorem 1 corresponds to the case p = 1 and Theorem 1 implies such a
result for any constant p > 0.

Another example of a relative version of Roth’s theorem appears in the work of
Green [12] who showed that, for the set of primes P, we have r3(PN[n]) = o(|PN[n]|),
i.e., any relatively dense subset of the primes contains an arithmetic progression of
length three (see [14] for longer arithmetic progressions).

We obtain extensions of Theorems 1 and 2 for subgraphs of sparse pseudorandom
graphs (see Theorem 3) and for subsets of sparse pseudorandom subsets of [n] (see
Theorem 4). Our proof is based on the sparse reqularity lemma [15, 17] and the
main technical result presented here (see part (a) of Lemma 9 below).

2. NEW RESULTS

Next we define the notions of pseudorandomness considered here. Roughly
speaking, pseudorandom discrete structures “imitate” a truly random object of
the same density. The systematic study of pseudorandom graphs was initiated by
Thomason [28, 29] and continued by Chung, Graham, and Wilson [7] and we will
use a related concept here. In fact, Chung and Graham obtained several general-
izations of those results for other discrete structures and one of the properties of
pseudorandom subsets of Z/nZ studied in [6] is related to our concept of pseudo-
random subsets of [n].

2.1. The triangle removal lemma for pseudorandom graphs. We say a graph
I'=(V,E) is (p, 8)-bijumbled for p and 8 > 0, if all subsets X, Y C V satisfy

where er(X,Y) = [{(z,y) € X xY: {x,y} € E(I')}| denotes the number of edges
of I with one endvertex in X and the other endvertex in Y, where edges contained
in X NY are counted twice.
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It follows from Chernoff’s inequality that the binomial random graph G(n,p)
is with high probability (p, 3)-bijumbled for 8 = C/pn for some sufficiently large
constant C' > 1, if pn—3logn — oo. On the other hand, it follows from the work of
Erdds and Spencer [9] (see also [8]) that for every (p, 8)-bijumbled n-vertex graph
we have 8 = Q(y/p(1 —p)n) as long as p(1 —p) > 1/n.

A well known explicit class of (p, §)-bijumbled graphs are the so-called (n, D, \)-
graphs with D = pn and A = 8. An (n, D, \)-graph I is a D-regular n-vertex graph
which satisfies A > {A2,|An|}, where D = Ay > Ay > -+ > ), are the eigenvalues
of the adjacency matrix of I' (see [2, Chapter 9] and [18] for more details).

Our first result asserts that Theorem 1 can be extended to subgraphs G C I' of
(p, B)-bijumbled n-vertex graphs I, if 8 < yp®n for a sufficiently small v > 0.

Theorem 3. For every 6 > 0 there exist ¢ > 0, v > 0, and ng such that the
following holds.

Suppose T = (V, Er) is a (p, yp>n)-bijumbled graph with n vertices andp > 1/y/n
and let G = (V, Eg) CT be a (not necessarily induced) subgraph of T'. If G contains
at most cp®(}) copies of Ks, then 73(G) < de(T).

We remark the following:

(I) It is easy to show that for sufficiently small ¢ > 0 every (p, yp®n)-bijumbled
n-vertex graph I' contains (14 &)p?(}) copies of K3. Consequently, The-
orem 3 asserts that if a subgraph G C I' contains only a small fraction of
the triangles of the sufficiently pseudorandom host graph I', then G can
be made triangle-free by removing a small fraction of the edges of I'. In
Theorem 1 the complete graph K, plays the same role as I'.

(IT) Note that Theorem 3 applies only to (p, 3)-bijumbled n-vertex graphs T
with 3 = yp3n for sufficiently small 7. Since 8 = Q(,/pn) for every graph
with p(1 —p) > 1/n, it follows that Theorem 3 only applies to graphs I' of
density p = p(n) = Q(n=1/5).

We believe Theorem 3 is also true for (p, 8)-bijumbled n-vertex graphs
I' with 8 = yp?n, which would allow us to consider graphs of density p >
Cn~1/3. On the other hand, Alon [1] constructed a (p, 19,/pn)-bijumbled
n-vertex graph I' with p = n_1/3/4 which is K3-free. This indicates that
such a strengthening Theorem 3 would be “best possible.”

2.2. Roth’s theorem for pseudorandom sets. For A C [n] we consider the
discrete Fourier coefficients Ag(A), ..., Ap—1(A4) € C of A defined by

M) = Y exp (2;” . ka) . (1)

acA

Clearly, \g(A) = |A| and we set
AMA) = max{| \(A)]: k=1,...,n—1}.

Theorem 4 extends Theorem 2 to sparse sets A C [n] for which A(A) is “small.” A
somewhat related result appears in the work of Green and Tao [13, Proposition 5.1].

Theorem 4. For every 6 > 0 there exist v > 0 and ng such that for every odd
n > ng and every A C [n] with A\(A) < v|A]?/n? we have r3(A) < §|A|.
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Very roughly speaking, the condition on A in Theorem 4 asserts that a certain
Cayley-type graph I'(A) generated by A on the vertex set [n] is an (n, |A|, v|A|?/n?)-
graph and, therefore, a (p,yp3n)-bijumbled graph for p = |A|/n. This allows us to
apply similar techniques as in the proof of Theorem 3.

In view of Remark (II) after Theorem 3 we believe that the condition on A(A)
in Theorem 4 can be relaxed to A\(A) < v|AJ?/n.

2.3. Key technical result. The main technical result behind the proofs of Theo-
rems 3 and 4, namely, Lemma 9, concerns the theory of pseudorandom properties,
which are asserted by the sparse regularity lemma. For the statement of Lemma 9
we require a few definitions.

Definition 5 (DISC). Let G = (V, E) be a graph and let X, Y C V be disjoint.
We say (X,Y) satisfies the discrepancy condition DISC(q,p, ) in G for some g, p,
and € > 0 if the following holds:

lea(X",Y") = q|X'||]Y'|| < ep|X||Y] forall X' C X andY' CY .
As a shorthand, we shall sometimes say (X,Y)q satisfies DISC(g, p, €).

Note that Szemerédi’s regularity lemma [27] asserts that the vertex set of every
n-vertex graph G can be partitioned into a bounded number of classes V1U...UV;
in such a way that most pairs (V;,V;)¢q satisty DISC(g;5, p, €), where

eG(Vi7Vj)
VillVil

Since DISC(q, p, €) only gives useful information on the edge distribution of (X,Y )¢
if ¢ > ep, Szemerédi’s regularity lemma is mainly suited for applications to “dense”
graphs G with Q(]V(G)|?) edges. The first two authors observed that Szemerédi’s
regularity lemma can be extended to subgraphs G of sparse graphs I', provided
the host graph I' does not contain “dense spots.” In this context p can be chosen
to be e(I')/(}), i.e., it can tend to 0 as n tends to infinity. For example, (p, 3)-
bijumbled graphs I' do not contain “dense spots” as long as § < ypn for some small
constant v > 0. Consequently, the sparse regularity lemma is applicable to the
graphs G C T satisfying the assumptions of Theorem 3. For the proof of Theorem 3
we will need a corresponding “counting lemma” for triangles in tripartite graph
with all three induced bipartite graphs satisfying DISC (see Lemma 11 below). For
that we will show that pairs (X,Y)s satisfying DISC will also satisfy the so called
pair condition. For (not necessarily distinct) vertices z and 2’ € V' and a subset
Y C V we write deg(x,Y) for the number of neighbors of z in Y and we write
degq(z,2’,Y) for the number of joint neighbors of z and z’ in Y. Moreover, we
denote the sets of such neighbors by Ng(x,Y) and Ng(z,2',Y)

Definition 6 (PAIR). Let G = (V, E) be a graph and let X, Y C V be disjoint.
We say (X,Y) satisfies the pair condition PAIR(q,p,d) in G for some ¢, p, and
0 > 0 if the following holds:

¢i; =da(Vi, V) = and p=1.

> | degg (@, Y) — qlY|| < op|X||Y], (2)
zeX
>3 |deggla, 2!, Y) = PY|| < 5p* X PIY]. (3)
zeX x'eX

As a shorthand, we shall sometimes say (X,Y )¢ satisfies PAIR(q, p, d).
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It is well known (see, e.g., [7]) that DISC and PAIR are equivalent in the dense
case, i.e., for p = 1.

Theorem 7 (DISC < PAIR (dense case)). For every a > 0 and 6 > 0 there erist
€ > 0 and ng such that the following holds.
Suppose G = (V, E) is a graph and X, Y C 'V are disjoint sets with | X|, |Y| > ng.
Then the following statements hold:
(a) if (X,Y)q satisfies DISC(q, 1,¢) for some q with o < ¢
satisfies PAIR(q, 1,0);
(b) if (X,Y)q satisfies PAIR(q, 1,¢) for some q with « < q < 1, then it also
satisfies DISC(g, 1,6). O

IN

1, then it also

IN

The key technical lemma presented here asserts that an analogue of Theorem 7
is true for subgraphs of (p, 8)-bijumbled graphs I' if 3 is sufficiently small. In fact,
we can slightly relax the bijumbledness condition and consider a partite version
instead. For simplicity we call this property jumbledness.

Definition 8 (jumbledness (partite version)). Let I' = (UUV, Er) be a bipartite
graph and ¢, B > 0 be real numbers. We say T is (¢, 8)-jumbled if

ler(X,Y) — | X[|Y|| < BVIX||Y| forall X CU andY C V.

Moreover, we say a k-partite graph T' = (ViU... UV}, Er) with k > 2 is (q, 8)-
jumbled if all induced bipartite subgraphs T'[V;UV;] for 1 < i < j < k are (¢, 3)-
jumbled.

Note that both discrepancy and jumbledness are two measures of pseudoran-
domness for graphs.

In the context of this paper discrepancy (DISC(g, p, &) where € > 0 and the ratio
q/p are constants independent of the size of the graph) is a property of subgraphs
of G that can be obtained by an application of the (sparse) regularity lemma.

On the other hand, jumbledness will be a property imposed on the host graph
I' O G. Typically the jumbledness assumption is stronger and cannot be ensured
by an application of the regularity lemma.

Lemma 9 (DISC < PAIR for subgraphs of jumbled graphs). For every a € (0,1]
and § > 0 there exists € > 0 such that for every n > 0 there exist v > 0 and ng
such that for every n > ng the following holds.
Suppose
(i) T' = (UUV, Er) is a bipartite (p, B)-jumbled graph with |U|,|V| > n and
p=1/yn,
(1) G = (UUV, Eg) is a subgraph of T, and
(iti) X CU and Y CV with | X|, |Y| > nn.
Then the following statements hold:
(a) if B < yp*n and (X,Y)q satisfies DISC(q, p, €) for some q with ap < q < p,
then (X,Y)q satisfies PAIR(q, p,9);
(b) if B < vp**n and (X,Y)q satisfies PAIR(q, p, ) for some q with ap < q <
p, then (X,Y )¢ satisfies DISC(q, p, 9).

The main part of this paper is devoted to the proof of implication (a ) of Lemma 9.
The proofs of Theorems 3 and 4 rely on this implication. On the other hand, the
proof of implication (b) of the lemma can be established along the lines of the
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argument for the dense case (Theorem 7(b)). We include the proof of part (b)
of Lemma 9 for completeness (see Section 5.1). We note that the jumbledness
assumption on the host graph I' in part (b) is less restrictive than in part (a). We
believe that the assumption for implication (@) can be weakened (see Section 6)

Organization. In Section 3 we deduce Theorem 3 from Lemma 9(a) and the
sparse regularity lemma. Section 4 is devoted to the proof of Theorem 4, which is
based on a tripartite variant of Theorem 3 (see Theorem 10 below). The proof of
the key technical result, Lemma 9, is deferred to Section 5.

3. THE RUZSA-SZEMEREDI THEOREM FOR PSEUDORANDOM GRAPHS

The proof presented here follows the standard proof of the Ruzsa—Szemerédi
theorem, which is based on Szemerédi’s regularity lemma and the so-called triangle
counting lemma. In fact, the proof of Theorem 3 is based on the sparse regularity
lemma [15, 17] and an appropriate triangle counting lemma for subgraphs of jumbled
graphs (see Lemma 11 below), which we deduce from part (a) of Lemma 9. First
we state a tripartite version of Theorem 3, which will be convenient for the proof
of Theorem 4.

3.1. Tripartite version of Theorem 3. We shall show that Theorem 3 easily
follows from the following tripartite version.

Theorem 10 (tripartite version of Theorem 3). For every § > 0 there exist ¢ > 0,
v > 0, and ng such that for every n > ng the following holds.

Suppose T' = (ViUVoUV3, Er) is a tripartite (p, yp3n)-jumbled graph with |V;| > n

fori € [3], p > 1/v/n, and G = (ViUVaUVs, Eg) C T is a subgraph of T. If G
contains at most cp3|V1||Va||V3| copies of K3, then 13(G) < de(T).
Proof: Theorem 10 = Theorem 3. For any given d > 0 we set 6’ = §/6 and let ¢/
and v > 0 be given by Theorem 10. For Theorem 3 we then set ¢ = ¢ and v = /.
Finally let n be sufficiently large and p > 1/y/n.

Let ' = (V,Er) be a (p,yp®n)-bijumbled graph and let G = (V,Eg) be a

subgraph of I which contains at most cp? (g) copies of K.

We consider tripartite graphs IV = (V', Er/) O G' = (V’, Eg+) defined as follows
V' =V x [3]
and
Er = {{(u,i),(v,j)}: {u,v} € Erand 1 <i<j < 3},
Ecr = {{(u,i), (v,j)}: {u,v} € Eg and 1 <i < j<3}.
It follows from the definition of G’ and I" that e(I'") = 6e(T"), |V’| = 3n, and the
assumptions on I' and G yield
(a) T’ is a tripartite (p,ypn)-jumbled graph and
(b) G’ contains at most 6¢p?(5) < /p*n? triangles.
Consequently, IV and G’ satisfy the assumptions of Theorem 10 and, hence, there
exists a set of edges X’ C Eg: such that H' = (V' Eg: \ X) is K3-free and
| X'| < &e(I") = de(T).
We consider the set of edges X which is the “pullback” of X’ in G, i.e.,
X = {{u,v}: {(u,4),(v,j)} € X' for some 1 < i< j<3}.



TRIANGLE REMOVAL LEMMA FOR PSEUDORANDOM GRAPHS 7

Clearly | X| < |X’| < de(T") and it is easy to check that H = (V, Eg \ X) is K3-free.
Therefore, 73(G) < de(T). O

3.2. Triangle counting lemma for subgraphs of tripartite jumbled graphs.
The proof of Theorem 10 outlined here follows the lines of the standard proof of
Theorem 1, which is based on Szemerédi’s regularity lemma and a corresponding
triangle counting lemma. In fact the sparse version of the regularity lemma ap-
plies to subgraphs of (p,yp3n)-jumbled tripartite graphs and below we state an
appropriate triangle counting lemma for subgraphs of jumbled graphs.

Lemma 11. For every o € (0,1] and £ > 0 there exists € > 0 such that for all
n > 0 there exist v > 0 and ng such that for every n > ng the following holds.

Suppose

(i) T = (ViUVaUV3, Er) is a tripartite (p,yp®n)-jumbled graph with |V;| > n

forie 3] and p > 1/y/n,

(1) G = (ViUVoUVs, Eg) CT is a subgraph of T, and

(#3) U; CV; with |U;| > nn for i € [3].
If e¢(Usz, Us) = qos|Us||Us| for some qo3 with ap < gosz < p and for j =2 and 3 the
pair (Uv,Uj)c satisfies DISC(qu,j,p, €) for some q1 j with ap < ¢1; < p, then the
induced subgraph G[Uy, U, Us] contains at least (1 — &)q12q13g23|U1||Uz||Us| copies
Of Kg,

Theorem 10 can be deduced from the sparse version of the regularity lemma and
Lemma 11 by standard arguments and we omit the details here. Below we deduce
Lemma 11 from part (a) of Lemma 9. In the proof we use the following well known
consequence of the Cauchy—Schwarz inequality.

Lemma 12. For every v > 0 there exists p > 0 such that for every m € N and
1,y Tm, T € R the following holds. If

Z x; > (1 —p)xm and Z 2 < (14 p)z*m,
i€[m)] i€[m)]
then

{i€[m]: |zi—z| > vz} <vm. O

Proof: Lemma 9(a) = Lemma 11. Note that the quantifications of the involved
constants in Lemma 9 and Lemma 11 are very similar. In fact, there are only two
differences. For an application of Lemma 9 we have to make an appropriate choice
for 6 > 0 (depending only on «) and for the proof of Lemma 11 we are given £ > 0.

Assume we are given « and £ by Lemma 11. First we fix an auxiliary constant

y= @)

and let 4 = pu(v) be given by Lemma 12. Then we set

0= (f;o’é)Q ©)

and let € = e(a, d) be given by Lemma 9. Following the quantification of Lemma 11
let n be given. For this 7 Lemma 9 yields an appropriate choice for v. Without
loss of generality we may assume that
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Finally, let n be sufficiently large and suppose p > 1//n.

Let ', G, and U; be as in the statement of Lemma 11. We have to show that
G[Uy,Us, Us] contains at least (1 — &)q12q13q23|U1||Uz2||Us| triangles. We will first
show that most pairs {us,us} € Er(Us, Us) have a “large” joint neighborhood in
the graph G in U;. For that we study the distribution of the triangles in I' with
one edge in Er(Us, Us) and the other two edges in G. For a pair (ug, u3) € Uy x Us
we recall that degq(ua,us, Ur) denotes the number of joint neighbors of us and ug
in U; in the graph G. Below we will show the following two estimates.

Z {degq(uz,us, Ur): {uz, us} € Er(Uz,Us) } > (1 — §)qraqus|Ur| - p|U2||Us|, (7)

> {deg&(ug,us, Ur): {uz, us} € Br(Uz, Us) } < (1+ 4)aiaqis|Ur |- plUs|[Us]. (8)

Before we verify (7) and (8), we finish the proof of Lemma 11 based on those
estimates.

The (p, yp3n)-jumbledness of ', combined with (6), |Us|, |[Us| > nn, and p < 1,
yields

(6)
ler (U, Us) = plUa|Us]| < 7p*n/[Ua10s] < Sp%[Ual|Us| < SpIUaI[Us] . (9)
Note that (7) and (8) show that the assumptions of Lemma 12 are met for m =
er(Us,Us) and T = ¢12q13|U1|. Therefore
degg (uz,uz,Ur) > (1 — v)q12q13|U1 |

for all but at most ver(Us,Us) edges {uz,us} € Er(Us,Us). Removing those ex-
ceptional edges from G yields the following lower bound on the number of triangles
with all three edges in G:

(ec(Us, Us) — ver(Us,Us)) - (1 — v)qr2q13|Un] .
Since 6G(U2,U3) = C]23|U2HU3‘ > OéplU2||U3|, the choice of v in (4) combined
with (9) yields
(ec(Ua, Us) — ver (U, Us)) - (1 = v)quaqua|Ur| > (1 — €)q12q13¢23| U1 [|Ua||Us]
which concludes the proof of Lemma 11 based on estimates (7) and (8). O
Proof of (7). Note that the left-hand side of (7) is the number of triangles in

T'[Uy, Us, Us] with both edges incident to a vertex in U; being also present in G
and we have

Z degG(uQ,ug,Ul)z Z BF(NG(’U,l,UQ),N(;(ul,Ug)). (10)
{u2,uz}€Er(Usz,Us) w1 €Uy

The (p,yp>n)-jumbledness of T" yields
er (Ng(u1,Us), Na(u1,Us)) > pdegg(ur, Uz) degg(u1, Us) —yp’ny/|Us||Us| . (11)

Moreover, by Lemma 9(a), the choice of € and the assumption of Lemma 11 im-
ply that (Up,Us)e and (Ui, Us)e satisfy the pair conditions PAIR(gi2,p,d) and
PAIR(q13,p, ), respectively. In particular, for j = 2 and 3,

> [ degg(ur, Uy) = q1,4|U5| < 6p|tnl|U;] .
w1 €Uy

As q1,; > ap for j =2 and 3, we have
|Ne(u,Uj)| = degg(u1,Uy) = (1 - Vo)aqu

Uj| (12)
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for both j = 2 and j = 3 for all but at most (1 — 2v/0/a)|U;| vertices u; € Uj.
Combining this with (10), (11) and (12) yields
Z { degq(uz,u3,Ur): {us,us} € Er(Uz,Us)}
> (1—2v5/a) Uy - p(1 = V0) qraqus|Us||Us| — [Ur|ypPn/102][Us] . (13)
The choice of § in (5) ensures
(1-2vV5/a)(1-V38)* >1—p/6

and the choice of v in (6) together with |Us|, |Us| > nn and ¢12, 13 > ap gives

0w TO:T0S] < & pasaans U]Vl U
Plugging the last two estimates into (13) yields (7). O

In the proof of (8) we will use the following estimate, which is a consequence of
the definition of jumbled graphs.

Fact 13. Let I' = (UUV, E) be a bipartite (p, 3)-jumbled graph. Let X C U and
Y CV and € > 0. If X satisfies one of the following two conditions: either
degr(x,Y) > (1 + &p|Y| for all x € X or degr(x,Y) < (1 —&)p|Y] for all xz € X,

then
2

X|< -2 0
X1 < &2p2|Y|

Proof of (8). We start with rewriting the left-hand side of (8) by summing over all
pairs of vertices in U;. We obtain

Z{degé(uz,ug,Ul): {UQ,U?,} S E]_"(UQ,U,?,)}
= Z Z €p(<NG(u1,u/1,UQ),N(;(uhu/l,Ug))

u1 €Uy uf €Uy

and, as in the proof of (7), after applying the jumbledness assumption we arrive at
Z { deg? (u,us,Uy): {ug,us} € Er(Uz,Us)}

<> > pDG(uhu'pUz,Uz)+7p3n\/DG(U1’U'17U2aU3)7 (14)
w1 €Uy uj €Uy

where we set
D¢ (u,uy,Us,Us) = degg(uy, ul, Us) degq(u, uy, Us) .

It is left to obtain appropriate estimates on degq (uy, u},Usz) and degq(u1, v, Us).
For that we will appeal to the pair condition, which yields good estimates for those
quantities for “most” pairs (u1,u}) € Uy x Uy. For the exceptional pairs (u1,u})
we will analyze the joint neighborhood of u; and «} in T' and obtain the required
bounds from the jumbledness of I'. For that we classify the pairs (u1, u}) according
to their degrees in G and I'. More precisely, let G be the “good” pairs having the
“right” joint degree in Uy and Us:

G = {(u1,u}) € Uy x Uy: degg(ur,ul,U;) < (1+ \/g)qij|Uj| for j =2,3}.
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Clearly,

Z pDG(ul7ull7U27U3)+7p3n\/DG(ul7ull7U2aU3)
(ul"u‘/l)eg

<UL - p(1+ V6)2qRagis| U |Us| + UL - vpPn /4¢3, 35| U | |Us|
o)
< (1+ %) padoals|Us P U2l sl

where we used the choice of § and v from (5) and (6) and the assumptions on ¢; ;
and |U;| for j =2 and 3.
Hence, it is left to verify that

Z pDG(u17u/17U27U3)+’Yp3n\/DG(u17u/17U23U3)
(u1,uy)€G
< GPataatsl U |0 1Us] . (15)
Lemma 9(a), the choice of ¢, and the assumption of Lemma 11 imply that
(Uy,U2)¢ and (U, Us)g satisfy PAIR(q12,p,6) and PAIR(¢13,p,0) respectively.

Consequently, we have
9= (1 - 2V5/a?) |2, (16)
For the contribution of those 2v/0|U; |?/a? “exceptional” pairs we analyze the joint

neighborhoods of u; and v} in I' O G. Indeed, we will show that (15) stays valid
when we replace G by T" in D¢ (u1,u}, Us, Us) and show

> pDr(ui,u},Us, Us) + Vpsn\/Dr(uh uy, Uz, Us)
(u1,u7)€9

i
< “pg?

2033|UL U2 |Us] . (17)
We split the pairs in (U; x Uy) \ G into the following three classes By UB2UB3

By = {(u1,uy) € (Uy x Uy)\ G: degp(ur,uf,Uj) < 4p*|U;| for j = 2,3},

By = {(u1,uy) € (Uy x Uy) \ (GUB1): degp(u,U;) < 2p|Uj| for j = 2,3},

and
Bs = (U1 X Ul)\(gUB1UBQ).

Below we bound the contribution to (17) for each class separately.

Contribution of pairs from By. The definition of By and (16) yields

> pDr(us,ul,Us,Us) + ’7P3n\/DF(U17U’1> Uz, Us)
(u1,u))€EBL

Vo
<22 (U (16p5|U2||U3| +0°n 16P4IU2I|U3|)

L

< 1gPdis|Un U Us] - (18)
because of the choice of ¢ in (5) and v < 1/36 in (6) and the assumptions on g
and |U;| for j =2 and 3.
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Contribution of pairs from By. Fix j € {2,3} and let u; € U; be a vertex with
degr(u1,U;) < 2p|Uj|. Let X (u1,j) be the set of vertices uj € Uy with

degl‘(ula u/la UJ) > 4p2‘Uj| .
As T is (p, yp®n)-jumbled, Fact 13 applied to X (u1,j) and a superset Y (uy,j5) 2
Nr(u1,Uj) in U; containing precisely 2p|U;| vertices gives

| X (u1, )| < 32p6n2 _ e :
p?-2p|U;| 2|05

Consequently, since v < 7* and |U;| > nn for j = 1,2,3 we have
2,3,2 2,32

ypn ypn 3 2
Bs| < |U + < U
| 2| = | 1| < 2|[72| 2|(73‘ ) =P ‘ 1| ;

Finally, since degp(u1,u},U;) < degp(ui,U;) < 2p|U;| for all (ui,u)) € By and
7 = 2,3 we have

> pDr(ui,uy, Us,Us) + Vpgn\/Dr(uhU’l, Uz, Us)

(u1,u})€EB:
< 1Bal - (49" Ul Us| + yp*ny/ 47 U] U]

I
< 1gP0dis|Un 0| Us] - (19)

where we use the choice of v from (5) and the assumptions on ¢; ; and |U;| for
j=2and 3.
Contribution of pairs from Bs. The analysis for those pairs is similar to the one in
the last case. For j € {2,3} let X, be the vertices u; € Uy with

degr(u1, Uj) > 2p|Uj] .
Fact 13 applied to X; and Y = U; yields

2,6,,2

PN 4

12X < <p* U],
Uyl

since v < n?. Therefore, we have |Bs| < 2vyp*|U;|?

for j = 2 and 3 we have

and since degp(u1,u}, U;) < |Uj|

Z pDr(uy,uy, Uz, Us) + 7P3n\/DF(U1,U'17 Us,Us)
(u1,u7)€EB2

< 29902 - (pIUal[Us] + 79"/ 02101 )
7
< $epahals UL U 1Usl - (20)

where we use v < a*un/72.
Finally, we note that (18), (19) and (20) implies (17), which concludes the proof
of (8). O
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4. ROTH’S THEOREM FOR PSEUDORANDOM SETS OF INTEGERS

We prove Theorem 4 in this section. We shall in fact consider pseudorandom
subsets of finite abelian groups. Throughout this section G is a finite abelian group,
of order n = |G|, which is assumed to be odd. (Roth’s theorem was generalized to
this setting by Brown and Buhler [1]. For a proof based on the triangle removal
lemma, see [11] and for better quantitative bounds see [20, 19].)

Let x0,.--,Xn-1: G — C be the n characters of G. We suppose yg is the
principal character, that is, xo(g) =1 for all g € G.

Suppose now that we are given a set A C G. Let

M(A) = xula) €C (21)

acA

for all 0 < k < n. Clearly, A\g(A) = |A4|. If A (A)] < A for all 1 < k < n, we say
that A is an (n, A)-subset of G or an (n, \)-set for short. We let

r3(A) = max{|B|: B is an AP3-free subset of A}. (22)
We shall prove the following result.

Theorem 14. For every 6 > 0 there exist v > 0 and ng such that for every odd
n > ng the following holds.
Suppose A is an (n, \)-subset of an abelian group G of order n and

A]°

(23)
Then r3(A) < 0]A|.

The proof of Theorem 14 will be given in Section 4.2.

4.1. Proof of Theorem 4. Let us deduce Theorem 4 from Theorem 14. Let
us first specialize the latter theorem to G = Z/nZ. Let ¢ = exp(2wi/n). The
characters x; (0 < k <n) of Z/nZ are given by

xk(x) = 9" (x € Z/nZ). (24)

Therefore, the A\;(A) in (21) are given by (1). We conclude that the hypothesis in
Theorem 4 simply says that A is an (n, A)-subset of Z/nZ satisfying (23). Theo-
rem 14 tells us that, for any § > 0, for suitable v and ny we have r3(A) < J|A].

To finish the proof of Theorem 4, we have to deal with the issue that an arithmetic
progression in Z /nZ is not necessarily an arithmetic progression in the integers. For
instance, (5,2, 6) is a 3-term arithmetic progression with difference 4 modulo 7, as is
(1,5,2). This is easy to handle, by making use of the following easy fact: Iet (a, b, ¢)
be a triple of distinct integers with 0 < a,b,c¢ < n/2 or with n/2 < a,b,c < n, and
suppose that the residue classes of a, b and ¢ modulo n form a 3-term arithmetic
progression, i.e., a+ ¢ = 2b (mod n). Then (a,b,c) is an arithmetic progression in
[n], ie., a+c=2b.

Since, for any B C [n], either |[B N {1,...,[n/2|}| > |B|/2 or else we have
|IBN{[n/2],...,n}| > |B|/2, Theorem 14 applied to subsets of Z/nZ, implies the
desired result for subsets on [n]. O
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4.2. Proof of Theorem 14. We shall present the proof of Theorem 14 in this
section.

We shall make use of a certain tripartite graph I' = I'(A), defined in terms of
the given (n, \)-set A C G.

Definition 15 (Graph I" = T'(A)). The tripartite graph I' = T'(A) has vertex
classes X1, Xo, and X3, where each X; is a disjoint copy of G. For every x; € X1,
we join x1 to the vertices x1 + a € X5 and x1 + 2a € X3 for all a € A. Moreover,
we join every xo € Xo to the vertex xo +a € X3 for all a € A.

It is clear that the bipartite graph I'[X; U X5] induced by X7 U X5 in I" and the
bipartite graph I'[ X5 U X3] induced by XoU X3 in T' are isomorphic in a natural way.
The bipartite graph I'[X;UX3] induced by X;UX3 in T is “similar” to those bipartite
graphs, but one uses, so to speak, the set 24 instead of A to obtain this graph. In
what follows, we study these bipartite graphs I'1 (4) ~ I'[X; U Xo] ~ I'[ X3 U X3]
and I'2(24) ~ I'[X; U X3] that form T'.

4.2.1. The graph Ty =T1(A). The two vertex classes of I'; = I'1(A) are two disjoint
copies X and Y of G. A vertex z € X is joined to a vertex y € Y if y —x € A.
Thus, the edges of I'y = I'1(A) = (XUY, E,) are of the form (z,z +a) € X XY,
where x € X and a € A. It is clear that I'; is |A|-regular. The graph I' = I'(A4)
defined above contains two copies of I'1 (A).

A key fact about I'y = I'y(A) is given in the following lemma, which is a bipartite
version of the so called expander mizing lemma (see, e.g., [2, Corollary 9.2.5]).

Lemma 16. Suppose A is an (n,\)-subset of G and let Ty = T'1(A) = (XUY, Fy)
be as defined above. Then, for any X' C X and any Y’ CY, we have

A
e, vy - Ay < ayxv (25)

The proof of Lemma 16 is given in Section 4.2.4.

4.2.2. The graph T's = T'3(2A). Consider 24 = {2a: a € A} and let I'y = I'3(24)
be defined as follows: the vertex classes of I's are two disjoint copies X and Y of G,
and a vertex x € X is joined to a vertex y € Y if y — z € 2A. Thus, the edges
of Ty = I'y(24) = (XUY, E») are of the form (2,2 4 2a) € X x Y, where z € X
and a € A. Since n is odd, the map g — 2¢ is a bijection on G, and hence [24| = | A|.
Therefore, I'y = T'5(2A) is |Al-regular. The graph I' = I'(A) defined above contains
a copy of I'y =T'5(24).
Observe now that, for all k, we have

Ae(24) =D xw(2a) = D xul(a)®. (26)
acA a€A

Recall that the characters xj (0 < k < n) form a group G under pointwise multipli-
cation. As |G| = n is odd, the map xj — X3 is a bijection on G, fixing the principal
character yg. Therefore,

{Me(A): 1<k <n}={N(24): 1<k <n}. (27)
Moreover, A\g(2A4) = |2A| = |A|. We have just proved the following fact.

Lemma 17. If A C G is an (n, \)-set, then so is 2A and, in particular, inequal-
ity (25) holds for Ty = T'y(2A) = (XUY, E3) for any X' C X and any Y' CY. O
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An immediate corollary of Lemmas 16 and 17 is the following crucial fact about
the graph I' = I'(A) (see Definition 15).

Corollary 18. Let A C G be an (n,A)-set. ThenT' =T(A) is a (|A|/n, \)-jumbled
tripartite graph (see Definition 8). |

4.2.3. Proof of Theorem 14. To prove Theorem 14, it suffices to run the well known
derivation of Roth’s theorem from the triangle removal lemma (see, e.g., [25]) in
our context. Theorem 10 and Corollary 18 will be crucial here.

For convenience, let us first make a simple remark, whose proof is included for
completeness.

Fact 19. Let A C G be an (n, \)-set, with |A] < 3n/4. Then A > \/|A|/2.

Proof. We follow a proof in, e.g., [18]. Let M = (my,) € {0,1}"*™ be a {0,1}-
matrix with rows and columns indexed by the group elements of G and

, ify—xz€eA,
Mgy = .
0, otherwise.

We denote by M* the conjugate transpose of M. Computing the trace tr(M*M)
of M*M in two ways, we obtain that

nfAl =te(M*M)= > N =[AP+ > MN<|AP+X(n-1), (28)

0<k<n 1<k<n

whence A\? > |A|(1 — |A]/n) > |A|/4, and the result follows. O

Proof of Theorem 1/. Let § > 0 be given. We invoke Theorem 10 with 6/3 and
obtain positive constants ¢ and v and let n be a sufficiently large odd integer.

Let A C G be an (n, A)-set satisfying (23). Without loss of generality we may
assume that |A| < 3n/4, since, for any £ > 0 and |A] > &n, Theorem 14 follows
from the result of Brown and Buhler [1].

Therefore Fact 19 implies that the (n, \)-sets A must satisfy A > y/|A[/2. Con-
sequently, (23) implies that y|A|*/n? > \/]A]/2, which gives

Al > (29) 704 > /. (29)

Let p = |A|/n. We have just seen that p > 1/4/n.

Suppose B C A is such that |B| > 6| A|. We shall show that B contains a 3-term
arithmetic progression.

In order to do so, we consider the graphs I' = T'(A) and G =T'(B). Le., G is a
tripartite graph with the vertex set X;UX,UX3 consisting of three disjoint copies
of G and {x,y} is an edge in G[X;UX5] and G[XoUX3] if y — 2 € B and it is an
edge in G[X;UX3] if y — z in 2B. Clearly, G is a subgraph of I' = T'(A).

Corollary 18 tells us that ' =T'(A) is a (p, A) Jumbled tripartite graph. Together
with assumption (23), this implies that T'is a (p, yp®>n)-jumbled tripartite graph. In
view of Theorem 10, this implies that G C T satisfies one of the following properties:

(*) either G' contains more than cpn?® = ¢|A|? triangles, or else

T(G)<g (T') = onlA|
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(recall that we defined ¢ and ~ invoking Theorem 10 with 6/3).

Clearly, GG is a spanning subgraph of I' and the edges of G are of the form
(1'1,1'1 + b) S X1 X XQ, (xl,xl + 2b) S X1 X X3, and ({EQ,.’EQ + b) € X2 X Xg,
where 21 € X1, 29 € X9, and b € B.

The graph G contains some triangles that are trivial: triangles whose vertex sets
are of the form {x1,z1 + b,21 + 2b}, where x; € X3, 21 +b € Xo, and 21 + 2b €
X3. Clearly, these triangles are pairwise edge-disjoint. Since there are n|B| such
triangles, we see that 73(G) > n|B| > dn|A|. In view of assertion (*) above, we
deduce that G contains more than cp®n® = c|A|? triangles. Now note that, because
of (29), we have c|AJ]> > n|A| > n|B]|, that is, the total number of triangles in G
is larger than the number of trivial triangles in G. Therefore G' contains a non-
trivial triangle. Let the vertex set of such a non-trivial triangle be {z1,x2,z3}
(with z; € X; for all 4). Then, for some by, by, and b3 € B with by # bs, we
have o = x1 + b1, 3 = x1 + 2bo = x5 + b3. We deduce that by + by = 2bs, and
hence (b, by, b3) is a 3-term arithmetic progression in B, as required. (I

4.2.4. Proof of Lemma 16. We follow the proof of the expander mixing lemma in,
e.g., [18] (see also [2]). We state and prove an auxiliary lemma before turning to
Lemma 16.

Let M = (May)zex, yey be the {0, 1}-bipartite adjacency matriz of 'y =T'1(A),
by which we mean that m,, = 1 if  and y are adjacent in I'y and mg, = 0
otherwise. Hence my, = 14(y — x). Let us consider the characters x as column
vectors, with the xth entry equal to xx(x). Let us also set

e = %Xk ccn (30)
for all 0 < k < n. Moreover, let U be n X n matrix whose kth column is u. In
what follows, we use the standard notation U* to denote the conjugate transpose
of U.

Lemma 20. Let M, ug,...,u,_1, and U be as above. Then the following holds:

(i) The eigenvalues of M are the \p,(A) (0 < k < n), with associated eigenvec-
tors ug (0 <k <n).
(i) The ui (0 < k < n) form an orthonormal basis of C*. Thus U*U = I,
where I, is the n X n identity matrix.
(i) We have

M= > Nuu. (31)
0<k<n

Proof. Let us compute the product M xy. For any z € G, we have

(Mxk)e = Y mayxi(y) = > 1y —2)xk(y) = Y xu(z +a)

yeG yeG acA

= xi(2) D xila) = xa(@)Ae(4), (32)

acA

whence (i) follows. For (i), we recall that, for any k and ¢, we have

S k(@) xe@) = {” rh=t (33)

e 0 otherwise.
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Therefore (ii) follows. Finally, let us consider (4i). Since the uy form a basis of C",
it suffices to check that M and the matrix on the right-hand side of (31) act the
same way on the ug. For any fixed 0 < ¢ < n, recalling (i), we see that

( Z Akuku,’;)ug = Augujuy = Apuy = Muy. (34)
0<k<n
Identity (31) follows and (i) is proved. O

We are now ready to prove Lemma 16.

Proof of Lemma 16. Using part (i57) of Lemma 20, we can write M as My + E,
where My = Aupug and E = Zo<k<n Aruguy. Note that, then,

Mo = dououg = |Alxoxo/n = (|Al/n)Jn, (35)

where J,, is the n X n matrix all whose entries are 1.
To prove (25), we let X’ C X and Y’ CY be fixed. It is clear that

e(X’,Y’) = ]];(’M]]-Y’ = ]]-i;(’MO]]-Y’ + ]].}/E]ly/. (36)
In view of (35), we have
A A

Now let us write 1 x+ and 1y~ in the orthonormal basis formed by the ug (0 < k < n):
]]-X’ = Z apug (38)
0<k<n

and

1y, = Z Brug. (39)

0<k<n

Again, by the orthonormality of the uy, we have

1% Ely/| = ‘(OZ O‘J'uj)( Z )‘kukuZ) (Oinﬁeue)’

<j<n 0<k<n

:‘ > )\kakﬁklg ST wkerBl <X D lowBl, (40)

1<k<n 1<k<n 1<k<n
which, by the Cauchy—Schwarz inequality, is at most

A D el [ D0 1B < M2ty = AVIXVIYTL (41)

1<k<n 1<k<n

Inequality (25) follows from (36), (37), (40), and (41). O

5. PROOF OF THE KEY TECHNICAL LEMMA

Section 5.1 is devoted to the proof of part (b) of Lemma 9. The main tool in the
proof of part (a) of Lemma 9 is Lemma 21. We discuss Lemma 21 in Section 5.2
and deduce Lemma 9(a) from Lemma 21 in Section 5.3. The proof of Lemma 21
is deferred to Section 5.4.
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5.1. PAIR implies DISC. In this section we prove implication (b) of Lemma 9.
The proof of this implication “imitates” the well known proof of the dense case,
i.e., of the implication (b) of Theorem 7.

Proof of Lemma 9 part (b). Let a and § > 0 be given. Applying Lemma 12 with
v =J/4 we obtain p > 0 and we set

e=a’5*u/4. (42)
For any given n > 0, we let
v = dn/2. (43)
Finally, let n be sufficiently large and p > 1/y/n.
Let ' = (UUV,Er), G = (UUV,Er), and sets X C U and Y C V satisfy
assumptions (i)—(#ii) of Lemma 9. Moreover, we suppose I is (p,yp*/?n)-jumbled
and (X,Y)q satisfies PAIR(q, p,€) for some ¢ € [ap,p], i.e.,

> | dega(@,Y) — qlY]| < =plX]|Y] (44)
zeX
and
3 ‘degG(x,x/,Y)—q2|Y|‘ < ep?| X Y. (45)
zeX x'eX

Let X' C X and Y/ C Y. We will show that
lea (X", Y") = gl X[V

< ép|X|[Y]. (46)
First we consider the case in which at least one of the sets X’ or Y’ is small.
Suppose | X'| < §|X|/2 or |Y'| < 6|Y|/2. In this case we have

q| X'|[Y'] < g X|[|Y] < opl XY

Moreover, we infer from the (p, yp*/?n)-jumbledness of I' combined with | X|, |Y| >
mm, and p < 1 that

ea(X'Y') <ep(X,Y') < plX'|[Y!| +vp**n /| XY
5 (43)
< SpIXIY T+ %p\XllYl < OplX|[Y] < gl XY + op| XY,

which yields (46) for this case.
Now we assume | X’| > §|X|/2 and |Y'| > 6]Y|/2. In this case (44) yields

(42)
> |degalev) —alY]| < 3 | degg (e, V) — alYl| < eplXIY] < pglX|[Y]
reX’ reX

and, therefore,
> dega(y, X') = Y degg(,Y) > (1 - wg X'||Y]. (47)
yey zeX’

Similarly, since X’ C X, (45) yields

(42)
>3 [degale,a’, V) - VI < ep?XPIY] < gl XY
rzeX’' x'eX’
and, therefore,

D odegh(y, X) =Y Y degg(r,a’,Y) < 1+ X'PIY].  (48)
yey rzeX’' x'eX’
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Owing to (47) and (48), we infer from Lemma 12 that all but at most v|Y| vertices
y € Y satisfy
| deg(y, X') =l X'|| < vg|X'|. (49)
Since we chose v < §/2, we have
ea(X,Y') = (1=p)[Y'|-(1=v)q|X'| = (1=0)q| X"|[Y] = q| X"[Y'|—=0p| X[[Y]. (50)

On the other hand, the (p, yp3/ 2p)-jumbledness of T yields by Fact 13 that all but
at most

2,32 2,2 2,2 201V (43) §
rrnt et ypn gwpl‘g—plYl 51)
pAXI T X T o on? 4
vertices y € Y/ we have
degq(y, X') < degr(y, X') < 2p|X]. (52)

Consequently, owing to (49), (51), and (52) we have
)
ec(XLY') S Y- (L4 v)glXI| + Y] - 2p|X7| + 2plY] - | X
)
< g XY+ 3vpl XY |+ 2plYIIX] < gl XIIY'] + 0plX[[Y], - (53)
where we used v < 6/4. Finally, (46) follows from (50) and (53). O

5.2. Inheritance of the pair condition in neighborhoods of jumbled graphs.
Lemma 21 asserts that the pair condition of a dense graph (i.e., p = 1) is inherited
on neighborhoods of a (possibly sparse) sufficiently jumbled graph. More pre-
cisely, suppose that B = (X;UX5, Ep) is a dense bipartite graph that has property
PAIR(p, 1, 1) for some constant ¢ > 0 and sufficiently small g > 0. Further-
more, let I' = (UUV, Er) be a bipartite (p, yp*n)-jumbled graph with X;, X, C U.
Lemma 21 states that if v and p are sufficiently small, then for most vertices v € V
the pair condition PAIR(p, 1,v) is inherited on the subgraph of B induced on the
neighborhood of v in T'.

Lemma 21. For every oo > 0 and v > 0 there exists u > 0 such that for every
n > 0 there exist v > 0 and ng such that for every n > ng the following holds.
Suppose
(i) T = (UUV, Er) is a bipartite (p,yp*n)-jumbled graph with p > 1//n,
(i) X1, Xo CU and Y CV with | X1, |X2|, |[Y]| > nn, and
(i4) B = (X1UXs, Eg) is an arbitrary bipartite graph.
Then the following statements hold:

(a) if (X1,X2)p satisfies PAIR(p, 1, 1) for some o with oo < o < 1, then for all
but at most v|Y| vertices y € Y the pair (Nr(y, X1), Nr(y, X2))p satisfies
PAIR(p, 1,v);

(b) if (X1, X2)p satisfies DISC(p, 1, ) for some o with go < o <1, then for all
but at most v|Y'| vertices y € Y the pair (Nr(y, X1), Nr(y, X2))p satisfies
DISC(p, 1,v).

(From the equivalence of DISC and PAIR for dense graphs (see Theorem 7), we
infer that statements (a) and (b) are equivalent, and for the proof of Lemma 21
it suffices to verify only one of them. We will apply part (b) of Lemma 21 in the
proof of Lemma 9(a) (see Section 5.4 below).
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5.3. DISC implies PAIR. The proof of Lemma 9(a) is based on part (b) of
Lemma 21 and we briefly outline the main ideas below.

We will study an auxiliary graph with vertex set X and edges corresponding
to pairs {z,2'} for which |degs(z,2',Y) — ¢?|Y]|| > &¢°|Y| for some constant &
depending only on §. We split those edges into two sets depending on whether
degg(x,2",Y) > (14+€)¢%|Y| or degs(w,2',Y) < (1—£)g?|Y]| and call the resulting
graphs BT and B~. The assumption that Lemma 9(a) fails implies that at least
one of the graphs Bt or B~ has g(lf‘) edges for some o depending on « and 4.
Suppose e(BT) = Q(l)zq) (the argument for the other case is very similar). Applying
Szemerédi’s regularity lemma (or a weaker version ensuring just one pair with the
discrepancy property (see Fact 22 below) to B* shows that there exist subsets X
and X5 C X such that (X1, Xs)p satisfies DISC(p, 1, 1) for some small constant
0 < p < € and, hence, we can apply part (b) of Lemma 21 to B = BT[X;, X3] and
I'. Since |Ng(y, X;)| > (ae—e)Nr(y, X;) for most y € Y and ¢ = 1,2, the conclusion
of part (b) of Lemma 21 yields good estimates on ep(Ng(y, X1), No(y, X2)) for
most y € Y. Based on this and the right choice of constants we will be able to show
that the number of triples (x1,z2,y) € X3 X Xo X Y with ;1 € Ng(y, X1), 22 €
Na(y, X2), and {21, 22} € E(B) is bounded from above by (14+&)g%e(B)|Y|. On the
other hand, the definition of B+ implies that there are more than (1+ &)g?e(B)|Y|
such triples, which gives the desired contradiction. In the proof we will use the
following fact, which asserts that every dense graph contains a pair of linear size
that satisfies the discrepancy property.

Fact 22. Suppose gg > 0, u >0, and B = (X, Ep) is a graph with |Eg| > ,Qo(l)zq).
Then there exist disjoint subsets X1, Xo C X such that

(a) (X1,Xs2)p satisfies DISC(p, l,y) for some o > oy and

(b) X1, [Xa| > Cn for ¢ = op™"" /4.

Proof. Fact 22 follows from [22, Theorem 1.1] applied with d = gg and e = 3u/4. O

Proof of Lemma 9 part (a). First we define all constants required in this proof. Let
a >0 and § > 0 be given. We set

1)
= - 54
: (54
and for the application of Lemma 21 we define
1
= — 55
0 = =5 (55)
and
a*E00
= . 56
YT 6 (56)

For this choice of gy and v Lemma 21 ensures the existence of some constant p > 0.
Without loss of generality we may assume that

p< to (57)
4
Preparing for an application of Fact 22 we set
100/p?
o /1

(=t (58)
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and for Lemma 9 we define € = e(, §) by

ad?  (a€ooC)”
= min<{ — . 59
€ = min { 36 < ol ) (59)
Following the quantification of Lemma 9, we are given some 1 > 0. We set
nL.21 =G . (60)

For this choice of 7y, 21 Lemma 21 yields 71,21 > 0 and for Lemma 9 we set

v = min {yr.21, 1V/6/3, av/Eoonmr.21/24} . (61)

Finally, let n be sufficiently large and suppose p > 1//n.

After we fixed all constants involved in the proof of Lemma 9 consider bipartite
graphs I' = (UUV, Er) and G = (UUV,Eg) and sets X C U and Y C V that
satisfy the assumptions of Lemma 9. In particular, (X,Y)q satisfies DISC(q, p, €)
for some ¢ > ap. We want to infer that (X,Y")q satisfies PAIR(q, p, ¢), i.e., we have
to verify that (X,Y)¢ satisfies (2) and (3) in Definition 6.

Verifying (2) for (X,Y)q. As we will see, this is a simple consequence of the given
discrepancy property of (X,Y )¢ and the jumbledness of T'. First we note that all
but at most §|X|/6 vertices z € X satisfy

1)
| degg(z,Y) — Q|Y|| < §Q‘Y| .

Otherwise there exists a set X’ C X with |X’| > §|X|/12 such that for all z € X’
either degq(z,Y) > (1 +6/3)q|Y| or dege(x,Y) < (1 —6/3)q|Y|. In either case,
we would face
, , 52 5o (59)
(X ¥) X I¥]| > SalX Y] > S pIXIY] 2 epl Xy,

which would contradict the assumption that (X,Y)q satisfies DISC(q, p, €).

Fact 13 implies that the number of vertices € X with degp(z,Y) > 2p|Y] is
bounded from above by v?p?n?/|Y|. Consequently,

) ) n?
> [deggle¥) = alY | < 1X]- GalY |+ 51X 200 % 5 [V] <l ],
reX
where the last inequality follows from ¢ < p, the choice of v in (61) and assump-
tion (4) of Lemma 9.

Verifying (3) for (X,Y)qg. For the proof of (3) we proceed by contradiction. We
consider the “bad” pairs (z,2") € X x X for which deg,(z,2’,Y") deviates substan-
tially from ¢?|Y'|. First we consider the following sets of bad pairs

By = {(z,2') € X x X: degp(z,Y) > 2p|Y|},

By ={(z,2') € (X x X)\ By: degp(z,2',Y) > 4p*|Y|}.
JFrom the (p,yp?n)-jumbledness of T, the choice v in (61), and assumption (iii) of
Lemma 9 combined with Fact 13, it follows that
n
Y]
For an upper bound on |Bs| we consider a vertex x € X with degp(z,Y) < 2p|Y].
Applying Fact 13 to a superset of Np(z,Y) with 2p|Y| elements implies that there

5
Bi| < °p° o - 1X| < §p2|X\2-
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are at most y2pn?/(2|Y]) vertices x’ such that degp(z,2’,Y) > 4p?|Y|. Conse-

quently,
n2

2lY| —

Combining those estimates on |B;| and |Bz| with the assumption that (3) fails, we
infer

1Ba| < |X|-v’pas *pl .

o Jdegg(w,a’Y) = @Y > 6p? | XP[Y] = |B] - Y]~ | Bl - 2p]Y|
(m,z’)€81U62

0
> P XPIY. (62)

In other words we have just shown that ignoring the contribution of pairs (x,2’) €
B1UB; does not affect in an essential way the property drawn from the assumption
that (3) fails.

Moreover, note that the total contribution of pairs (z,z’) ¢ By U Bz with
|deg(z,2',Y) — ¢?|Y|| < 6¢°|Y|/6 to the sum considered in (62) is at most

) )
drixpiv] < 2p?ixppy.
Since, furthermore, for all (z,2") & B; U B2 we have
|degg(z,2',Y) — @|Y]| < max{¢*|Y], (4p” — ¢*)|Y|} < 4p*|Y],
there are at least 0| X|?/24 pairs (z,2') € (X x X))\ (B1 UBs) such that

(54)

|degg (2, 2", Y) = @|Y|| > q Y=gy (63)

Next we consider the graphs BT and B~ with vertex set X and edges corresponding
to those pairs defined by

={{z.2'}: 1+8P|Y| <degg(z,2".Y) < 4p*|Y| and z # 2’}  (64)
and
E(B7) = {{z,2'}: degg(z,2'.Y) < (1 —€)g’|Y|and z # 2’} .
Since there are at least §|X|?/24 ordered pairs (z,2’) for which (63) holds, for

sufficiently large n we have
X
wxr =131 2 ().

max {e(BT),e(B7)} > 5

96
Below we assume e(BT) > 0o(/%!) and remark that the argument for the case
e(B™) > go(‘Xl) follows the same lines.

Fact 22, combined with the choice of ¢ in (58), gives that there exist disjoint
subsets Xl, X2 C X such that (X7, X2)p+ satisfies DISC(p, 1, 1) for some ¢ > g
and |X1], [Xa| > ¢|X[ > (nn = nr.oin (see (60)).

Hence, it follows from part (b) of Lemma 21 that for all but at most v|Y| vertices
y € Y we have that

(Nr(y, X1), Nr(y, X2))p+ satisfies DISC(o, 1,v) . (65)

Based on (65) we obtain estimates on the number of triplets (z1,z2,y) from
X x X3 X Y such that {1, 22} is an edge in B* contained in the neighborhood of
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y in G. Let

T: {(Il,SCg,y) S X1 X X2 xXY:
z1 € Ng(y, X1), 22 € Ng(y, X2), and {1,722} € E(BT)}.
From the definition of B in (64) and the fact that (X7, X3) g+ satisfies DISC(o, 1, i)
we infer
IT1> 1+ Y] eps (X1, Xa) > (1+ )@Y+ (0 — )| X || X
G (L E) ,2
2 |1+ ) ed’ | Xall Xaf[Y]. (66)
On the other hand,
IT1=>_ ep+ (Naly, X1), Na(y, X2)) -
yey

Let Y ={y € Y: degp(y, X;) < 2p|X;| for i = 1,2}. Tt follows from (65) that for
all but at most v|Y| vertices y € Y’ we have

ep+ (Na(y, X1), Na(y, X2)) < o|Na(y, X1)||Ne(y, X2)| + vINr(y, X1)||Nr(y, X2)|
< odegg(y, X1) deg (y, X2) + 4vp®| X1 ][ Xa.
Fact 13 gives

2
Y Y/< 22’”‘
Y \Y'| 7p|X|+vp|X2|

Consequently,

T1< Y (edesely, X1) deg (y, Xz) + dvp?| X || Xa
yey’

’ﬂ2
oVl + (P ot )l

[X1]
and the choices of v in (56) and « in (61), combined with | X[, |X2| > nr.21m and
Y > nn and ¢ > gy, yield
£ o
ITI<o Z degq(y, X1) degg(y, X2) + 194 | X1 || Xa[|Y]. (67)
yey’

Finally, we appeal to the assumption of Lemma 9(a) stating that (X,Y)s satisfies
DISC(gq,p,e). As | X1], | X2| > ¢|X]| and g > ap we have for i = 1 and 2

XN o) D S
Vel ] = ag

Since /e < £/24 we can further bound the right-hand side of (67) and obtain

{y e V: degq(y, Xi) > (1+Ve)g| Xil}| <

5 0 4
IT] < olY|- (1+Ve) 1 Xu|| Xa| + 2= IYI 4% | X4 || Xo| + = 1% %1 X1 || X2 ||Y|

< (1+§) o XX ¥,

which contradicts (66). O
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5.4. Proof of Lemma 21. Recall that it suffices to prove part (a) of Lemma 21
and then part (b) follows from Theorem 7.

Proof of Lemma 21. Let g9 and v be given. We fix an auxiliary constant
/ 1/2

V=—
100

and let p” > 0 be given by Lemma 12 applied with v” = v//4. Moreover, fix p’
and § with 0 < g/ < p”’/2 and 0 < & < min{u"/6,v'/4} so that

(1 _ 'u/)2 ’u// M”
————>1—— and (1+§)/14+p<14"—. (69)
1+¢ 2 2
Next let p be sufficiently small, so that

T/
HE T

(68)

N/Q4
b)

4w+ 02 < X8 and (14wt v <1+ 4 (0

For any given n > 0, we let

v =min {&n/v/12, 1i**noo/2} . (71)

Let n be sufficiently large and suppose p > 1/y/n.

Suppose the bipartite graph I' = (UUV, Er), the sets X1, Xy C U, and Y C
V, and the bipartite graph B = (X;UXy, Fp) satisfy assumptions (i)—(i) of
Lemma 21, Moreover, suppose that (X1, X2)p satisfies PAIR(g, 1, 1) for some ¢ >
0o- We have to show that for all but v|Y| vertices y € Y the pair condition
is inherited in the subgraph of B induced on the neighborhoods of y in T, i.e.,
(Nr(y, X1), Nr(y, X2)) g satisfies PAIR(p, 1, v).

In the first step we exclude all vertices y € Y for which degp(y, X1) or degp(y, X2)
deviates substantially from its “expectation.” For i = 1 and 2 we set

Vit ={y €Y: |degr(y, Xi) — p|Xil| > &p|Xi|} and V" =Y UY;.

Since T is (p, yp?n)-jumbled and | X1|, | Xa|, |Y| > nn, Fact 13 yields

29%pin? | 29%pin® _ 4y?p?|Y]
EpXa| &2 X T &P

Since p < 1, the choice of v in (71) yields

Yo <Y+ Y] <

N v
vl < 2y (72)

For the rest of the proof we will ignore the vertices from Y* and they will be
included in the set of v|Y| exceptional vertices.

Next we study the triplets (z1,2z2,y) € X1 X Xo X (Y \ Y*) with {21, 22} being
an edge of B and {z1,y} and {x2,y} being present in I'. We set

Y =Y\YV*
and define

ti=>, >,  degg(z1,Nr(y Xz))

y€Y' z1ENp(y,X1)
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as well as
t1,2 = Z Z deg2B (xlaNF(anQ)) )
Yye€Y' 21 ENr(y,X1)
t2,1 = Z Z degQB (anNF(anl)) )
YEY ' 22€Nr(y,X2)
and

too = Z Z Z deg}; (21,27, Nr(y, X)) .

y€Y’ 21€Nr(y,X1) 2/ €Nr (y,X1)
Below we will verify the following bounds on t;; and t3 2
a2 (1 @)l X Xl]Y) (73)
and
taz < (L+ ) o'p! [ X0 P12 1Y) (74)
Before we prove (73) and (74) we deduce the conclusion of Lemma 21 from these
estimates.
Since |Nr(y,X1) — p|Xa|| < &p|Xi| for all y € Y’ the number of summands

m considered in ¢; ; is bounded by |Y'|(1 + &)p|X1|. Hence, it follows from (73)
combined with the Cauchy-Schwarz inequality Y .-, a? > (3°i", a;)?/m that

=1 ""1

>(1_N/)223 2 /((f) R/ 2 3 2(y/
ho 2 mep X[ XYY = (1= p"/2)e"p” | Xa || Xl *[Y]. (75)

Moreover, owing to the identity
tig = Z Z degp (2, Nr(y, X1))
Yy€Y' zo€Np(y,X2)
the same argument gives
ton > (1= p1"/2)0°p°| X1 | Xa|]Y7] . (76)
Similarly, since we can rewrite t3 1 as
t2,1 = Z Z Z degB (IlvxllaNF(y7X2))
y€Y’ 1€Nr(y,X1) i ENr(y,X1)
the bound in (74) combined with the Cauchy—Schwarz inequality yields

(69)
| < L+ u" /2P X0 P XY (77)

to1 < (1+ V1 + o’ p®| X1 *| XY

In a very similar way we obtain

tre < (1+ 4" /2) 0% | Xa || Xa Y] (78)
Summarizing (75)—(78), we showed that (73) and (74) yield
1
[tz = %" Xl Xa Y| < B0 Xa 1Y (79)
and "
W
‘t2,1 — 0P| X1 | X |[Y']| < 792p3|X1|2|X2||Y/| : (80)

In particular, (73) gives
tia > (1= ") (1 + &) op?| X[ Xal[Y|
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and, similarly, (79) gives
tre < (1+p")(1 = &) ®p* | Xa || X P[Y].
Recalling the definition of Y’, by Lemma 12 we see that those estimates yield

‘|NB(5C1»NF(Z/7X2))| _Q|NF(y7X2)H
< ||Ng(a1, Nr(y, Xa))| — op| Xa|| + £op| Xo|

< (5 +€)eplXal < V/|Ne(y. X) (81)

for all but at most v/ (14+&)p|X1||Y”| pairs (y,21) € Y x X3 with 21 € Np(y, X1). Let
Y** C Y’ contain those vertices y for which there are at least v| Nt (y, X1)|/2 vertices
x1 € Nr(y, X1) such that (81) fails. Since (81) fails for at most v/(1 + &)p|X1||Y”|
pairs and each y € Y** is contained in at least v|Np(y, X1)|/2 such pairs we have
21/(1 X4||Y| (68)
v(1—&)pl X 3
Recalling that for y ¢ Y*UY™** a “typical” vertex 1 € Np(y, X1) satisfies (81) and
that there are at most v|Nr(y, X1)|/2 “atypical” vertices we infer

Z “NB(xl,NF(vaZ))H_Q|NF(va2)|‘
z1ENT (y,X1)

< (V' + 5 ) IND(y, X0 Ne (g, Xa)| < vINe(y, X0l [Ne(y, Xo)l, - (83)

which verifies the first part of PAIR(g, 1,v) (i.e., (2)) for (Nr(y, X1), Nr(y, X2))B
forally e Y\ (Y*UY™).

Next we deduce the second part of PAIR(p, 1,v) (i.e., (3)) for “most” vertices
yeY\ (Y*UY™) from (80) and (74) in a very similar manner.

In fact, (80), (74), and &£ < p”/6 imply

to1 > (1—p")(1+ €)20°p? | X1 | XY
and
t2n < (1+p1")(1 = €)' Xu? | Xa Y]
By the definition of Y’, Lemma 12 yields

|[Np (21,27, Nr(y, X2))| — 0*| Nr(y, X2)||
< |INg(z1, 27, Nr(y, X2))| — 0°p|Xa|| + £0*p| Xa|

V/
< (% +€) e Xal <V INe(y, X)) (84)

for all but at most /(1 + £)2p?| X1 |?|Y’| triplets (y,z1,2)) € Y x X3 x X7 with
x1,2] € Nr(y,X1). Let Y*** C Y’ contain those vertices y for which there are
at least v|Nr(y, X1)|?/2 vertices z1, 2} € Nr(y, X1) such that (84) fails. It follows
from the definition of Y*** that

2/ (1+6)°p?| X P[Y'] 9 v

Y | < < —|Y]. 85
s e = 3 =
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Finally, we note that for all vertices y € Y \ (Y* UY***) we have

Z Z “NB(JUl?x/l?NF(vaQ)H_92|N1—‘(y7X2)|‘

z1ENr (y,X1) ¢} €N (y,X1)
1%
< (v + 5 ) N0 (9, X0) P INe (v, Xo)| < vINe(y, X0)PINT (9, X)), (86)

which verifies (3) for (Nr(y, X1), Nr(y, X2))p for all y € Y\ (Y* U Y ).
Inequalities (83) and (86) imply that for every y & Y* U Y* UY*** the pair
(Nr(y, X1), Nr(y, X2))p satisfies PAIR(p,1,v). Moreover, owing to (72), (82),
and (85), we have
Y UY*™ UY*™| < u|Y].
This concludes the proof of part (a) of Lemma 21. It remains to verify (73) and (74).
(]

Proof of (73). In order to verify (73) we have to estimate the number of triplets
(x1,22,y) € X1 X Xo X Y’ such that {z1,x2} is an edge of B and z; and x5 are
neighbors of y in T'.

We recall the assumption that (X7, X5)p satisfies PAIR(g, 1, 1) and, therefore,

D Jdegp(ar, Xa) — 0| Xa|| < p|X1||Xo] .
z1€X1
Consequently,
ep(X1,X2) > (0 — p)| X1[[Xo|. (87)
Moreover, owing to Fact 13 all but at most
2,22 2.2 2 (1)

yTpTn AL
< < ulXq]. 88
eV = - e = =
vertices 1 € X7 satisfy
degr(21,Y") > (1 - pp|Y". (9)

Finally, for every vertex x; for which (89) holds another application of Fact 13
yields that

degp (2, No(z1,Y")) > (1 — p)pdegp(z1,Y") > (1 — p)*p?[Y’| (90)
for all but at most
A2p2n2 A2p2n2 A2p%n2 (71

)
< uXal. (91)

p?degp (w1, Y') = p2 - (L= p)p[Y'| = p2 - (1= p)(1 —v/3)p|Y]
vertices x2 € Xo. Summarizing (88)-(91), we infer that for all but at most
2p] X1]| X 2| pairs of vertices (z1,x2) € X1 x Xa we have

degp(x1,29,Y") > (1 — p)*p?|Y’].
Combining this with (87) yields
t11 > (ep(X1, Xa) — 2 X1[|Xa|) - (1 — p)?p? Y|

(70)
> (0= 3| Xal|Xa| - (1= w)?p*|Y'] = (1= p)op®| Xa || Xal[Y'],
which concludes the proof of (73). O
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Proof of (74). In order to verify (74) we will find an upper bound on the number of
5-tuples (z1, 2, y, x2, xh) satisfying y € Y', x1, 2} € Nr(y, X1), x2, x5 € Nr(y, Xa),
with @1, ), z2, and z}, spanning a cycle of length 4 in B.

First we appeal to the assumption that (X7, X5)p satisfies PAIR(p, 1, 1) and,
hence,

Yo > |degplan, ah, Xa) — 0% Xal| < plX1[* Xal.
T1€X1 v €Xy

Consequently, all but at most
]
P (92)
pairs (r1,2)) € X1 x X7 satisfy
| deg (21, 2], X2) — 0°| Xal| < /10?| Xal. (93)

Three applications of Fact 13 yield the following estimates:

(4) all but at most
2’}/2]?477/2 (71)

- < X 94
2p2Y'| = pp”| Xa| (94)

vertices r1 € X satisfy
| degp(z1,Y") = p|Y'|| < pplY']. (95)

(B) for every x1 € X satisfying (95), all but at most
24,2 (95) 2,2,,2 (71)
pn ypTn
2 NS o2 7 < uplXil (96)
p2p?[Ne(zy, YN 7 p2 (1= w)plY’|
vertices 2} € X satisfy
degp(z1, 21, Y") < (14 p)p|Nr(z1,Y')|| < (1 + p)*p*|Y']. (97)

(C) for every (x1,2)) € X1 x X3 satisfying (93), all but at most

24,2 (93) 22,2 (71)
ypn ypn
s < — s < up’lY| (98)
w?p*|Np(z1, 21, Xo)| = p2(1 = /n)e*| Xz
vertices y € Y’ satisfy
degr(y, Np(z1, 27, X2)) < (1+ p)pdegp (1,27, X2) . (99)

For the proof of the upper bound on t3 o we consider the following “exceptional”
5-tuples (w1, 2, y, T2, 25) € X2 x Y’ x X2

T1 = {(x1, 2}, y, w2, 25): (95) fails for x1 and xa, 25 € Nr(y, X2)},
To = {(x1, 2}, y, 2, 25): (95) holds for 1 but (97) fails for z/,
y € Nr(z1,Y"), and xq, 25 € Np(y, X2)},
T3 = {(z1, 27,9y, 72,25): (95) holds for x1, (97) holds for z},
but (93) fails for (z1,2}),y € Nr(z1,2,Y”), and z2,25 € Nr(y, X2)},

and

Ti = {(x1, 2], y, w2, 25): (95) holds for x1, (97) holds for ',
(92) holds for (x1,2}), but (99) fails for y and xo, x5 € Nr(y, X2)}.
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‘We note that

too < |Th|+ |T2| + | T3] + | Tal
+ X1 (L4 p)?p? Y] - (L4 p)*p* (1 + i) 0| X, (100)

where the last term stands for the 5-tuples (x1,},y, xo,z}) for which (93), (95),
(97), and (99) hold. Since |Nr(y, X2)| < (1+&)p|Xa] for every y € Y’ the estimates
from (92)—(99) imply

(94)
ITi] < pp?| Xal|- |1 Xq] - Y] (14 €)%p?| Xa|?,
(96)
2| < |Xa|-pplXa| - 1+ wplY'| - (14 £)*p*| Xa|?,

92)
Tl PRGE 1 Y] (O X,

and

(98)
ITal < | X2 wp?|Y'] - (1+€)°p° | Xa|*

Applying these estimates to (100) gives

too < up?|Xa| - | Xa] - Y] (14 €)°p?| Xo

+ X | ppl Xl - (L4 pw)plY'] - (1 4+ €)%p%| Xaf?
m
P (L PRI (14 2 X P
X PP Y] (14 €)% | X
H X2 (U )Y (1 + p)*p? (1 + V)0t | X
< (1+ 1)o"p! X 21XV,

where the last inequality follows from the choice of p from (70), which ensures
V(L +p)2(1+€)2/0* < Wo*/5 and (1+ p)*(1+ /) < 14 4/ /5. This concludes
the proof of (74). O

6. CONCLUDING REMARKS

In this paper, we prove an extension of the well known theorem of Ruzsa and
Szemerédi for subgraphs of (p,vyp®n)-bijumbled graphs I' with sufficiently small
~ > 0 (see Theorem 3). It would be interesting to find weaker assumptions for the
host graph I' which allow one to prove the same result. In particular, one can ask
if the jumbledness condition in Theorem 3 can be replaced by (p, 8)-bijumbledness
for some B > yp3n. Our approach taken here is based on an appropriate triangle
counting lemma (Lemma 11), for the proof of which we needed 8 = yp3n. We
note that the triangle counting lemma fails to be true if 3 = 145p?n. Indeed,
Alon [1] has constructed (p, 3)-bijumbled graphs with n vertices for p = n=1/3/4
and B = 145p®n which contain no triangle at all. Using a blowup-type construction
one obtains (p, 145p?n)-bijumbled graphs T, for any p with n™1/3 < p = o(1)
which are triangle-free. Since all subgraphs of I',, are triangle-free, the conclusion
of Lemma 11 can hold only for (p, 3)-bijumbled graphs with 8 < 145p?n. We believe
that under the assumption 3 = o(p?n) Lemma 11 is true. Such a result would imply
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that Theorem 3 holds even if vp3n is replaced by yp?n and the condition on \(A)
in Theorem 4 is replaced by A(A) < ~|A|?/n.

In the proof of the triangle counting lemma, we make use of the implication
“DISC implies PATR” (see part (a) of Lemma 9), which was established under the
condition that 3 < yp®n. Note that the reverse implication (see Lemma 9(b)) holds
under a less restrictive assumption, namely, 8 < vp®/?n. Finding the thresholds
for B under which these implications are valid remains an open problem.
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