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ABSTRACT. For k-uniform hypergraphs F' and H and an integer r > 2, let
cr,r(H) denote the number of r-colorings of the set of hyperedges of H with
no monochromatic copy of F and let ¢, p(n) = maxgcyy, ¢ r(H), where the
maximum runs over the family H,, of all k-uniform hypergraphs on n vertices.
Moreover, let ex(n, F') be the usual Turdn function, i.e., the maximum number
of hyperedges of an n-vertex k-uniform hypergraph which contains no copy
of F.

In this paper, we consider the question for determining ¢, r(n) for arbitrary
fixed hypergraphs F' and show

crr(n) = pex(n,F)+o(n”)

for r = 2,3. Moreover, we obtain a structural result for r = 2,3 and any
H with ¢, p(H) > rex(IVUDLEF) ynder the assumption that a stability result
for the k-uniform hypergraph F exists and |V(H)| is sufficiently large. We
also obtain exact results for ¢, p(n) when F is a 3- or 4-uniform generalized
triangle and r = 2,3, while ¢, p(n) > rex(mF) for 1 > 4 and n sufficiently
large.

1. INTRODUCTION AND RESULTS

1.1. Introduction. For real constants «, 8, and a non-negative constant £ we
sometimes write « = S+ € if B —¢ < a < B4 £. For a positive integer £,
we denote by [¢] the set {1,...,¢}. For a set V and an integer k > 1, let [V]*
be the set of all k-element subsets of V. We may drop one pair of brackets and
write [(]* instead of [[ﬁ]}k A subset H®) C [V]* is a k-uniform hypergraph on
the vertex set V. We identify hypergraphs with their sets of hyperedges. For a
given k-uniform hypergraph H®*) we denote by V(H*)) and E(H®) its vertex
set and its set of hyperedges, respectively. For U C V(H®)), we denote by H®[U]
the subhypergraph of H*) induced on U (i.e., H®[U] = H® N [U]F). We set
e(H®) := |[E(H®™)| to be the number of hyperedges of H*). We also say H
instead of H®*) to simplify the notation.

For k-uniform hypergraphs F' and H and an integer r let ¢, p(H) denote the
number of r-colorings of the set of hyperedges of H with no monochromatic copy
of F and let

crr(n) = Haax crr(H),
n
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where the maximum runs over H,, the set of all k-uniform hypergraphs on n ver-
tices. We call H an F-free hypergraph if H contains no subhypergraph isomorphic
to F. Moreover, let ex(n, F') be the Turdn function, i.e., the maximum number of
hyperedges of an F-free n-vertex k-uniform hypergraph. We say also that an F-free
hypergraph H on n vertices is extremal for F' if e(H) = ex(n, F'). Further set

) n
Tp = nhﬁngo ex(n, F>/<k>’
and call 7 Turan density of F.
Clearly, every coloring of the set of hyperedges of any extremal hypergraph H
for F' contains no monochromatic copy of F' and, consequently,

Cr,F(”) > Tex(n,F)

for all » > 2. On the other hand, if Forbg(n) denotes the family of all labeled
hypergraphs on the vertex set [n] which contain no copy of F' as a subhypergraph,
since every 2-coloring of the set of hyperedges of a hypergraph H, which contains
no monochromatic copy of F, gives rise to a member of Forbp(n), e.g., consider
always the subhypergraph in one of the two colors, we have

ca,7(n) < |Forbg(n)|.

The family Forbp(n) was studied by several researchers (see [3, 17, 18, 7, 3, 2,
, 23, 24, 4]). For example, it was shown in [23] that | Forbg(n)| < gex(n, F)to(n®)
for every fixed k-uniform hypergraph F', consequently,

Zex(n,F) < CQ,F(TL) < 2ex(n,F)+o(n’“) ) (1)

In the graph case, when F' = Kj is a graph clique, Yuster [33] (for £ = 3) and
Alon, Balogh, Keevash and Sudakov [1] (for arbitrary fixed ¢) closed the gap in (1)
and showed, that the lower bound is the correct order of c3 i, (n), i.e., co.k,(n) =
2ex(n.Ke) for n sufficiently large, which was conjectured by Erdés and Rothschild
(see [6]). Moreover, Alon et al. showed that cs g, (n) = 3" for n sufficiently
large and in both cases r = 2,3 we have

Cr,K, (H) = Cr,K, (n) = pex(nKe)
only when H is the (¢ — 1)-partite Turdn graph, ¢ > 3. In fact, it was shown in [1]
that the same result holds for /-chromatic graphs which contain a color-critical

edge. Furthermore, it was observed in [1] that ¢, g, (n) > r<(Kd for r > 4.
Recently, Pikhurko and Yilma [27] determined the graphs that yield c4 ,(n) and
ca K, (1)

Rodl and the authors [21] showed that a similar result holds, when F is the 3-
uniform hypergraph of the Fano plane, i.e., the unique 3-uniform hypergraph with 7
hyperedges on 7 vertices in which every pair of vertices is contained in precisely one
hyperedge. More precisely, it was shown that for large n and » = 2,3 one has for
every 3-uniform hypergraph H on n vertices that ¢, p(H) < rex(m.F) Moreover, the
only 3-uniform hypergraph H on n vertices with ¢, p(H) = r*("F) is the extremal
hypergraph for F, i.e., H is isomorphic to B,, the balanced, complete, bipartite

hypergraph on n vertices (see [14, 12]).



HYPERGRAPHS WITH MANY RESTRICTED EDGE COLORINGS 3

1.2. Main results. We continue to study ¢, p(n) for hypergraphs F. We obtain
a general result related to (1). Roughly speaking, we show that for a natural class
of hypergraphs F', any hypergraph H for which many F-free colorings exist must
disclose a special structure. To state this result precisely, we use the notions of
e-closeness and s-stability.

We say that two k-uniform hypergraphs H; and Hy on n vertices are e-close if
there exists a bijection ¢: V(H;) — V(Ha) such that |E(H;)A¢(E(Hz))| < enk,
where A denotes the symmetric difference.

Recall the notion of s-stability as introduced by Pikhurko [25].

Definition 1 (s-stability). Let F' be a k-uniform hypergraph. Call F s-stable, if
for every ¢ > 0 there exists an w > 0 and an integer ng such that for arbitrary
F-free k-uniform hypergraphs Hy,..., Hs41 each of the same order n > ng and

each having at least g (Z) — wn® hyperedges, there are two which are e-close.

In the graph case, every F-free graph on n vertices with roughly 7p (;) many
edges is e-close to its extremal graph, which is a result of Erdés and Simonovits [31].
In particular, 1-stability summarizes this scenario. However, for hypergraphs such
a result was not obtained and it is believed that in general it even fails for k > 3
and k-uniform hypergraphs. We consider those hypergraphs F' for which such a
stability result exists.

The structural result which we prove in this paper is the following.

Theorem 2. Letk,s € N, k> 2 andr =2 or 3. Let F be a k-uniform hypergraph,
such that mgp > 0.
Then, for every € > 0 there exists an ny € N such that for every n > ng it is
Cr,F(n) < Tex(n,F)Jrank. (2)
Furthermore, suppose that F' is s-stable. Then, among any s + 1 k-uniform
hypergraphs Hy,...,Hsy1 on n > ng vertices that satisfy c, p(H;) > rex(nF) for
every i € [s + 1], there exist two which are e-close.

Note that for the general upper bound (2) on the number ¢, z(n), the property
s-stability is not required. This upper bound (2) also holds for those hypergraphs
F with 7p = 0 and an arbitrary fixed number of colors. This is a triviality due to
the assumption 7 = 0.

For certain hypergraphs we also obtain a precise result in the spirit of [1, 33, 21].
For any positive integers n > ¢ > k, we define the Turdan hypergraph D(k)(n) as
follows. Partition the vertex set [n] into ¢ mutually disjoint subsets Vi,...,V; of
sizes as equal as possible, i.e., they differ in size by at most 1. Then, consider
as hyperedges all k-element subsets of [n] that intersect every partition class V;,
i € [f], in at most one vertex. It is easy to check that the Turdn hypergraph
E(k)(n) contains the maximum possible number of hyperedges with the property
that every hyperedge intersects every class V;, i € [¢], in at most one vertex, and is
unique up to isomorphism.

For an integer & > 2 define the generalized triangle T} as follows. This k-
uniform hypergraph T, = (V, E) has the vertex set V = [2k — 1] and its set E of
three hyperedges is given by

E={{1, .. k. k=1 k+1} {kk+1,...,2k—1}}.
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Thus, the first two hyperedges have (k — 1) common vertices, while the third hy-
peredge contains the symmetric difference of the first two, and intersects each of
these in precisely one vertex. Clearly, if k = 2, then T5 is a graph triangle K3. For
k = 3 it was shown by Frankl and Fiiredi [9] and for k = 4 by Pikhurko [26], that
the Turéan hypergraph ﬁ(k)(n) is the unique extremal Tj-free hypergraph for n suf-
ficiently large. Moreover, Keevash and Mubayi [13] (case k = 3) and Pikhurko [20]
(case k = 4) showed that T}, is 1-stable. Our second result shows that for these
cases we obtain precise results for ¢, 7, (n) for r = 2,3 and k = 3, 4.

Theorem 3. Let k = 3 or 4 and r = 2 or 3. There exists an integer n,y, such
that

Crry (H) < reX(’I’L,Tk)
for any k-uniform hypergraph H on n > n,j vertices. Moreover, if ¢, (H) =
rex(mTe) then H is isomorphic to the Turdn hypergraph ﬁ(k)(n),

For k = 5,6, the hypergraph E(k) (n) is not extremal for T} anymore [10]. Fur-
thermore one can also extend the constructions from [10] to show that for k > 7,

n(k)(n) is not extremal for T}, as well.

1.3. Overview of the proof. Our motivation is a better understanding of the
approach of Alon, Balogh, Keevash and Sudakov [1]. Their proof strategy can be
described as follows. One splits the proof into two parts. In the first part they
obtain the following structural result. If, say, a graph G on n vertices admits
at least r*(mK¢) many edge colorings without a monochromatic complete graph
Ky, then G looks almost like the Turdn graph 72(_2)1 (n). In the second part of the
argument they use backward induction. Assuming that G is not the Turdn graph,

one consecutively removes vertices to derive an impossible fact about some subgraph
V(G

G’ C G. Namely, that ¢, x,(G') > (7 ), which is clearly a contradiction, as
any graph on |V(G’)| vertices may have at most (lv(f/)‘) edges.

We generalize the first part of the argument for stable hypergraphs F'. Before we
sketch our approach, we discuss the idea of Alon et al. [1]. To prove such a structural
result one fixes some edge-coloring of G without a monochromatic copy of F', and
one applies the colored version of the regularity lemma to G (see for example [19]).
Then, almost all edges are contained in e-regular pairs of sufficiently large density.
This allows to concentrate on the cluster graphs defined for every color. The idea
now is to consider the new cluster graph that consists of the e-regular pairs in all
colors. Furthermore, if one could apply to that cluster graph a stability-type result
of Erd6s and Simonovits [31], then this would give also a partition of the underlying
graph, as then the number of the other e-regular pairs that are contained inside
the partition classes would be small. However, being unable to apply the stability
result for any coloring, as the cluster graph contains too few edges, one can then
derive a contradiction by bounding ¢, g, (G) from above by rex(IV(GKe)=1,

To get an approximate result for 3-uniform hypergraphs with F' being the Fano
plane, we used the so-called weak hypergraph regularity lemma (see e.g. [5, 11,

1), which is a straightforward generalization of Szemerédi’s regularity lemma for
graphs. This version has recently been proved [15] to be compatible (i.e., admits a
counting lemma) with linear hypergraphs, i.e., those hypergraphs whose hyperedges
intersect pairwise in at most one vertex. In this setting the notion of the cluster
hypergraph is the same as for graphs.
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For the general hypergraph case, we use the regularity lemma of R&dl and
Schacht from [29] together with some form of the corresponding counting lemma
proved also by these authors in [28]. However, applications of this lemma yield
partitions with a more complicated structure. In particular, there is no such simple
notion of the cluster hypergraph as in the graph case. Nevertheless, one way to
obtain a similar structural result is still to apply some appropriate stability result,
but this time not to the cluster hypergraph, but to an underlying hypergraph. In-
deed, in the approach of Alon et al. [1] instead of applying the stability result to the
cluster graph one could do the following. Once one can apply the stability result
to the cluster graph, whose edges correspond to e-regular pairs of sufficiently large
density in every color, one may ignore the colors, and replace each such e-regular
pair by the complete bipartite graph, which is clearly e-regular. Then we can apply
the stability result, unless some copy of K, suddenly appears. This is impossible
due to the fact that then the edges of this copy must correspond to e-regular pairs,
which are e-regular in every color. Thus, these pairs form a copy of Ky in the
cluster graph which is a contradiction.

1.4. Organization. In the next section we provide the reader with notions related
to the strong regularity lemma (colored version) of Rédl and Schacht. We mainly
follow the notation from [29, 28] and include it here for completeness. Section 3 is
devoted to the proof of Theorem 2. Section 4 contains further notations used in
the proof of Theorem 3, to which Section 5 is devoted. In Section 6 we present a
construction showing that ¢, 7, (n) > rex(Te) for ¢ > 4 and k = 3,4. We close
with a few concluding remarks in Section 7.

2. REGULARITY LEMMA FOR HYPERGRAPHS

Before we state the regularity and the counting lemmas [29, 28], we introduce
some notation.

2.1. Complexes. A k-uniform cliqgue of order j, denoted by Kj(-k), is a complete
k-uniform hypergraph on j > k vertices consisting of all (i) different k-subsets.
Here, by k-subsets we mean k-element subsets.

Given integers j < ¢ and mutually disjoint vertex sets Vi,..., Vs, we denote
by K}j)(vl, ..., Vo) the complete (-partite, j-uniform hypergraph (i.e., the set of
all j-subsets J C (J;¢q Vi satisfying [V; N J| < 1 for every i € [€]). If [Vi| = m
for every i € [¢], then an (m, ¥, j)-hypergraph HU) on Vi U--- UV, is any subset
of Klgj)(Vl, ..., Vi). Note that the vertex partition V3 U --- U V; is an (m, £, 1)-
hypergraph H™). For j < i < ¢ and a set A; € [¢]}, we denote by HU)[A;] =
H(j)[UkeAi Vi] the subhypergraph of the (m,¢, j)-hypergraph H) induced on

AEA; V.

For an (m, £, j)-hypergraph H) and an integer 4, j < i < ¢, we denote by K;(H 7))
the set of all i-subsets of V(H ( )) which span complete subhypergraphs in H@) on
i vertices. Note that |KC;(H9))| is the number of all copies of Ki(j) in HU),

Given an (m, £, j — 1)-hypergraph HU~Y and an (m, £, j)-hypergraph H) such
that V(H)) C V(HU-Y), we say that a hyperedge J of H) belongs to HU—1)
if J € K;(HU™Y), ie., J corresponds to a clique of order j in HU~Y. More-
over, HU=Y wunderlies HY) if HY) C K;(HU~Y), ie., every hyperedge of H)
belongs to HU~=Y. This brings us to the notion of a complez. Let m > 1



6 H. LEFMANN, Y. PERSON, AND M. SCHACHT

and ¢ > h > 1 be integers. An (m,¥, h)-complex H is a collection of (m,¥,5)-
hypergraphs {H(j)}?:1 such that

(a) HW is an (m, ¢, 1)-hypergraph, i.e., V(H®) =V, U--- UV, with [V;| =m
for i € [¢], and
(b) HU~Y underlies HY) for 2 < j < h, i.e., HUV) C K;(HU~Y).

Now we proceed with the notion of relative density of a j-uniform hypergraph
with respect to a (j — 1)-uniform hypergraph on the same vertex set. For a given
j-uniform hypergraph HU) and a (j — 1)-uniform hypergraph H (=1 on the same
vertex set, we define the density of HU) with respect to HU™) as

|H(j)ﬂ](:j(H(J'*1))‘

d(H(j) ’H(jfl)) = [K; (HG=D)]
0 otherwise .

it |K;(HU=D)| >0

We also use a notion of regularity of an (m, j, j)-hypergraph with respect to an
(m, j,j—1)-hypergraph. Let reals ¢ > 0 and d; > 0 be given along with an (m, j, j)-
hypergraph H) and an underlying (m, j,j — 1)-hypergraph HGU=D We say H)
is (¢, d;)-regular with respect to HU~Y if whenever QU—1 C HU~Y satisfies

IK;(QU-1)| > ellc;(HUD)|,  then d(HD|QU™Y) =d;xe.

More generally, we extend the notion of (e, d;)-regularity from (m, j,j)-hyper-
graphs to (m, ¥, j)-hypergraphs H). We say that an (m, ¢, j)-hypergraph H)
is (e,d;)-regular with respect to an (m, ¥, j — 1)-hypergraph HG=Y if for every j-
subset A; € [¢)7 the restriction HW[A;] = HW) [UAeAj Vi] is (e, dj)-regular with
respect to to the restriction HU—Y[A,] = HU~D [UAeAj Vil

We sometimes write e-regular to mean (g, d(HW|HU~Y))-regular and we also
omit the m in (m, ¢, h)-complex and (m, ¢, h)-hypergraph.

Finally, we close this subsection with the notion of a regular complex.
Definition 4 ((¢,d)-regular complex). Let € > 0 and let d = (dg,...,dp) be a
vector of non-negative reals. An (m,{, h)-complex H = {HU)}?Z1 is (g, d)-regular
if HY) is (e, d;)-regular with respect to HG-Y for j=2,...,h.

2.2. Partitions. The regularity lemmas [29, 28] provide a well-structured family
of partitions 2 = {2W), ... 2* =D} where 2 is a partition of the set of all
i-subsets of some vertex set. First we define the refinement of a partition. Suppose
A D B are sets, 7 is a partition of A, and £ is a partition of B. We say & refines
P and write & < A if for every A € & there either exists a B € £ such that
ACBor AC A\ B.

Let k be a fixed integer and V be a set of vertices. Throughout this paper we
require a family of partitions &2 = {21, ... 2D} on V to satisfy properties
which we are going to describe below (see Definition 5).

Let 20 = {13, .. s Vi) } be a partition of some vertex set V. For every j,
1<j <k, let Crossj(@(l)) be the family of all crossing j-subsets J of V| i.e., the
set of all j-subsets which satisfy |.J N V;| <1 for every V; € 20,

Suppose that partitions 2% of Cross;(Z(") into sets of (i,7)-hypergraphs, i.e.,
i-partite ¢-uniform hypergraphs, have been defined for ¢ = 1,...,5 — 1. Then for
every (j—1)-subset I in Cross;_;(2(1)) there exists a unique PU— = PU-1(T) €
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20U~ g0 that I € PU~1. Moreover, for every j-subset .J in Cross; (2(1)) we define
the polyad of J

POV = {P(j’l)(I): Ie [J]H} .
In other words, Pl (g ) is the unique collection of j partition classes of -1
in which J spans a copy of Kj(-jfl). Observe that PU~1(J) can be viewed as a

(4,7 — 1)-hypergraph, i.e., a j-partite, (j — 1)-uniform hypergraph. More generally,
for 1 <i < j, we set

PO =U{POD: 1€} md PO = {PODNL ©)

We also refer to P(J) as the polyad of J and it will always be clear from the context
which definition is meant.
Next, we define 22U~V the family of all polyads by

P = {ﬁ(j_l)(J): J € Cross;(2W) }.

Note that two polyads PU~1(J) and PU~V(J) are not necessarily distinct for
different j-subsets J and J'. We view 22U~ as a set and, consequently,

{;@(75(1‘—1)): PU-D g gpli-y

is a partition of Crossj(ﬁ(l)). The structural requirement on the partition ()

of Cross;(2W) is
20) < {Kj(ﬁ(j_l)): PU—D g gpli—y (4)

In other words, we require that the set of cliques spanned by a polyad in 201 ig
sub-partitioned in 2U) and every partition class in 2U) belongs to precisely one
polyad in 22U~ Note, that due to (4) we inductively infer that P(J) defined
in (3) is a (4,4 — 1)-complex.

Throughout this paper we also want to have control over the number of partition
classes in 2, and more specifically, over the number of classes contained in
K; (75@*1)) for a fixed polyad PU~1 € 2U-1. We render this precisely in the
following definition.

Definition 5 (family of partitions). Suppose V is a set of vertices, k > 2 is an integer
and a = (ai,...,a,_1) is a vector of positive integers. We say & = Z(k—1,a) =
{2W) .., 2FDY s a family of partitions on V, if it satisfies the following:
(i) 20 is a partition of V into a; classes, and
(ii) for j =2,...,k —1, 2U) is a partition of Crossj(ﬂ(l)) satisfying:
P9 refines {IC;(PUTV): PUTD ¢ pU-1}
and |{’P(j) e 2U). pU) C Kj(ﬁ(jil))}| —a; forevery PUD e U1,
Moreover, we say & = &P (k — 1,a) is t-bounded, if max{ay,...,ar_1} <t.

2.3. Equitability and regular hypergraphs. In this subsection we introduce
the notion of equitability.
Definition 6 ((n,e,a)-equitable). Suppose V' is a set of n vertices, n and ¢ are
positive reals, a = (a1,...,ax—1) is a vector of positive integers, and ay divides n.
We say a family of partitions 2 = P(k —1,a) = {2W, ..., 2% DY on V is
(n, €, a)-equitable if it satisfies the following:
(a) |[V]k \ Crossk(@(l)) ‘ < 77(2), and
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(b) 20 = {V;: i € [a1]} is an equitable vertex partition, ie., |Vi| = |V|/a
for each i € [a1], and
(¢) for every k-subset K € Crossy(2(1)) we have that P(K) = {PU(K)}* iz -
is an (e, d)-regular (n/ay, k, k — 1)-complex, where d = (1/aa,...,1/ar—1).
Note that from equitability one obtains an implicit bound a; > 1/(2n) for n
sufficiently large.
Now we extend the definition of (e, d;)-regularity.
Definition 7 ((0k, d., f)-regular hypergraph). Let d; and dj be positive reals and
f be a positive integer. Suppose H*~1 is an (m,k,k — 1)-hypergraph spanning
at least one K,(Ck_l). We say an (m, k, k)-hypergraph H®) is (8, dy, f)-reqular
with respect to H*=1) if for every collection QY = {Q(k 1), . (k 1)} of not
necessarily disjoint subhypergraphs of H*=1) which satisfy

U ’Ck(ng_l))‘ > Ok "Ck(H(k_l))’ >0,
i€(f]

we have

|H® U ey K (@)

k—1
| Uiy Ki (@1
We write (J, *, f)-regular to mean (6k,d(H(k)|H(k_1)),f)—regular. Moreover, if
f =1, then a (0, d, 1)-regular hypergraph is (g, dy)-regular with e = 6y, and vice
versa.

:dkidk.

Next we say when a hypergraph is regular with respect to a given family of
partitions.
Definition 8 ((0g, *, f)-regular with respect to &?). Let 0 be a positive real and
f a positive integer. Let H®) be a k-uniform hypergraph with vertex set V and
P = P(k —1,a) be a family of partitions on V. We say H® is (0, *, f)-regular
with respect to &, if

‘U{Kk Plk— 1) . pl=1) ¢ k-1
and H"® is not (6, *, f)-regular with respect to 75(’“_1)}‘ <o VIF.

If H®) is (6, *, f)-regular with respect to P*=1) then we call the polyad P(J)
(also P*=1)) regular, where J € Kj(P*~1). Note, that P(J) = P(J') for all J
and J' in KCp,(PH1),

2.4. Regularity and counting lemma. Finally, we state the regularity lemma [29]
we are going to use (see for example Lemma 23 in [29]).

Theorem 9 (Regularity lemma). Let k > 2 and ¢ > 1 be fized integers. For all
positive constants n and 8, and all functions f: N¥=1 — N and §: N¥=1 — (0, 1]
there are integers tog and ng so that the following holds.

For every k-uniform hypergraph H® | which is a hyperedge-disjoint union® of ¢
k-uniform hypergraphs H®) = Hl(k)U . UHY with V(H®)| =n > ng such that
(to)! divides n, there exists a family of partitions 2 = P(k —1,a?) so that

“equivalently, one can think of the set of hyperedges of H(¥) being colored with ¢ colors
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(i) 2 is (n,6(a?),a?)-equitable and to-bounded and
(i) Hi(k) is (O, *, f(@?))-regular with respect to & for every color i € [c].

We use the following lemma, its proof can be derived from Theorem 1.3 in [28],
we also refer the interested reader to Chapter 9 of [30].

Theorem 10 (Counting lemma). For any integer k > 2, every k-uniform hyper-
graph F and every positive constant dy, > 0, there exists 6 > 0 such that for
every dg—1,...,ds >0 with 1/d; € N for every i =2,...,k — 1 there are constants
0 =46(ds,...,dk—1) > 0 and positive integers f = f(da,...,dx—1) and mg such that
the following holds. Let H®) be a k-uniform hypergraph on n > aimg vertices and
let Z(k—1,(a1,1/da,...,1/dy_1)) = {PD, ..., 2% =D} be a family of partitions.

If for a copy F' of F in the complete k-uniform hypergraph with vertex set as
V(H®) the following conditions are satisfied

(i) For every e € E(F') the polyad P. = {756(“}5;11 with e € Kk(’ﬁe(kil)) is a
(6, (day ... ,dg—1))-regular (n/ay, k, k — 1)-complex, and
(ii) for every e € E(F') the hypergraph H®) is (8, d,, f)-regular with respect
to ’ﬁe(k_l) for some d, > dy,
then the hypergraph H*) contains at least one copy of F.

Roughly speaking, this theorem says that if a collection of sufficiently regular
complexes of H is in a natural correspondence to the hyperedges of some fixed
hypergraph F', then the given hypergraph H must contain a copy of F'.

We will also use the following special case of the dense counting lemma (see
from [16, Theorem 6.5]). Theorem 11 yields good estimates on the number of
hyperedges contained in polyads of an equitable family of partitions (which will be
given to us through an application of the regularity lemma, Theorem 9).

Theorem 11 (Dense counting lemma). Fiz k > 2. For any v > 0 and any da,. . .,
dr—1 > 0, there exist g and ny € N for which the following assertion holds. If
0 <3 < 8 and H is a (6,d)-reqular (k,k — 1)-complex on V1U...UV), where
d=(dy,...,dr—1) and |V;| = n > ng for all i, then the number of K,(Ckfl)s i H is

(1+7)- d,g'“}ll) e dgg)nk.

2.5. Cluster hypergraphs and slices. Similarly as in the graph case, we study
the “cluster hypergraph” of a given family of partitions. However, in the hypergraph
setting the natural cluster hypergraph is a “multihypergraph” and for our purposes
it suffices to analyze an appropriate subhypergraph without multiple hyperedges.
Such a representative we call a slice.

In the following we describe a slice more formally. For a given family of partitions
P =P (k—1,a), for every pair (V;,V;) of two vertex classes from 21 we choose
precisely one element P from () such that P C Ky (V;, Vj). More generally, for
every (j,j —1) polyad PU=Y (which is a (j, j — 1)-hypergraph) formed by elements
from the slice we select precisely one (4, j)-hypergraph P with PU) C K;(PU-D)
from 220U) for the slice. Note that there are exactly

al

k—1
1" )
=2

slices in the family Z(k — 1, a).
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Define for every slice S a |Z2(D|-partite k-uniform hypergraph H(S) with the
vertex partition Z(1) whose hyperedges are exactly those k-sets that correspond to
regular polyads P(.J), contained in the slice S and such that H®) 0 [, (P (.]))
has sufficiently large density (with respect to Kj(P*=1(J))), say, at least di. Then
a special case of Theorem 10 above states that if H(S) contains some copy of F,
then H®) must contain a copy of F' too.

3. PROOF OF THEOREM 2

We prove the result only for r = 3, as the two-color-case is similar. (In fact, for
r = 2 the first part of Theorem 2 already follows from (1).) Also note, the first
claim of the theorem stating

e, F(n) < Tex(n,F)-&—o(nk)

does not need any assumption on the s-stability of F'. However, s-stability is only
used in the last paragraph of Case 1, see below. Therefore we prove both claims
simultaneously.

Given € > 0, let w > 0 be given that satisfies the s-stability condition in Defini-
tion 1 for £/3 and the hypergraph F. We choose positive £ and ¢ such that

: WIS
4(€+ () < min{w,e/3} and h(klE) +4E < TI2h-188 (6)
where h(y) := —ylogy — (1 — y)log(1l — y) for 0 < y < 1 is the entropy function.
Now apply Theorem 10 with F and dj = £ obtaining §; > 0. We may assume that
ok < &/3, (7)

as setting d; smaller makes the complexes we consider more regular (and therefore
the statements still hold). We choose 7 > 0 as follows

n < 26/3, (8)
so that for every a > 1/(2n), if a hypergraph on a vertices has at least

wet+¢/59)() ©

hyperedges, then it contains a copy of F'. Note that because ex(n, F)/(}}) is a mono-
tone decreasing function, which converges to 7, such choices are always possible.
Recall also that a; > (1/2n) for an equitable family of partitions (cf. property (a)
of Definition 6). Next choose v > 0 so that

v < min{1/9,(/88}. (10)

Let 6: N*=! — (0,1] and f: N¥~1 — N be the functions guaranteed by Theo-
rem 10. Without loss of generality, we may assume that the function ¢ is smaller
then the function guaranteed by Theorem 11 and hence the number of cliques of
size k that are spanned by any (6(a?’),d)-regular (n/ay,k,k — 1)-complex lie in

the range -
(1 iw(cZ)k/gai@'

The rdle of v will become clear later in (13). Roughly speaking, after we regularize
the hypergraph under consideration, we need good estimates on the number of
hyperedges a polyad can contain. For this we apply Theorem 11 to an equitable
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family of partitions, in particular the last “layer” of this family forms a very regular
partition of the (k — 1)-subsets with precision §.

Now, let mg be given by Theorem 10 and ty by Theorem 9. Further we choose
ng larger than tg - mo and another ng given again by Theorem 9.

Consider a hypergraph H on n > ng vertices with ¢z p(H) > 3ex(mF) (for the
“furthermore”-part we consider H € {Hy,...,Hs11}). We assume without loss of
generality that (¢9)! divides n, as otherwise we may delete less than (¢)! vertices
and obtain a subhypergraph H' C H with

cs F(Hl) > 3ex(n,F)—O(nk’1)

)

and it follows from the proof that the O(n*~1) term does not harm us at all.

So fix any 3-hyperedge-coloring ¢ of H, with color classes Hgreen, Hblues Hred,
without a monochromatic subhypergraph F'. Apply Theorem 9 with the parameters
k, c = 3, 6k, n and the functions f and § specified above. We obtain from Theorem 9
an integer ¢y and a family of partitions &2 = 2(k —1,a?) such that the properties
specified in Theorem 9 hold. Roughly speaking, we know that Hgreen, Hplue, and
H,eq are (Og, *, f)-regular with respect to the obtained family of partitions.

We discard from our consideration the following colored hyperedges in H.

e all hyperedges which are not in Cross; (1)), which are at most 7](:), and

e all hyperedges which are contained in (&, *, f(a?’))-irregular polyads with
respect to one of the colors, hence at most

30,V |F = 36"

such hyperedges, and
e furthermore, for every color we discard all hyperedges that are contained
in (0, *, f(a@?))-regular polyads of density less than &, which are at most
3¢(3)-
So, in total we discard at most

"(Z) 4 35k + 3¢ (Z) < 4ent (11)

hyperedges, where we used (7) and (8).

There are
ay k—1 *)
N, = (k) . .|:|2 a;’ (12)

(k,k — 1) polyads in the partition Z(k — 1,a?). Due to the choice of §, in every
polyad P(J) there are at most

k

n k k-1 ()
Ef:=(1 +W)(a1) /H a;’ (13)
i=2
many hyperedges in each of the three colors, red, blue and green, due to Theorem 11.
Let pgreen; DPblue; Pred denote the number of (dg, *, f(a?))-regular polyads of den-
sity at least & in the colors green, blue and red, respectively. We know that every
“monochromatic” slice cannot have more than ex(ai, F) such regular polyads, as
otherwise, the counting lemma, Theorem 10, would imply that the hypergraph H
contains a monochromatic copy of F' which contradicts our choice of the coloring
of the set of hyperedges of H.



12 H. LEFMANN, Y. PERSON, AND M. SCHACHT

Note that there are exactly

k=1,
S = H ai( ?)
i=2

different slices, while every polyad occurs in exactly

k=1,
S - H a;(")
i=2

many slices.
Thus, we infer by averaging for every color col € {green,blue,red} that the
number p., of polyads satisfies

Peol < ex(ag, I H a; (14)

On the other hand, let e; for j € [3] denote the number of (3, *, f(a?))-regular
polyads of density at least & in exactly j colors. We note the following simple
identity

(14)
e1+ 262 + 363 Pgreen + Dred 1 Pblue < 3eX alv H a; (15)

Now we split our argument into two parts.

Case 1. Assume first that
3> (1—()ex(ar, F Ha (16)

which means by (12) and (15) that the number of hyperedges contained in polyads
which are regular in at most two colors is at most

k 10
3Cex(ay, F Ha EF <3¢(1+7)- %-nk (S) 4(-#-nk§4§nk.
1 1
We also discard these hyperedges. Hence, in view of (11), we discard at most
4(¢ + €)n* hyperedges in this case.

For a moment we ignore the different colors. We denote by H’ the resulting
hypergraph (consisting of the left-over hyperedges). The number of hyperedges
in H' is at least ex(n, F) — 4(¢ + &)n* > 7p(}) — wn” (this follows trivially as
e(H) > ex(n, F), which is again implied by c3 p(n) > 3°<(™#)). On the other hand,
H' itself cannot have more than ex(n, F') hyperedges. Otherwise, there would exist
a copy F' of F in H'. This is however impossible as then Theorem 10 applies,
which yields a copy of F' even in every color. Indeed, the hyperedges of F’ must lie
in regular polyads of density at least £&. Thus, conditions (7 )-(4 ) are fulfilled, and
we therefore find a copy of F' in H in any color, which is a contradiction. Thus, H’
is F-free and e(H') < ex(n, F).

From here, the first claim of the theorem follows immediately in view of the fact
e(H) < e(H') 4+ 4(C + &)n* < ex(n, F) + en”.

As for the second claim, we argue as follows. If (16) holds for every H €
{H1,...,Hsi1}, then for every i € [s + 1] there exists H] C H;, H] is F-free and
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e(H]) > mp(}) —wn®. We infer from the s-stability that there exist i, j € [s+1],i #
Jj such that H; and H} are £/3-close. Also we surely have that [H;AH;| < en®/3
and |H;AH| < en®/3, which implies that H; and H; are e-close. This finishes the

first case and we conclude the theorem in this case.

Case 2. Now, we argue that under the assumption c3 p(H) > 3ex(n.F) there al-
ways exists some coloring, for which inequality (16) holds. We then arrive at a
contradiction assuming that this is not the case.

So assume that (16) does not hold for any 3-hyperedge coloring of H without a
monochromatic copy of F. We can regularize the hypergraph H for every hyperedge
coloring. Our goal is to show, that H cannot have too many hyperedge colorings.

We first bound the number of different (1, 5(a?’),a? )-equitable families of par-
titions which are to-bounded together with (dy, *, f(a?))-regular polyads in every
color of density at least &, and due to the tg-boundedness there are at most

k—1 (W) oy
(H ty" ) 23N < g2 (17)
=1

of these. We also discarded at most 4én* (cf.(11)) many hyperedges from irregular
and “sparse” polyads, over which we had no control, thus we upper bound the
number of ways one can additionally choose and color these hyperedges by

(%) . 346n" < oh(klEN" | gaen” (18)
4¢nk

Now we are left to estimate the number of ways we can color the set of remaining
hyperedges for some fixed family of partitions &. There are at most

(101 2¢2 . 3¢3) By (19)

many ways, where we consider all possible hyperedges a polyad can span and take
into account in how many colors some particular polyad is regular.

e
Set T, := Hf;; agi). By assumption, e3 < (1 —() ex(a1, F')T, and hence by (15)
we have

ex <

N o

(ex(ay, F)T, — e3).

With 2 < 37/ we can upper bound (19) by

+

B B,
<2g(ex(a1,F)Taea) . 383> < <3(21/22) ex(al,F)Ta+(1/22)eg>

+
ETJ

< (3(21/22) ex(a1,F)T,+(1/22)(1-¢) ex(al,F)Ta)

E+
_ <3€x(a1,F)Ta—(1/22)Cex(a1,F)Ta) i

(C301-¢/22) (149) extar F)(n/ar)*
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So, together with (17), (18) and (19), we upper bound the number c3 p(H) by
t%nk_l . 2h(k!45)n’c .34577,)“ . 3(1=¢/22)(1+7) ex(a1,F)(n/a1)*
D (20t gh(HAOR* +4En +(1=¢/22) 1) 1+ /88 () ()

(6)é10) 3ex(n,F)—C7rpnk/(k:!88)
and this contradicts the assumptions of the theorem and finishes the proof, because
we have shown that Case 2 never occurs, and therefore always Case 1 applies. [

We note that, in fact, we proved here a slightly stronger result which reads as
follows:

Theorem 12. Letk,s € N, k> 2 andr =2 or3. Let F be a k-uniform hypergraph,
such that mp > 0. Furthermore suppose that F' is s-stable. Then, for every e > 0
there exist a > 0 and ny € N such that the following holds.

Among any s + 1 many k-uniform hypergraphs Hy,...,Hs11 on n > ngy vertices
that satisfy ¢, p(H;) > pex(n, ) —an® for every i € [s + 1], there exist two which are
e-close.

4. USEFUL NOTATIONS FOR THEOREM 3

Let H = (V, E) be a k-uniform hypergraph and let V4, ..., Vi, C V be k mutually
disjoint subsets of V. We denote by Ex(V1,..., Vi) the set of all hyperedges in H
that intersect every subset V;, ¢ € [k], in exactly one vertex, and its cardinality is
denoted by e(V1,..., V%) := |Eg(Vi,...,V%)|. For a t-element set {vy,...,v:} of
pairwise distinct vertices let Ly (v1,...,v:) be the set of all (k —t)-element subsets
S C V, such that vq,...,v; together with S form a hyperedge in the k-uniform
hypergraph H. We occasionally call Lg(vy,...,v;) the (k — t)-uniform common
link hypergraph (or graph).

By 6(H) we denote the minimum vertex degree of H, that is the minimum
possible size of the set of hyperedges in Ly (v) taken over all vertices v € H.

By ték) (n) denote the number of hyperedges in the Turdn hypergraph D(k) (n),
thus the obvious lower and upper bounds are:

()5 = @< ()[4 @

and, moreover, we have the following lower bound on the minimum degree § (E(k) (n)):

e = (00) (5 1)

For a given k-uniform hypergraph H = (V, E), a partition V = VU .- UV, of its
vertex set into ¢ mutually disjoint classes, and any vertex, we distinguish between
three different types of hyperedges incident to this vertex. Namely, for a vertex
v € V; for some j € [{] we refer to those hyperedges e € E incident to v and
intersecting every class V;,i € [¢], in at most one vertex as crossing hyperedges.
Furthermore, hyperedges incident to vertex v, that intersect class V; in exactly one
further vertex different from v and else intersecting any other class V;,i € [¢]\ {j},
in at most one vertex are referred to as defective hyperedges. Finally, the remaining
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hyperedges incident to vertex v are called bad hyperedges. More formally, crossing
hyperedges incident to vertex v form the following subset of the set F of hyperedges:

Eooss(v) :={e € E: ve€eand Vi€ [{]: lenV;] <1},
while the set of defective hyperedges incident to vertex v € Vj is
Eietocs(v) :={e € E: veeand [eNV;|=2and Vie [{]\j:|lenV;| <1}
The set of bad hyperedges incident to vertex v € Vj is defined as
Epaqa(v) ={e € E: v € e} \ (Eeross(V)UEgetect (v)),

or, equivalently
Erada(v):={e€ E:ve€eand |enV;] >3 or Ji e[\ {j} with [enV;]| > 2}.

Let P be a partition of the vertex set V with V. =V;U---UV,, V4,...V, # &. Let
7: [(] — {0,1,...,k} be a function such that Ele 7(#) = k. Then, for a k-element
subset (hyperedge) e of V' we say that e is of type 7, if [eNV;| = 7(4) for all i € [£].
We thus may specify different types of hyperedges via their types. Therefore, a
crossing hyperedge has type 7, where exactly k elements of [¢] are mapped to 1
and the remaining (¢ — k) elements are mapped to 0. Note that there are (kﬁzl)
different types of hyperedges with respect to the partition V = V1U- - UV,.

For a vertex v € V and a type 7 associated with v we write deg” (v) := |E" (v)],
where E7(v) denotes the set of all those hyperedges in H of type 7 which are
incident to v.

5. GENERALIZED TRIANGLES T3 AND Tj.

Recall that Tj denotes the k-uniform generalized triangle. Here we prove Theo-
rem 3, namely, for k =3 or £k =4, and r = 2 or r = 3, and n sufficiently large it
is

cr, (n) — Tcx(n,Tk).
However, due to the similarity of the arguments, we only give a proof in the case
of r = 3 colors and the 4-uniform generalized triangle 7. Recall that for T, and n
sufficiently large, the extremal hypergraph on n vertices is the balanced, complete,

4-partite, 4-uniform Turén hypergraph ’7:1(4)(71).

Proof of Theorem 3. Here we only prove the case r = 3 and k = 4.

Let ng be given by Theorem 2 (applied with § as €), we will specify § below in
(27) and let n, , = ng 4 > no be sufficiently large.

The proof is similar to that in [21] and proceeds by contradiction. Assume that
we are given a hypergraph H on n > ng 4 vertices with cz z, (H) > 3x(To)+m for
some m > 0. We show the following claim.

Claim 13. If c3 7, (H) > gex(n,Ta)+m for some m > 0 and H is not the Turdn

hypergraph 71(4) (n), then there exists an induced subhypergraph H' on n' vertices
withn' >n —2 and

com(H') > 3o T, (22)

Using Claim 13 (notice that H' # ’7:1(4) (n')), inductively, we arrive at some sub-

hypergraph Hy of H on at most ng vertices which admits at least gex(no. Ta)+ (") +1

monochromatic Ty-free 3-colorings of the set of hyperedges, which is impossible and
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yields the desired contradiction. This proves Theorem 3, and thus, it is left to verify
Claim 13. [l

Proof of Claim 13. Let H be a hypergraph on n vertices, H # 7:1(4) (n) and let
ez, (H) > 3T+ with m > 0. Clearly, this implies e(H) > ex(n, Ty).
Without loss of generality we may assume that the minimum degree of H satisfies

3

o(H) = 8T ) = | ] (23)
Otherwise, let v be a vertex of minimum degree in H and consider the sub-
hypergraph H' := H — {v}. Since ex(n — 1,Ty) = ex(n,Ty) — 5(7;(4)(n)) <
ex(n,Ty) — (6(H) 4+ 1) we have

c H _ < (r—
03,T4(H/) > 3;);5(;)) > 3ex(n,T4) 6(H)+m > 3e (n 1,T4)-i-m+17 (24)

which yields already (13). Consequently, from now on we may assume §(H) >
3T (n)) > [n/4)%.

Consider a partition P with V(H) = V1UVaUV3UV,, which, among all partitions
of V(H) into four nonempty classes, maximizes ey (Vi, Vo, Va3, Vy), and therefore
minimizes e(H) — ey (V1, Vo, V3, Vy). Since the generalized triangle Ty is 1-stable,
as proved by Pikhurko [26], by Theorem 2 we know that for our choice of § > 0 we
have

E(H) - eH(‘/la ‘/27 V37 ‘/4) < 677’4’ (25)
which with (20) gives the upper bound e(H) < [n/4]* + dn* on the number of
hyperedges in H. For 0 < § < 1/45 with e(H) > ex(n,Ty) > |[n/4]", hence

er(Vi, Vo, V3, Vy) > |n/4]* — dn*, we obtain the following lower and upper bounds
on the sizes of the classes V; for all i € [4]:

n/4 — 364 < |Vi| < n/4 + 36Y*n. (26)

To see this, let |V;| = n/4+ 3pn/4 for some i € [4] and p > 0. Then, as the product
of three positive numbers with given sum is maximal if all are the same, we must
have (neglecting the roundings)

n n 3 n\4
<4+%f”>‘(4§") > () — o'
— (1+3p)-(1-p3>>1-4%
— 1-3p*>1-4% for p < 3/4
— 464 > p,

hence |V;| < n/4 +35'/*n. Moreover, since (1 + 3p)(1 —p)?® is decreasing for p > 0,
it is not possible that p > 3/4, as

13 /1\° 13

for 0 < & < 1/4°.
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On the other hand, if |V;| = n/4 — 3pn/4 for some i € [4] and p > 0, then as

above we must have
n 3p n o p\3 n>4 4
———n) - (=-+= >(—) =0
(4 4") (4+4“) *(4 "

— (1-3p)-(1+p3P>1-4%
= 1-3pt>1-4%
S 451/421),

hence |V;| > n/4 — 36Y/4n.

Now our argument splits into three cases depending on the link hypergraph of
a vertex. First we assume that there exists a vertex v incident to at least fn?® bad
hyperedges with respect to the partition P of the vertex set V(H) (Case 1). If this
is not the case, then we assume that there exists a vertex v, which is incident to at
least Bn3 defective hyperedges with respect to the partition P (Case 2). Finally, if
neither Case 1 nor Case 2 holds, we deal with Case 3, where every vertex is adjacent
to at most 23n3 many defective or bad hyperedges. Thus, by assumption (23) on
the minimum degree, since we choose 0 < f < 1 we know that every vertex is
adjacent mostly to crossing hyperedges with respect to the partition P.

For that we set 3, > 0 as follows:

s T (LY h(3/12) < —
L= n

=11 \32) ° = 9.32%
where h(y) = —ylny — (1 — y)In(1 — y) for 0 < y < 1 is the entropy function.
However, it is sufficient to keep in mind that

0<igx Kl (28)

Case 1 (H satisfies 3i € {1,2,3,4} and Jv € V;: |Epaa(v)] > pn?). Assume
without loss of generality that i = 1. Let v € V] be a vertex such that |Epeq(v)| >
Bn3. Note that there are 16 types of bad hyperedges incident to vertex v. Thus, for
at least one bad type 7 we know |E™ (v)| > n3/16. Therefore, there exists another
vertex w # v such that the common link graph Ly (v, w) contains at least An?/16
edges, which are contained in some class V; for some j € [4], that is, together with
any edge from the link graph Ly (v, w), the vertices v and w form a hyperedge of
type 7. Then we may find greedily a matching M C (‘gf) and M C Lyg(v,w) of
size at least Sn/9. Note here, that an already constructed matching of size x can
be extended as long as 22(n/4 + 36'/*n) < An?/16, hence we obtain a matching of
size at least n/9 for 0 < § < (1/97)%.

Now consider an edge {z,y} from the matching M. For each i € [4] \ {j} we
may take each time one vertex v; from every class V; \ {v,w}. Let these vertices be
v1, V2, v3. Then, for each such choice of vy, vy, v3 these form together with vertex
x or y a 4-element set. Moreover, adding the existing hyperedge {x,y,v,w} € E,
we obtain a copy of Ty, which is a subhypergraph of H unless {z,v1,vq,v3} or
{y,v1,v2,v3} is missing, i.e., is not a hyperedge in H. For § < (1/96)* and n
sufficiently large, there are at least (n/4 — 36'/%n — 2)3 > n?/100 possibilities
to choose such a triple (v1,v2,v3). Moreover, we may do this for any of the at
least 8n/9 edges in M, each time obtaining distinct pairs of 4-tuples {x, v1,v2,v3}
and {y,v1,v92,v3}, as each time we take another matching edge {z,y}. Since at
most én* hyperedges {x,v1,v2,v3} or {y,v1,v2,v3} are missing in H, we find for

and J < min {(25)4,424} (27)
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0 < & < 3/9000, which holds by (27), at least
(n3/100)(Bn/9) — on* > An* /1000 (29)

copies of Ty, which are subhypergraphs in H.

Now, let F} and F; be such distinct subhypergraphs Ty. Since M is a matching,
by our considerations from above we know that F; and F5 either are hyperedge-
disjoint, or they share a single hyperedge that consists of the vertices v,w and a
certain edge e from the matching M. This hyperedge corresponds to the “third”
hyperedge in the definition of the generalized triangle T}, i.e., this hyperedge con-
tains the symmetric difference of the first two. However, the point is that once the
color of the hyperedge {v,w} Ue is fixed, we can color the two remaining hyper-
edges in each subhypergraph T} found in the described way in at most 8 instead of
9 ways, to exclude a monochromatic Ty. Applying the same considerations to all
matching edges e € M with the corresponding subhypergraphs Ty, we obtain the
following possibilities for coloring the set of hyperedges of H:

e for every matching edge e € M the hyperedge e U {v, w} may be colored in
at most 3 ways,

e by (29) there exist at least Bn*/1000 pairwise distinct subhypergraphs T},
and hence at least 23n%/1000 = Bn?/500 distinct hyperedges of H, such
that two hyperedges of a single subhypergraph 7T, may be colored in at
most 8 instead of 9 ways,

e finally, the set of remaining hyperedges may be colored arbitrarily by at
most 3 colors.

This way, for 0 < § < 3/10%, which holds by (27), and n sufficiently large, with
(25) we bound the number of 3-colorings of the set of hyperedges of H from above
by

3ex(n,T4)+6n4—,8n4/500 . 8/37L4/1000 < 3ex(n,T4)7 (30)

which contradicts the assumption ¢z 7, (H) > 3ex(mT4),
Therefore, we have shown that Case 1 never holds, which we assume in the
following.

Case 2 (H satisfies 3i € {1,2,3,4} and Jv € V;: |Egepect(v)| > Bn®). As we are
not in Case 1, we know that Vv € Vi |Epea(v)| < Bn3.

Case 2 asserts a vertex v € V such that |Egefect(v)| > Sn® with respect to the
partition P with V(H) = VjUVaUV3UV,. There are exactly 3 types of defective
hyperedges incident to vertex v. Therefore, there exists a defective type 7 such
that |E7(v)| > pn?/3. Without loss of generality we ssume that v € V; and 7 =
(2,1,1,0). Recall that this means, that any defective hyperedge of type 7 incident
to vertex v intersects class V7 in another vertex distinct from v, and intersects also
classes V3 and V3, but does not intersect class Vy, as 7(4) = 0. By the minimality
of e(H) — ey (V1, Va2, V3, Vy), we know that

| Eeross(v)] > Bn3/37 (31)

otherwise, moving vertex v to class V; would increase the number of crossing hy-
peredges, yielding at least n®/3 crossing hyperedges.

We also note that out of the 20 possible types 7 of hyperedges incident to vertex
v, we are left to consider only four, namely, the 3 defective and one crossing type
of hyperedges. The amount of the other 16 types is less than 3n3.
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We distinguish between two subsets of the set C of “allowed” colorings of the
set of hyperedges of H. Let C; consist of those hyperedge-colorings such that there
exist two distinct types 7 and 7o, either defective or crossing, with the following
property: there exist subsets F;(v) C E7(v) with |E;(v)| > pn3/12 for i = 1,2,
and both, F(v) and Es(v), are monochromatic in the same color. Moreover, let
Cy :=C\ C; be the set of remaining colorings.

We first show that |Cq] < 3ex(n.Ta)=1 and then we concentrate on Cs.

Consider a coloring from C;. By assumption, we always have at least two distinct
(defective or crossing) types 71 and 75 with |E7i(v)| > 8n3/3 for i = 1,2. Let us
assume that 7 = 7 is the defective type described in the beginning, and let 75 be
another type. Here we give the arguments only when 75 is the crossing type to
simplify the presentation. The other cases can be easily treated in a similar way,
which will be sketched at the end of this case.

Let E;(v) C E™i(v) with |E;(v)| > Bn3/12, i = 1,2, be such that all hyperedges
in E;(v)UEs(v) are colored by the same color, say green. Each set E;(v), i = 1,2,
can be chosen in at most 2?236"3/12 ("3) < 2"° ways. With |E;(v)| > #n3/12, and

by (26) for 0 < § < (1/96)* there exists a pair (u,w) € Va x V3 such that v, u, w are
contained in at least Sn green distinct hyperedges intersecting class V; in another
vertex different from v. We set X := {z: {z,u,v,w} € Es(v)}. Furthermore, we
know that |Ea(v)| > Bn®/12, and hence |Eq(v) N E(Vy, Vo \ {u}, V3 \ {w}, V)| >
Bn3/13 for n sufficiently large. Thus, there are at least Sn3/13 green crossing
hyperedges incident to vertex v and not containing the vertices v or w. Let f be
such a crossing hyperedge and fix one of the at least fn vertices x € X. Then
the 4-element set g := f \ {v}U{x} together with the hyperedges f and {x,v,u,w}
forms a subhypergraph T unless g is missing as a hyperedge. For 0 < § < 5%/200,
there are at least

(Bn®/13)pn — on* = pZn* /13 — on* > f%n* /14 (32)
many possibilities to choose such a hyperedge g € E. Moreover, g cannot be
colored green, thus we only have two remaining colors that can be used. This way,

for n sufficiently large, we estimate the cardinality of the set C; of colorings for
0 < § < 32/40 as follows:

‘Cl‘ < 3. (4) . 22713 . 3ex(n,T4)+§n4—an4/14 . 2ﬁ2n4/14
- 2
< 18- 22713 . 3ex(n,T4)+5n4—62n4/14 . 2[32714/14
S 3-’:3X(’I’7,,T4)717 (33)

taking into account (é) possibilities to choose the types 71 and 7o, and 3 possibilities

to choose the color of the hyperedges in the sets Ej(v) and Es(v), where we used
(25).

We now consider the colorings in C;. The most important observation is that,
whenever we consider two different (defective or crossing) types 71 and 75 of hyper-
edges incident to vertex v, less than n?/12 of the hyperedges from E™(v) can be
colored by the same color for each i € [2]. On the other hand, there are at least
two (defective or crossing) types 71 and 75 for which |E™ (v)| > 8n3/3. Thus, for
each of these types 7;, i = 1,2, there is a color ¢;, which occurs at least 3n3/12
often, where ¢; # co. But then for each other (defective or crossing) type 73 or 74
each color ¢; and ¢y must occur less than 4n?/12 often. Moreover, the third color
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¢, ¢ # c1, co, may occur at least An3/12 in at most one of the types. If this happens
for type 71 or T2, then taking into account the at most Sn> bad hyperedges incident
to vertex v, there are at most

3 3 1/4, 13 n3 ?
. 4.3.360°  9(n/4+35""n) 4
HEEE fn 12 349

colorings of the set of hyperedges of all types incident to vertex v, where we used

3
ZO§i<Bn3/12 < (Bng/IZ)'
Moreover, if color ¢ occurs at least Sn®/12 often in type either 73 or 74, then

there are at most
4 3 n3 9
.31.36n" .
(3> 5 (Bn3/12> (35)

such colorings of all types of hyperedges incident to vertex v. Note that we first
“choose” three types where some colors are present at least Sn3/12 times and then
we assign three colors to these type. Similarly it was argued in (34).

Thus, for n sufficiently large by (34) and (35) and our choice of the parameters
B,8 > 0 in (27), we can estimate by using 211/7 < 3 the number of ways the set of
hyperedges incident to vertex v can be colored by at most

3 9
Y 2(n/4+361/4n)3 . n
373 12

37. 3Bn3 ) 2(n/4+351/4n)3 ) 29h(ﬁ/12)n3

<

< 37.380° . 99/3)n% g9h(B/12)n

< 37.3Bn HT/11(9/32)*n® | 3(63/11)h(8/12)n

< 37.30/1D((°+2)/32°)n?

< TP 30)

since 15 (9% 4 2) < 8%. Here we used the inequality (*) < 2% where h(y) is the
entropy function. A simple averaging argument shows, that by deleting the vertex
v and all hyperedges incident to v we obtain the hypergraph H' = H — {v} with

s, (H/) > 3ex(n,T4)+m _ 3ex(n—1,T4)+7n+l
’ 30T (n)—1 ’
which yields (22) and concludes Case 2 for 71 and 75 as defined above.

Now assume that both types 7 and 7 are defective. For convenience, let without
loss of generality 71 = (2,1,1,0) and 7 = (2,0,1,1). Similarly, we define the
sets E;(v) C E™(v), i = 1,2, of hyperedges of the same color, but now we fix a
pair (u,w) € Vi x V5 such that v,u,w are contained in at least fn green distinct
hyperedges intersecting class V4. Again, let z € V4 be such a vertex that forms a
green hyperedge {v, u, w, 2}, then it is not hard to see that f € E;(v) together with
f\{v}U{z} and {v,u,w,z} form a potential copy of Ty. The rest of the argument
remains valid.

Case 3 (H satisfies Vi € {1,2,3,4} and Yv € Vi: |Epaa(v)UEgefect(v)] < 28n3).
Here we are left with the last case, when Cases 1 and 2 do not hold, hence most of
the hyperedges incident to any vertex v are crossing. By assumption, H # 71(4) (n)
and c3 7, (H) > 3ex(n.T4) hence there exists at least one non-crossing hyperedge e
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with respect to the minimal partition P with V(H) = ViUVaUV3UV,. Let u,v be
two vertices that belong to this hyperedge e and are contained in the same class.
Recalling the minimum degree condition (23) for H, we infer with (26) that

| Leross (1) N Leross(v)] > 2[n/4]% — 48n° — (n/4 + 364n)?, (37)

where for a vertex w € V it is Leposs(w) = {e \ {w}: e € Egposs(w)}.

Substracting from the right hand side of (37) the term n?, which is an upper
bound on the number of triples in Leposs (1) N Leross(v) that intersect the hyperedge
e in a vertex different from u and v, this way, for n sufficiently large, we have
identified at least

2[n/4]® — 480> — (n/4 4 36Y4n)® — n?

subhypergraphs Ty, each two distinct of these sharing only the hyperedge e. We
have for 0 < 6 < (28)* and § < (1/12)* and n sufficiently large:

2|n/4)% — 480> — (n/4 + 36/*n)3 — n?

> 2(n/4) — 4Bn® — (n/4+ 36Y4n)® — 3n?

> 2(n/4)® — 5803 — (n/4+ 364n)3

= (n/4)° —58n° — (9/16)6Y*n® — (27/4)6/?n® — 276%/4n3

> (n/4)® —8p8n>. (38)

Given the color of the hyperedge e, the two other hyperedges of a fixed copy of T}
may be colored in at most 8 instead of 9 ways. Therefore, for n sufficiently large,
by our choice (27) of 5, > 0, with (38) and, using § < 1/4** and 8 < 1/(12 - 45),
we may estimate the number of ways of coloring all hyperedges incident to vertex
u or v from above by

3. 34,8713 . 8(n/4)378ﬁn3 . 32[(n/4+351/4n)37(n/4)3+8ﬁn3]
3. 3205n3 ) 8(n/4)378ﬁn3 ) 32[(n/4+351/4n)37(n/4)3}
3.3208n°  g(n/4)>—86n® 995"/ 4n® 84275/ %n’ /24546%/4n?

3. 3126n3+351/4n3 ) 8(”/4)3

38T () +8(TH (n=1) =1 (39)

VANVAN

Again, if we delete the vertices u and v, we obtain the hypergraph H' = H —
{u,v}, and, using a simple averaging argument, with (39) we obtain

s, (H/) Z 3ex(n72,T4)+m+1 )

This finishes the proof of Claim 13 and hence of Theorem 3. O

6. THE CASE OF r > 4 COLORS

In this section we prove lower bounds c¢,.z,(n) > %) and ¢, 1,(n) >
rex(nTs) for ¢ > 4,

First we consider the case of the 3-uniform generalized triangle T5. To prove
a lower bound on ¢, 1,(n) we give a lower bound on ¢, g, (n), i.e., for the case
of graphs, where we forbid a monochromatic triangle [1]. Namely, consider the
following graph G = (V| E) with |V| = n vertices, where without loss of generality
n is divisibe by 4. Let V = V;UV,UV3UV, be a partition of the vertex set V with
[Vi| = n/4, i € [4], into equally sized classes. The edge set E of G consists of all
edges e = {v, w} with v € V; and w € V}, where ¢ # j. Given the set [r], r > 4, of
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colors, we color the set of all edges between classes Vi and V5, or between V3 and
V4 by the colors 1,...,r — 1. For the set of all edges between the classes V; and
V4, or V4 and V3 we use the colors 1,...,7 — 2,7. Moreover, the set of all edges
between the classes Vi and V3, or V5 and Vy are colored arbitrarily by the colors
r — 1 and r. Here every coloring gives rise to a monochromatic bipartite graph, so
no monochromatic triangle is created by the colorings described above.

The number of these colorings of the edge set of the graph G for r > 4 is precisely

Cr,Ks(n) > Cr K3 (G) = (7“ _ 1)4(%)2 . 22(%)2
= (r-1-v3) N (40)
> ph > oK),

The lower bound (40) may be improved by using another distribution of the set [r] of
colors, namely for r divisible by 3 say, we color the set of all edges between the classes
V1 and Vs, or V3 and Vj by the colors 1,...,2r/3. For the set of all edges between
the classes V) and V4, or V, and V3 we use the colors 1,...,7/3,2r/3 +1,...,r.
Moreover, the set of all edges between the classes V7 and V3, or Vo and V, are
colored arbitrarily by the colors r/3 + 1,...,r, which gives

’IL2

2r 7\ ex(n,K3)
era(n) 2 (| 5 > pom s (41)
colorings.

Now we consider the 3-uniform generalized triangle T35 and the 3-uniform, 2-
partite hypergraph Hs = (V, E) on |V| = n vertices, which is defined as follows.
Let V = VUV’ be a partition with |Vp| = n/3 and |V’| = 2n/3. All hyperedges
e € E contain exactly one vertex from Vj and two vertices from V'. On the set
V' we place the graph G from above with m = 2n/3 vertices. For any hyperedge
e = {vg,v,w} € E with eNVy = {vp} its link {v, w} has to be an edge in the graph
G. The hyperedge e = {vg, v, w} may be colored by some color by which the edge
{v,w} may be colored.

Using (40), this yields exactly

23

ey (n) 2 criry (Ha) = <(<r—1>-x/§)(2"f)2>5:(<r—1>-ﬁ)57 (42)

> T% > Tex(",Ts)

colorings for r > 4 and n sufficiently large. Of course, (42) may be improved by
using (41).

It remains to show that the hypergraph H3 does not contain a generalized triangle
Ts. If {a,b,c}, {b,c,d} and {a,d, e} is a subhypergraph T5 in Hs, then one of the
two vertices b or ¢, and e must be contained in class Vj, say b, e € V. But then the
union of the links of the vertices b and d forms a triangle in the graph G. However,
due to the construction of the colorings, there is no monochromatic triangle 75 in
G, hence no monochromatic triangle T3.

Next we consider the 4-uniform generalized triangle T, and the 4-uniform, 2-
partite hypergraph Hy, = (V, E) on |V| = n vertices, which is defined as follows.
Let V = VUV’ be a partition with |Vy| = n/4 and |V’| = 3n/4. All hyperedges
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e € E contain exactly one vertex from Vj and three vertices from V’. On the set V'
we place the hypergraph Hj from above with m = 3n/4 vertices. For any hyperedge
e = {vg,v,w,z} € E with eN Vy = {wo} its link {v, w,x} has to be a hyperedge in
the hypergraph Hs. The hyperedge e = {vg, v, w,z} may be colored by some color
by which the hyperedge {v,w, 2} in Hs may be colored.

With (42), this gives

4
> 1256 > rex(n,T4)

colorings for r > 4 and n sufficiently large.

It remains to show that the hypergraph H4 does not contain a generalized triangle
Ty. If {a,b,c,d}, {e,b,c,d} and {a,e, f, g} is a subhypergraph Ty in Hy, then one
of the three vertices b, ¢ or d, and f or g must be contained in class Vj, say
b, f € Vy. But then the union of the links of b and f forms a generalized triangle
in the hypergraph Hs. However, due to the construction of the colorings, there
is no monochromatic generalized triangle T3, hence no monochromatic generalized
triangle T}.

7. CONCLUDING REMARKS

There is a recent result of Balogh and Mubayi [1], who prove that almost all
T5-free 3-uniform hypergraphs are tripartite. The first step in their approach (and
in many other approaches to derive “good” bounds on |Forb(n, F')|, where F' is
some uniform hypergraph) is to apply an appropriate form of regularity lemma to
show that almost all T3-free hypergraphs are nearly tripartite, i.e., e-close to some
tripartite 3-uniform hypergraph. It is conceivable, that we can modify the proof
of Theorem 2 to yield a similar general result for F-free hypergraphs which admit
some appropriate s-stability definition. In particular, we are quite confident that
we can adjust the proof of Theorem 2 to show that almost all Ty-free 4-uniform
hypergraphs are e-close to being 4-partite. It is also conceivable, that then, using
some “self-improvement” type of the argument, see e.g. [2, 24, 4], one should be
able to show that almost all Ty-free hypergraphs are in fact 4-partite.

We also would like to remark that, given Theorem 2, one needs just to look out
for those hypergraphs that have been proven to be, say 1-stable and that, say, have
unique extremal hypergraphs. There one might be able to even prove an exact result
similar to that of Theorem 3. In a forthcoming paper of the first two authors [20],
other classes of hypergraphs are studied, and some exact results similar to that of
Theorem 3 are proven there.
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