RAMSEY PROPERTIES OF RANDOM GRAPHS AND FOLKMAN
NUMBERS

VOJTECH RODL, ANDRZEJ RUCINSKI, AND MATHIAS SCHACHT

ABSTRACT. For two graphs, G and F', and an integer r > 2 we write G — (F),. if every
r-coloring of the edges of GG results in a monochromatic copy of F. In 1995, the first two
authors established a threshold edge probability for the Ramsey property G(n,p) — (F),,
where G(n, p) is a random graph obtained by including each edge of the complete graph
on n vertices, independently, with probability p. The original proof was based on the
regularity lemma of Szemerédi and this led to tower-type dependencies between the
involved parameters. Here, for r = 2, we provide a self-contained proof of a quantitative
version of the Ramsey threshold theorem with only double exponential dependencies
between the constants. As a corollary we obtain a double exponential upper bound on the
2-color Folkman numbers. By a different proof technique, a similar result was obtained

independently by Conlon and Gowers.

§1. INTRODUCTION

For two graphs, G and F', and an integer r > 2 we write G — (F),. if every r-coloring of
the edges of G results in a monochromatic copy of F'. By a copy we mean here a subgraph
of G isomorphic to F. Let G(n,p) be the binomial random graph, where each of (g)
possible edges is present, independently, with probability p. In [4] the first two authors
established a threshold edge probability for the Ramsey property G(n,p) — (F),.

For a graph F', let vr and ep stand for, respectively, the number of vertices and edges

of F. Assuming ep > 1, define

ezl f ep > 1

dF _ vp—2 ’ (1)
and
mp =max{dy: H < F and ey > 1}. (2)
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Let A(F) be the maximum vertex degree in F. Observe that mp = % for every F' with
A(F) = 1, while for every F with A(F') > 2 we have mp > 1. Moreover, for every k-vertex

graph F

k+1

—

We now state the main result of [4] in a slightly abridged form.

mg <ka =

Theorem 1 ([4]). For every integer r = 2 and a graph F with A(F) = 2 there ezists a
constant Cp, such that if p = p(n) > C’F,rn_l/mF then

lim P(G(n,p) — (F),) = 1.

n—0o0

The original proof of Theorem 1 was based on the regularity lemma of Szemerédi [7] and
this led to tower-type dependencies on the involved parameters. In [5] it was noticed that
for two colors the usage of the regularity lemma could be replaced by a simple Ramsey-type
argument. Here we follow that thread and for r = 2 prove a quantitative version of Theorem
1 with only double exponential dependencies between the constants.

In order to state the result, we first define inductively four parameters indexed by the
number of edges of a k-vertex graph F'. For fixed k > 3 we set
1 1

a; = 5, bl = g, Ol = 1, and ny = 1 (3)
and foreach i =1,..., (’;) — 1, define
ai19k:4 a?7k2 . 9122k* 914k?
Ait1 = 255K8 bit1 = Wbi’ Cit1 = W@', and  n;p = W“zﬂ (4)

Note that a; and b; decrease with ¢, while C; and n; increase. Finally, for a graph F

on k vertices, denote by

_(n kU
HE= Ak aut(F)p

the expected number of copies of F' in G(n,p) and note that

For a real number A > 0 we write G 2 F if every 2-coloring of the edges of G produces
at least A monochromatic copies of F'. We call a graph F' k-admissible if vp = k and either

er =1 or A(F) = 2. Now, we are ready to state a quantitative version of Theorem 1.

Theorem 2. For every k > 3, every k-admissible graph F', and for all n > n., and

p = Copon™V™F we have

P (G(n,p) B F) > 1 —exp(—be,p(3))-
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Note that, for r = 2, Theorem 1 is an immediate corollary of Theorem 2.
Another consequence of Theorem 2 concerns Folkman numbers. Given an integer k > 3,

the Folkman number f(k) is the smallest integer n for which there exists an n-vertex
graph G such that G — (Kj)2 but G D Kjy11. In the special case of F' = K and r = 2,
2

Theorem 2, with p = C’(g)n_le, provides a lower bound on P(G(n,p) — (K)2). In
Section 4, by a standard application of the FKG inequality, we also estimate from below
P(G(n,p) D Kii1), so that the sum of the two probabililities is strictly greater than 1.
This, after a careful analysis of the involved constants, provides a self-contained derivation

of a double exponential bound for f(k).

Corollary 3. There exists an absolute constant ¢ > 0 such that for every k > 3
k) < 2+
Independently, a similar double exponential bound (with arbitrarily many colors) was
obtained by Conlon and Gowers [1]. The method used in [1] is quite different from ours and
allows for a further generalization to hypergraphs. After Theorem 2 as well as the result in
[1] had been proved, we learned that Nenadov and Steger [3] have found a new proof of
Theorem 1 by means of the celebrated containers’ method. In [6], we used the ideas from
3] to obtain the bound f(k) < 20%"105k) which, at least for large k, supersedes Colorary 3.
However, the advantage of our approach here is that the proofs of both Theorem 2 and
Corollary 3, as opposed to those in [6], are self-contained and, in case of Theorem 2,
incorporate the original ideas from [4].

The paper is organized as follows. In Section 3 we prove our main result, Theorem 2.
This is preceded by Section 2 collecting preliminary results needed in the main body of the

proof. Section 4 is devoted to a proof of Corollary 3.

§2. PRELIMINARY RESULTS

Before we start with the proof of Theorem 2, we need to recall abridged versions of
two useful facts from [2, Lemmas 2.52 and 2.51] (see also [4,5]), which we formulate as
Propositions 4 and 5 below.

Given a set I' and a real number p, 0 < p < 1, let I', be the random binomial subset of I',
that is, a subset obtained by independently including each element of I' with probability p.
Further, given an increasing family O of subsets of a set I' and an integer h, we denote
by Q) the subfamily of Q consisting of the sets A € Q having the property that all subsets
of A with at least |A| — h elements still belong to Q.
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Proposition 4. Let 0 <c <1, § = ¢*/9, Np = 72/6% = 2335/c', and h = 6Np/2. Then
for every increasing family Q of subsets of an N-element set I' the following holds. If
P (Ta—syp ¢ Q) < exp(—cNp)
then
P (T, ¢ Qn) < exp(—6°Np/9).

Proof. We shall apply [2, Lemma 2.52], which is very similar to Proposition 4. Lemma 2.52
from [2] states that if ¢ and 0 > 0 satisfy

(3 + log(1/0)) < ¢ (6)
and
P(T1-s)p ¢ Q) < exp(—cNp)
then
P(I', ¢ Qn) < 34/Npexp(—cNp/2) + exp(—3>Np/8). (7)

To this end we first note that by assumption of Proposition 4 we have § < 1/9. Since
vz (log(1/x) is increasing for z € (0,1/¢€?] it follows for every § < 1/9 that

log(9
3

~—

Vi log(1/8) <

<2.

Consequently, v/0(3 +1og(1/)) < 3 and owing to the assumption § = ¢2/9 this is equivalent
to (6). Moreover, since Np > 233%/c* > (12/c)? we have

3/ Np < exp(34/Np) < exp(cNp/4).
Hence, (7) yields

P(T, ¢ Qn) < exp(—cNp/4) + exp(—02Np/8) < 2exp(—05°Np/8)
< exp(—62Np/8 + 1) < exp(—3d°Np/9),

where the last inequality follows by our assumption Np > 72/§2. U

The following result has appeared in [2] as Lemma 2.51. We state it here for ¢t = 2 only.

Proposition 5 ([2]). Let S< (1), 0 <p <1, and A\ = |S|p®. Then for every nonnegative
integer h, with probability at least 1 — exp(—3 ) there exists a subset Ey < I', of size h

such that I'), \ Ey contains at most 2\ sets from S.
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In the proof of Theorem 2 we will also use an elementary fact about (o, d)-dense graphs.
For constants ¢ and d with 0 < d, ¢ < 1 we call an n-vertex graph I' (o, d)-dense if every
induced subgraph on m > gn vertices contains at least d(m?/2) edges. It follows by an easy
averaging argument that it suffices to check the above inequality only for m = [on]. Note
also that every induced subgraph of a (g, d)-dense n-vertex graph on at least cn vertices is
(2, d)-dense.

It turns out that for a suitable choice of the parameters, (g, d)-dense graphs enjoy a
Ramsey-like property. For a two-coloring of (the edges of) " we call a sequence of vertices
(v1,...,v¢) canonical if for each ¢ = 1,...,¢ — 1 all the edges {v;,v,}, for j > i are of the

same color.

Proposition 6. For every { =2 and d € (0,1), if n = 2(4/d)*"2 and 0 < o < (d/4)*7%/2,
then every two-colored n-vertex (o, d)-dense graph I' contains at least

Z+1)

full) = @(

canonical sequences of length (.

d2)p!

Proof. First, note that as long as o < 1/2 every (o, d)-dense graph contains at least n/2
vertices with degrees at least dn/2. Indeed, otherwise a set of m = [(n + 1)/2] vertices of
degrees smaller than dn/2 would induce less than mdn/4 < d(m?/2) edges, a contradiction.

We prove Proposition 6 by induction on ¢. For ¢ = 2, every ordered pair of adjacent
vertices is a canonical sequence and there are at least 2d (72‘) > fn(2) such pairs if n > 2.
Assume that the proposition is true for some ¢ > 2 and consider an n-vertex (g, d)-dense
graph T, where o < (d/4)*~1/2 and n > 2(4/d)*"1. As observed above, there is a set U of
at least n/2 vertices with degrees at least dn/2. Fix one vertex u € U and let M, be a set
of at least dn/4 neighbors of u connected to u by edges of the same color. Let T',, = T'[M,]
be the subgraph of I' induced by the set M,. Note that ', has n, > dn/4 > 2(4/d)"~>
vertices and is (g,,d)-dense with o, < (d/4)~2/2. Hence, by the induction assumption,

(0= (3) e <d4”>€ -(4) O e

canonical sequences of length ¢ in I',. Each of these sequences preceded by the vertex u

there are at least

makes a canonical sequence of length ¢ + 1 in I'. As there are at least n/2 vertices in U,

there are at least
£+2)

NGE (i)( :

d(%l)nul
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canonical sequences of length /+1 in I". This completes the inductive proof of Proposition 6.

g

Corollary 7. For every k = 2, every graph F on k vertices, and every d € (0,1), if
n = (4/d)** and 0 < o < (d/4)**, then every two-colored n-vertez, (o, d)-dense graph T
contains at least yn* monochromatic copies of F', where vy = d2k* 95k

Proof. Every canonical sequence (vy,...,Uy_o) contains a monochromatic copy of Kj.
Indeed, among the vertices vy,...,v9,_3, some k — 1 have the same color on all the
“forward” edges. Therefore, these vertices together with vertex vq;,_5 form a monochromatic
copy of Kj. On the other hand, every such copy is contained in no more than

2k —2
k!( i )nkQ = (2k — 2)nF2

canonical sequences of length 2k — 2. Finally, every copy of K} contains at least one copy
of F', and different copies of K}, contain different copies of F'. Consequently, by Proposition

6, every two-colored n-vertex, (g, d)-dense graph I' contains at least

_ (2k71) - 2%k2
fu(2k —2) _ 1 } 2 d(2k2 2)nk - LG
(2k — 2)ynk=2  (2k—2), \ 4 25k
monochromatic copies of F. U

§3. PROOF OF THEOREM 2

3.1. Preparations and outline. For given n € IN, p € (0,1), and a k-vertex graph F' we
denote by X the random variable counting the number of copies of F' in G(n,p). We also
recall that pp = EXp.

For fixed k > 3 we prove Theorem 2 by induction on er. We may assume n > k, as
for n < k we have pup = 0 and there is nothing to prove.
Base case. Let F7 be a graph consisting of one edge and k — 2 isolated vertices. Note
that mp, = 1/2 (see (2)) and for every two-coloring of the edges of G(n, p) every copy of F}

in G(n,p) is monochromatic. Clearly,

n—2 n—2 n—2\/(n
= () wn= (07 e = (125) (5)

Thus, by Chernoff’s bound (see, e.g., [2, ineq. (2.6)]) we have

1 1 1/n
P <XF1 < 2MF1> =P (XKz < 2#1{2) < exp (—8<2>P> ;

which holds for any values of p and n. Hence, Theorem 2 follows for F' = F; and with the

constants a; = 1/2, by = 1/8, and C} = ny = 1 as given in (3).
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Inductive step. Given a graph G, an edge f of G and a nonedge e, that is an edge of
the complement of G, we denote by G — f a graph obtained from G by removing f, and
by G + f a graph obtained by adding e to G. Let Fj,; be a graph with ¢ + 1 > 2 edges and
maximum degree A(F;,1) = 2. If i +1 > 3, then we can remove one edge from Fj;,; in such
a way that the resulting graph F; still contains at least one vertex of degree at least two,
ie, A(F;) = 2. If i+ 1 = 2, the graph F;,; = F; consists of a path of length two and k — 3
isolated vertices and removing any of the two edges results in the graph F; = F. In either
case, we may fix an edge f € F(F;,1) such that the graph F; = F;,; — f is k-admissible.
Hence, we can assume that Theorem 2 holds for F; and for the constants a;, b;, C;, and n;
inductively defined by (3) and (4).

We have to show that Theorem 2 holds for F; ; and constants a;,1, b1, Ciy1, and n;q

—1/mp,

given in (4). To this end, let n = n;; and p = C;11n +1. We will expose the random

graph G(n,p) in two independent rounds G(n,p;) and G(n, pr) and have
G(nvp) = G(WPI) v G(nupll> .

For that, we will fix pr and py; as follows. First we fix auxiliary constants®

a; d\* 2 7t Oty
=5 @:(4> C T e wmgrger wd a=gee 6

Then p; and py; € (0, 1) are defined by the equations

D = p1+ pu — pipu and p1 = oprr . 9)
Clearly, we have
p b
P>pn>§>06])>04pnzpl>oé§~ (10)

We continue with a short outline of the main ideas of the forthcoming proof.

Outline. At first we consider a two-coloring y, with colors red and blue, of the edges
of G(n,pr) (the so-called first round). Owing to the induction assumption (Theorem 2
for F;) we note that with high probability the coloring x yields many monochromatic copies
of F;. We will say that an unordered pair of vertices e = {u,v} is x-rich if G(n,p;) + e
possesses “many” (to be defined later) copies of F; 1, in which e plays the role of the
edge f and the rest is a monochromatic copy of F;. Let I'y be an auxiliary graph of all
x-rich pairs. We will show that with ‘high’ probability (to be specified later), I is, in fact,
(0, d)-dense for d and p as in (8) (Claim 8).

IThe proof requires several auxiliary constants which at first may appear a bit unmotivated. For
example, we now define dr1, while J7 is to be defined only later. Both §’s will be used in applications of

Proposition 4.
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To this end, note that if the monochromatic copies of F; were clustered at relatively
few pairs, then we might fall short of proving Claim 8. However, we will show that in
the random graph G(n,p;) it is unlikely that many copies of F; share the same pair of
vertices. For that, we will consider the distribution of the graphs T consisting of two
copies of F; which share the vertices of a missing edge f (and possibly other vertices).
We will show that the number of those copies is of the same order of magnitude as its
expectation (Fact 9), and will also require that this holds with high probability. Such a
sharp concentration result is known to be false, but Proposition 5 asserts that it can be
obtained on the cost of removing a few edges of G(n, pr).

The auxiliary graph I'y is naturally two-colored (by azure and pink), since every x-rich
pair closes either many blue or many red copies of F; (or both and then we pick the
color for that edge, azure or blue, arbitrarily). Consequently, Corollary 7 yields many
monochromatic copies of F;;; in I'y, and at least half of them are colored, say, pink. That
is, there are many copies of F; 4y in I'y such that each of their edges closes many red copies
of F; in G(n, pr) under the coloring x. By Janson’s inequality combined with Proposition 4,
with high probability, many pink copies will be still present in I', N G(n, pi1) (second round)
even after a fraction of edges is deleted. Thus, we are facing a ‘win-win’ scenario. Namely,
if an extension of x colors only few pink edges of I'y, n G(n, pr1) red then, by the above,
many copies of F;;; in I'y, n G(n, pir) have to be colored completely blue. Otherwise, many
pink edges of Iy, n G(n,pn) are red, which, by the definition of a pink edge, results in
many red copies of F;,q in G(n,p).

Useful estimates. For the verification of several inequalities in the proof, it will be useful to
appeal to the following lower bounds for v, o, and o in terms of powers of a; and 2. From

the definitions in (8), for sufficiently large k, one obtains the following bounds.
a ¥’

4k2

_ i

v 12k4+5k2 = 913k4
2 2

36k2 36k2

_ @; a; 11
a 36 . 2108k*+53k2+2 = 2109k* ( )
o aff - atk
@ = oukdak = QIskd
We will also make use of the inequalities
np = Ciy1, (12)

valid because mp,,, > 1, and, for every subgraph H of F;,; with vy > 3,

nUH—QpeH—l > 0551717 (13)
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valid because

>dH:€H—1

+1 =

meg, .
! ’UH—Q

Of course, (12) follows from (13), by taking H with dyg = mp,,,.
3.2. Details of the proof.

First round. As outlined above, in the first round we want to show that with high probability
the random graph G(n, pr) has the property that for every two-coloring x the auxiliary
graph I'y (defined below) is (g, d)-dense. For that we set

b2
- (14)
and for a two-coloring x call a pair {u, v} of vertices x-rich if it closes at least
= g lon)"n} (15)

monochromatic copies of F; in G(n, pr) to a copy of F;41. Then Iy is an auxiliary n-vertex
graph with the edge set being the set of x-rich pairs.

Let £ be the event (defined on G(n,pr)) that for every two-coloring x of G(n,pr) the
graph I'y is (g, d)-dense.

Claim 8. ,

)
P(€) =1—exp <_1GI’“2 <Q2n>p1 +n+ 2k2)

Before giving the proof of Claim 8 we need one more fact. Let {T1,T5,...,T;} be the
family of all pairwise non-isomorphic graphs which are unions of two copies of F;, say
F! U F!, with the property that adding a single edge completes both, F} and F/ to a
copy of F; ;1. We will refer to these graphs as double creatures (of F;). Clearly, with some
foresight of future applications,
92k>—1

4(3)

Let X, be the number of copies of T} in G(U,p1), j = 1,...,t.

Fact 9. For every j =1,...,t
EX; < (on)™*pf'.
Proof. Let T := T; = F] U F/ be a double creature and set S = F/ n F. Then the expected

number of copies of T" is bounded from above by

(5) . on 2k .21
EXr < (on)Tpi" = {en)"pr pés :

(on)vspy
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and it remains to show that
(on)"spi® = (on).
There is nothing to prove when vg = 2 (and thus eg = 0). Otherwise, pick a pair
of vertices f in T such that both, F] + f and F/ + f, are isomorphic to F;;;. Then
J: =S+ f< F;y. Note that e; = eg + 1 and 3 < v; = vg < k. Since Cy1 = 2/a,

e e A0 ranes (3 ra
(on)"sprs = (@n)‘](§> p"12052<§) City (on)?

(11) 1 g2k 36k (4) 213k -1

« i i
= Qk50i+1(gn)2 = 52131#1 Wci+1(gn) = TC (Qn) (Qn)2 O]

Proof of Claim 8. Let x be a two-coloring of G(n,p;). Fix a set U < [n] with |U| = on

(throughout we assume that gn is an integer) and consider the random graph G(n, pr)

induced on U
G(Uapl) = G(napl)[U] .

By the induction assumption, if on > n; and p; = C;(on)~Y/™# then, with high probability,
there are many monochromatic copies of F; in G(U, p;). For technical reasons that will
become clear only later, we want to strengthen the above Ramsey property so that it is
resilient to deletion of a small fraction of edges. For that we apply the induction assumption
to the random graph G(U, (1 — d1)p;1), followed by an application of Proposition 4. We
begin by verifying the assumptions of Theorem 2 with respect to F; and G(U, (1 — d1)pr).
First, note that

1 af* () aff UK

) a; 3
Ul =on = oni = 13k 51353 i+l = BYET W”i = 2" ng =mn;. (17)
It remains to check that
(1 —0p)pr = C’i(gn)_l/mFi ) (18)

To this end, we simply note that using 6; < 1/2, ¢ < 1, and mp,,, = max (1, mp,) we have

(10) ap m m m
(1=dp > > 4Ci+1Q/ Fiet (on) MM > 4Cz+1g(gn) Hme,
Furthermore, we have
244k 37k2 122k4 12k?
o (1) 3ok +4 (1) a; 2 C; 27
1 Gt = i O = gioe gige = = i (19)

and (18) follows.
Thus, we are in position to apply the induction assumption to G(U, (1 — d;)p;) and F;.
Let

= pgt = (Q:) auf(!Fi) (1=d)p)' = 412 (on)*pi (20)
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denote the expected number of copies of F; in G(U, (1 —d;)p1). By Theorem 2 we infer that

P (G(U, (1 —dp)pr) 25 E) >1—exp (—bi(1—d)pi(%))

>1—exp(—%p (%)) - (21)

Next we head for an application of Proposition 4 with ¢ = b;/2, § = §;, N = (92"), and pr.
Note that, indeed, o1 = b?/36 = /9 (see (14)). Moreover, using gn = 3 (see (17)) and (12)
we see that

on) (10 ap ap (19) 212k°+1 79
> =0, 2

2
and the assumptions of Proposition 4 are verified. From (21) we infer by Proposition 4

that with probability at least
52
e (2(2)0) -

G(U, p1) has the property that for every subgraph G’ < G(U, p;) with

BGwm) ~ B < 5 (5 )

we have
G5 F (23)

Our goal is to show that, with high probability, any two-coloring x of G(U, py) yields
at least d(|U]*/2) x-rich edges, and ultimately, by repeating this argument for every set
U < [n] with gn vertices, that I', is (o, d)-dense. The above ‘robust” Ramsey property (23)
means that after applying Proposition 5 to G(U, p1) the resulting subgraph of G(U, pr) will
still have the Ramsey property with high probability.

Let Y be the random variable counting the number of double creatures in G(U, py). It
follows from Fact 9 that

EY < t(on)*%p¥ (24)
Hence, by Proposition 5, applied for every j = 1,...,¢ to the families S; of all copies of T}

in G(U, p1) with

_ o1 fon
=g (5 ) (29

we conclude that with probability at least

- S () =1t () 2
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there exists a subgraph Gy < G(U,p1) with |E(G(U,p1) ~ E(Go)| < thy such that Gy

contains at most 2IEY double creatures. Since

the robust Ramsey property (23) holds with G' = Gy.

Recall that a two-coloring x of G(n, pp) is fixed. For {u,v} c U, let x,, be the number of
monochromatic copies of F; in Gy which together with the pair {u, v} form a copy of Fj,;.
Owing to (23), we have

S s an @)
fuvte(3)
By the above application of Proposition 5 we infer that

24),(16 .
Z 2 <2 (];) - IDC(Gy)| < 4(5) EY ( )<( ) 22k2—1(gn)2k—2p1217 (28)
{u,v}e(g)

where DC(G)) is the set of all double creatures in Gy. Recall that {u,v} e E(T'y) if it is

x-rich, which is implied by x,, = ¢, where ¢ is defined in (15). We want to show that

(T4 [U]) 5 (on)

Since ¢ < a;p/(on)? (compare (15) and (20)), it follows from (27) that
a; (20) 1 a; i
Z Ty = a = 5 k2 (Qn)kpl :
2 2 4
{uw}e(3)

Tyo =l

Squaring the last inequality and applying the Cauchy-Schwarz inequality yields

1 a N 2 2
— S (on)p << > x) <eMUD) Y a,
(2 4 ) {u,v}6<[2]) {u,v}e(g)

Toyp =l Typ =l

< e(T,[U]) - 2271 (on) 2.

Consequently,
2

e(D\[U)) = o (on)?/2 > s (on)?/2 2 d(en)?/2.

Summarizing the above, we have shown that if G(U, p;) has the robust Ramsey property

for F; (see (23)) and if the conclusion of Proposition 5 holds for all j = 1,...,¢, then we
infer e(I',[U]) = d(gn)?/2. The probability that at least one of these events fails is at most

(see (22) and (26)) 52 h
() ()
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Recalling that t < 4% (see (16)) and the definition of Ay in (25), Claim 8 now follows by
summing up these probabilities over all choices of U < [n] with |U| = on. More precisely,
using the union bound and the estimate (;;) < 2", we conclude that the probability that
there is a coloring x for which the graph I’ is not (g, d)-dense is

n 1 ,(on o2 1 on
P(=€) < 2"exp (—951 < 5 >p1> + 274" exp (_14:24’“261( 5 )pl)

52
< exp (— 16Ik2 (an)pl +n+ 2k2> O

This concludes the analysis of the first round.

Second round. Let B be the conjunction of £ and the event that |G(n,pr)| < n?p;. In the
second round we will condition on the event B and sum over all two-colorings x of G(n, pr).
Formally, let A be the (bad) event that there is a two-coloring of the edges of G(n, p) with
fewer than a;;1p1p,,, monochromatic copies of Fi ;. (That is, —A is the Ramsey property
G(n,p) @it 1HF; g
that there exists an extension of x to a coloring x of G(n,p) yielding altogether fewer than

Fi+1.) Further, given a two-coloring x of G/(n,pr), let A, be the event

@;+1/tF,,, monochromatic copies of Fj .

The following pair of inequalities exhibit the skeleton of our proof of Theorem 2:

P(A) < P(-B) + Y ]P(A\G(n, ) = G)IP(G(n, ) = G) (29)
GeB
and

P(A[G(n, pr) ( G(n, p1) > S max P(A,|G(n,pr) = G). (30)

By Claim 8 and Chernoff’s inequality (see, e.g., [2, ineq. (2.5)])

P(—B) < P(=&) + IP<|G(n,pI)| > n2p1>

52 n 1/n
< exp (— 161’“2 (02 )pI +n+ 2k2) + exp (—3 (2>p1>
§? n
< exp (— 161k2 (Q2 )pI +n+ 2k + 1) =:q. (31)

To complete the proof of Theorem 2 it is thus crucial to find an upper bound on
P(A,|G(n,p1) = G) which substantially beats the factor 277,

Claim 10. For every G € B and every two-coloring x of G,

_ 51217
P(A,|G(n,p1) = G) < exp _Tn pu | -
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The edges of I', are naturally two-colored according to the majority color among the
monochromatic copies of F; attached to them. We color an edge of I'y, pink if it closes
at least /2 red copies of F; and we color it azure otherwise. Subsequently, we apply
Corollary 7 to Iy for F;,; and d (chosen in (8)). Note that in (8) we chose p to facilitate
such an application. Moreover, the required lower bound on n is equivalent to on > 1
and this follows from (17). Hence, by Corollary 7 and the choice of v in (8), we may
assume without loss of generality, that there are at least yn*/2 pink copies of Fj,; in T'.
In particular, all these copies of Fj;;; consist entirely of edges closing each at least ¢/2
red copies of F; (from the first round). Let us denote by F, the family of these copies
of F;,1, and let Fg’:“k be the subgraph of I'y, containing the pink edges. Since every edge
may belong to at most n*~2 copies of Fj,,, we have

i+ 1) | F _ (i+1)-yn”)2
py— X > oy > yn®. (32)

€(F§ink) > (

In the proof of Claim 10 we intend to use again Proposition 4, this time with ' = F;’?nk

and Q — the property of containing at least

g i

Wnkplfrl (33)
copies of Fj;; belonging to F,. For this, however, we need the following fact.

Fact 11. With 6 chosen in (8) we have

2

in Y in
]P((F§ k)(1*511)p11 ¢ Q) < exp (_e(ri k)pn) .

Proof. Consider a random variable Z counting the number of copies Fj;; belonging to F,

which are subgraphs of G(n, (1 — dy1)pmr). We have

) 1 ) 1 1 X
EZ = |F (1 = 6u)pr)™*' = §’Ynk((1 — Su)pn) " = 2 50 ynpiit, (34)
2

where we used the bound dy < 1/2.

By Janson’s inequality (see, e.g., [2, Theorem 2.14]),

i 1 EZ)?
P((Fimk)(l—(sn)z)n ¢ Q) <P (Z < 2EZ> < exp <—< _) ) ,
where A is defined by

A = Z Z P(F' v F"< G(n,(1—06n)pn)),

F'eFy F'"eFy
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with the double sum ranging over all pairs (F', F"") € F, x F, such that E(F')nE(F") # @.
The quantity A can be bounded from above by

A< Z n2k—u(ﬁ)p12I(i+1)—e(F)7 (35)
ﬁgFﬂ_l

where the sum is taken over all subgraphs E of F,; with at least one edge. If e(ﬁ ) =1
then

nv(F)pr(F) — nU(F)pH > nsz . (36)
Otherwise,
. o(F)e(F) (13) p2pced)—1 (10)
n”(F)pr(F) > n ]2 > np itl =n p = TZQPH, (37)

2¢(F) T 9e(F)
where we also used the fact that C;1 = 4 (see (4)). Combining (35) with the bounds (36)

and (37) yields

A i1, 2k—2, 2i+1 2k—2, 2i+1
A<2 P <2( Jn -

Finally, plugging this estimate for A and (34) into Janson’s inequality we obtain

2,2 2
P ((TPink Y nTpn < y Fpmk '
(O 0som # Q) < eXp( 32.220) o)) =P\ e ()P

O

Proof of Claim 10. We shall apply Proposition 4 with ¢ = 72/4¥, & = ~*/(9 - 16*)
(see (8)), N = e(I'®™), and py;. Therefore, first we have to verify that e(TP"™ )py > 72/67.
Indeed,

: (10,32) p (12) 5 @y 21226 (1) 72.81 162 72
Fplnk . > 2 > Cz > - = = .
6( X ) pH 'Vn 2 2” +1 2 a?7k3 78 5121

Consequently, by Proposition 4, we conclude that with probability at least

¢ (32) ¢
1 —exp ( éle(rpmk)pn) > 1 —exp <—gvn2pu> ) (38)
the random graph (Fpmk)pn has the property that for every subgraph IV < (Fiink)pn with
in 5 i
|E((F§ k)pn) N E(F/)\ I; n2pH = hII (39)
ko i+1

we have IV € Q, that is, IV contains at least 2k2n pr; - copies of Fj; belonging to F,
(see (33)).

Consider now an extension x of the coloring x from G(n,pr) to G(n,p). If in the
coloring y fewer than hy edges of (Fiink)pn are colored red, then, by the above consequence

of Proposition 4, the blue part of ('), ~contains at least

T kit DY
2k2nkplfrl = 4k2nkp -
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copies of Fj . If, on the other hand, more than hj; edges of (Fg’(mk)pn are colored red, then,

by the definition of a pink edge, noting that i < k?/2, at least

¢ 1 (15,39) 5[[’)/ 2 a; k—2 i
hi X = X > —= X !
O 5 n pu 4k2k2(gn> P
(10) Oy a; 0" /o b2
> P g (5)
511'7ai9k04k2/2 k i+l
16+

red copies of F;; arise. Owing to (8), (11), and the choice of a;;; in (4) we have

2
vy g @
2 2 itz = il

and 4 2
5117ai9kak2/2 ® 750%/62/2 (11) azl8k +24k2 ()

16+ g. o8z i Z T omme = it

Therefore, we have shown that with probability as in (38), indeed any extension y of x

yields at least

k. k2/2
‘ v nyaidta . 1 O
min <4k2, f6kznkpl+l> > ajnfptt = Qit1HF 4

monochromatic copies of Fj, ;. O
The final touch. To finish the proof of Theorem 2 it is left to verify that indeed
P(A) < exp(—bi1(5)p-
The error probability of the first round is (see (31))
P(-B) < q.

Turning to the second round, by Claim 10 and (30), for any G € B,

2 ) Ry
P(A|G(n,p1) = G) < 2"P - exp <—mn2pll) < exp (_gVnsz + n2p1> =:q, (40)

and, consequently, by (29),
P(A) < ¢ + qu.
Below we show (see Fact 12) that ¢ and ¢ are each upper bounded by exp(—b;,1n2p).

Consequently,
P(A) < 2exp(—bi1n’p) < exp(l — by 1n’p) < exp(—251n’p) < exp(—biy1(3)p)

because ; w2 "
. 12 . 4
%177/2?9 = %lci-i-lni—&—l = Cinig = 1.
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Fact 12. We have max(qr, qi) < exp(—b;11n°p).

Proof. We first bound ¢;. Since gn = 3 (see (17)),
0f (Qn> (19 §20%a , (1,14) bl 20% 8k

; (4)
2 2
162\ o )P = g g P > 65 . 9109k 26k +ak2 P = 2bi1n°p

while, since 1 + 1 > 2,

, () (12)
n+2k2+1<n+niq <2n < b 1Cin < bin’p.

Consequently,
@1 < exp(—2b;11n°p + b 1n’p) = exp(—bi1n°p) .
Now we derive the same upper bound for ¢;. Since

(19)  (3) Ofy
< =
pI ap 36 p

L (o)
while pir > p/2,
Ry )
qir = €xXp (—gvnzpn + n2pl> < exp <—§67n2p>

Therefore, the required bound follows from

627 (s) ~? (1) a3%%* (1)

36 3681162 9118

This concludes the proof of the inductive step, i.e., the proof of Theorem 2 for F;,q,

given it is true for F;, i =1,..., ('2“) — 1. The proof of Theorem 2 is thus completed.

§4. PROOF OF COROLARY 3

In order to deduce Corollary 3 from Theorem 2, we first need to estimate the involved

parameters a;, b;, C;,n;, i =1,..., (’2‘“), defined recursively in (4).

Proposition 13. There exist positive constants ci, ca, c3,cq > 0 such that for every k = 3

_(e1k?)
k>2k1

,k(62"€2) k(63‘k2) k(04‘k2)
K, = ka22 CKk<2 nKk<2 .

Proof. Throughout the proof we assume that k > k for some sufficiently large constant k.

Let x = 19k%, y = 55k°, and set ; = loga;, i = 1,...,(%). Recall that a; = 3. The

recurrence relation (4) becomes now
Q; = T0—1 — Y,

whose solution can be easily found as
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(note that a; = —1). Hence, for alli=1,..., (S), and some constant ¢; > 0,
i-1
i—1 z =1 c1vi
—q; =1 Fy— < kK9 41
v (41)

In particular,
apy =275 5 g,
The recurrence relation for the b;’s is more complex. With v = 37k% and v = 118k, it
reads as
bi = b} a¥ 27"

Thus, recalling that b; = %,

- i b. 49 i i
s =11 () -l

j=2
Setting, 8; = log b;, and taking logarithms of both sides and using (41) we obtain, for some

constant ¢y > 0,

—Bi =347+ Y A (u(—ay) + ) <4+ (i = D47 (u(—as) + 0)
Jj=2
<A1+ (uk™? +v)] < k27 (42)

where in the last step above we used estimates 4° < k% and ¢ < k2. In particular,
_klo2k?)
>
The recurrence relation for C; involves not only C;_; and a;_; but also b;_;. Nevertheless,
its solution follows the steps of that for b;. Indeed, we have
C; 2

Cioy bi_qay’
where z = 122k* and w = 37k%. Recalling that C; = 1,

R s
C; = = | —
Jl-jg Cj 311 b;{la}”fl

and, consequently, by (41) and (42), for some constant ¢z > 0,

log C; < 1—12—1—2 —B;) + w(—q;))

<@ —1)(z+4(-8) +w(—)) <k (2 + 4kl 4 wk(cl'i)) < kO

In particular,
2k<c3-k2> ‘



RAMSEY PROPERTIES OF RANDOM GRAPHS AND FOLKMAN NUMBERS 19

Similarly, for some constant ¢4 > 0,

{ t oldk?
n] 2 k.((;4 )
= = 2
ny = n S
j=2 i1 2 4j-1

and, consequently,

O

We are going to prove Corollary 3 by the probabilistic method. We will show that for

X2
2K

some ¢ > 0, every n > , and a suitable function p = p(n), with positive probability,

G(n,p) has simultaneously two properties: G(n,p) — K and G(n,p) D Kii1. The
following simple lower bound on P(G(n,p) P Kj41) has been already proved in [6] (see

Lemma 3 therein). For the sake of completeness we reproduce that short proof here.
Lemma 14. For all k,n >3 and C > 0, if p = Cn=2/*"+) < L then
P(G(n,p) D Kii1) > exp(—C'(kgl)n) .

Proof. By applying the FKG inequality (see, e.g., [2, Theorem 2.12 and Corollary 2.13],

we obtain the bound

P(G(n,p) D Kiy1) = (1 —p<k¥1)><k21) > exp (—QC(szrl)n*k( n )> > exp <—C<k§1>n) ’

k+1

where we used the inequalities (,',) <nf™/2and 1 —2 > e for 0 <z < 1. O

ey

Now, we are ready to complete the proof of Corollary 3. For convenience, set b = b(k),
2

C = C(k), and n = nek- Let n > n and p = Cn~?*+Y_ By Theorem 2,
2

2

P(G(n,p) — Ki) = 1 — exp {J)p(g) } .

Let, in addition, n > (2C)**+Y/2, Then, by Lemma 14,

~-[(n
P(G(n.p)  Kpnr) > oxp {—bp(Q) }
and, in turn,
P(G(n,p) — Ky and G(n,p) D K1) > 0.
Consequently, for every
n = ng := max(n, (2C)*+1/2)

there exists a graph G with n vertices such that G — K but G ® Kj,;. Finally, by
{e} 2 .
Proposition 13, there exists ¢ > 0 such that ny < 2* " This way we have proved that
ck?
f(k) < ng < 28"
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