CANONICAL RAMSEY NUMBERS FOR PARTITE HYPERGRAPHS
MATIAS AZOCAR CARVAJAL, GIOVANNE SANTOS, AND MATHIAS SCHACHT

ABSTRACT. We show that canonical Ramsey numbers for partite hypergraphs grow single

exponentially for any fixed uniformity.

§1 INTRODUCTION

Erdés and Rado [7] established the canonical Ramsey theorem, which generalises Ram-
sey’s theorem [12] to an unbounded number of colours. In that work Erdés and Rado
characterised all canonical colour patterns that are unavoidable in colourings of edge sets
of sufficiently large hypergraphs. The canonical Ramsey number ER(Kt(k)) is the smallest
integer n such that any edge colouring ¢: E(K®*) — NN of the complete k-uniform

hypergraph on n vertices yields a canonical copy of Kt(k)

, i.e., a copy which exhibits one
of those unavoidable colour patterns. (The precise definition of these colour patterns is
not important at this point, however, we remark that for their definition the underlying
vertex set is assumed to be ordered.) We consider quantitative aspects of this theorem. For
the Erdés—Rado theorem discussed above it follows from the work of Erdés, Hajnal, and
Rado [6, §16.4] (see also reference [5, (4.2)]), the work of Lefmann and Ro6dl [10], and the
work of Shelah [14] that the lower and the upper bound on n grow as (k — 1)-times iterated
exponentials in polynomials of ¢ (see also reference [13, §4]). In other words, in terms
of the number of exponentiations the canonical Ramsey number and the non-canonical
Ramsey number (for many colours) display the same behaviour.

We study Erdés-Rado numbers for k-partite k-uniform hypergraphs. The extremal
problem for k-partite k-uniform hypergraphs is degenerate and as a result the Ramsey
number grows much slower. In fact, owing to the work of Kovari, Sés, and Turan [9] and
of Erdds [4] those Ramsey numbers for any fixed number of colours grow only exponential
and random colourings yield a matching lower bound. Roughly speaking, we show that
canonical Ramsey numbers for partite hypergraphs exhibit the same behaviour and, in fact,
these extremal results will be crucial in the proof. We recall the definition of canonical

colourings for partite hypergraphs.
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Definition 1.1. For a k-partite k-uniform hypergraph H = (Vi w...wV;, E), aset J < [k],

and an edge e € I/ we write
eremUVj

jedJ
for the restriction of e to the vertex classes indexed by J. We say a colouring ¢: F — IN

is J-canonical, if for all edges e, €’ € E we have
ple) =) = e;=c¢;.

Moreover, we say the colouring is canonical if it is J-canonical for some J < [k] and a

subhypergraph is a canonical copy, if the colouring ¢ restricted to its edges is canonical.

Since ey = & for all edges e € E, we observe that @-canonical colourings are monochro-
matic. For the other extreme case we note that [k]-canonical colourings are injective and
as usual we refer to those as rainbow colourings.

Similarly as above, we define ER(Kt(k)t) as the smallest integer n such that every
colouring ¢: F(K ,(f)n) — IN of the edges of the complete k-partite k-uniform hypergraph
with vertex classes of size n yields a canonical copy of Kt(k)t It follows from the work
of Rado [11] that these numbers exist and a simple probabilistic argument employing a

random colouring with t* — 1 colours shows
ER(KY ;) = 0o (1.1)

where o(1) — 0 as t —> o0. We establish a comparable upper bound, which resolves a

problem raised by Dobak and Mulrenin [3].

Theorem 1.2. For sufficiently large t we have ER(Kt(i)) < 30 and ER(Kt(i?t) < #3087
Moreover, for every k = 4 and t sufficiently large the following holds

2
ER(KM,) <t .

Theorem 1.2 for k = 2 is optimal up to the factor 3 in the exponent and similar bounds
were obtained recently by Gishboliner, Milojevi¢, Sudakov, and Wigderson [8] and by
Dobak and Mulrenin [3]. For k& = 3 there is a more substantial gap between the lower
bound (1.1) and the upper bound provided by Theorem 1.2. In view of that, it would be
interesting to decide if the cubic exponent 30¢* in the upper bound could be improved to
be quadratic.

For larger values of k the gap between the lower and the upper bound widens and in the
proof of Theorem 1.2 we made no attempt for obtaining the optimal constant in front of the
exponent k%. However, our method seems fall short to obtain a factor smaller than 1/2. In
particular, we leave it open if the k? can be improved to o(k?) or even to O(k) for k — 0,

as suggested by the lower bound (1.1).
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§2 PREPARATIONS

The proof of Theorem 1.2 follows the approach of Dobdk and Mulrenin [3]. It is based
on an unbalanced variant of Erdés’ extremal result for partite hypergraphs, which we
introduce in §2.1. Another key idea, often used to locate rainbow copies, is to consider

bounded colourings and we introduce those in §2.2.

2.1. Extremal problem for partite hypergraphs. The proof of Theorem 1.2 relies
on the extension of the Kovari-Sés—Turdn theorem [9] to hypergraphs due to Erdds [4].
For completeness we include the proof of the following variant of that result for partite
hypergraphs with vertex classes of different sizes. For the inductive proof it is helpful to

consider 1-uniform hypergraphs.

Proposition 2.1. Fork > 1let H = (Vi v...v Vi, E) be a k-partite k-uniform hypergraph

: _ __|E]
of density d = TAEAR

If for some positive integers ty, ..., tr we have

d Hj<i tj
(5=) Wil =2 (2.1)

for every i € k], then the number Kt(f)tk(H) of complete k-partite k-uniform hypergraphs

in H with vertex classes U; € V; and |U;| = t; for every j € [k] satisfies

d \Iljemti V.
KD, (H) > (2%,1) 11 (’tj‘) . (2.2)

Jjelk]

Proof. The proof is by induction on k. For k = 1 assumption (2.1) reduces to d|V;| = 2t;
and yields (d‘;l/ll) > (d/2)" (IEI)‘ Consequently, conclusion (2.2) holds.

For the inductive step consider a k-uniform hypergraph H = (V; v ... v V}, E) of
density d. For every vertex v € Vj, we denote by H(v) the (k — 1)-uniform hypergraph on

vertex classes Vi,..., Vi1 defined by the link of v and we set

K(v) =KW (H©w),

t1,.tk—1

i.e., K(v) is the number of complete (k — 1)-partite (k — 1)-uniform hypergraphs in H(v)
with vertex classes U; < V; and |U;| = t; for every j € [k — 1]. Let Vi < Vj, be the set of

those vertices v with B
E
e(H(v)) = .

In particular, Zuev,; e(H(v)) = |E|/2 and, more importantly, for every v € V;* the link
hypergraph H (v) satisfies the assumption (2.1) with k replaced by k — 1. Consequently,
the inductive hypothesis applied to H(v) for every v € V}* yields

S s 0}

VeV veVr je[k—1] L
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and Jensen’s inequality with weights 1/|V}| for every v € Vi* tells us

|E|/2 et ® \4
K Vil -
Z (v) > Vil <22k3’V1|""Vk1HVk| H] t;

veVyr jelk—1

. d Hje[k—l] tj |V|
- Wil (3) 11 (%) 23)

jelk—1

.....

V.
k9 om = [T (W) (B K0 Mg ()
etk . t; (7%
je[k—1]
Hje 1t
29 I (I‘GI).((J_I) . ””M!)
i) \ L b
@21) V| 1/ d \ew—uti\ ™ [|Vi]
SRRCOREES
jelk=1] tj 2 \4k—1 tr

d [Tierr) ts ’V}|
> (2%71) 1_[ (t- ’
j J

Jelk]

and this concludes the proof of Proposition 2.1. O

2.2. Bounded colourings. For a k-partite k-uniform hypergraph H = (V; v ... v V}, E)
and J < [k] we write V for the set of |J|-element vertex sets intersecting the vertex classes

indexed by J, i.e.,
Vy= {{Uh,...,vim}: v, € Vjforall je J}.
Clearly, we have |V| = 1 and |V;| = Hjej V).

Roughly speaking, the proof of Theorem 1.2 pivots on a classification of the colourings

given by the following definition.

Definition 2.2. We say a colouring ¢: E — IN of the edge set of a k-partite k-uniform
hypergraph H = (Vi v ... Vi, E) is (0, J)-bounded for some ¢ > 0 and some set J < [k]
if all but at most 0|Vy| of the |J|-tuples S € V satisfy

‘{e e E:e;=Sand g(e) = E}‘ < 5“/[k]\J‘

for every colour £ € IN. For j =0,...,k — 1 we say the colouring ¢ is (9, j)-bounded, if it is
(6, J)-bounded for every j-element set J e [k]\).

Moreover, we say ¢ is d-bounded for some § = (&, . .., 1) € (0,1]* if p is (6, j)-bounded
for every j =0,...,k—1.
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Note that being (§, @)-bounded simply means that no colour appears more than

|Viw| = o[Vl -- - [Vi]

times. Moreover, it is easy to check that (1‘%, j+1)-boundedness implies (4, j)-boundedness.
It is well known, that d-bounded colourings for sufficiently small choices of dg, ..., dr_1

yield large rainbow subhypergraphs. In fact, being (4, J)-bounded implies that the number
of those obstructions to a rainbow coloured subhypergraph consisting of two edges e, €' of

the same colour with e n €’ € V; is at most
0.1Vil [ Vikp (2.4)

This was already exploited in the work of Babai [2], of Lefmann and Rodl [10] and of Alon,
Jiang, Miller, and Pritikin [1] in similar context. The next proposition is based on the

same observation.

Proposition 2.3. For k> 2 and § = (dp,...,0_1) € (0,1]* let p: E(K‘(/’f)vk) —> N be
a d-bounded colouring with of the complete k-partite k-uniform hypergraph Kx(/?)vk with
vertex partition Vi w ... w Vi. If for some positive integer t < %min {\Vl\, . ]Vk\} we have

93k—j . t2k7]71

(2.5)

for every j =0,...,k—1, then ¢ yields a rainbow copy of the complete k-partite k-uniform

subhypergraph Kt(k)t with vertex classes of size t.

Proof. For every i € [k] we choose a random subset W; < V; of size 2t and these k choices
are carried out independently. For a subset J < [k] let X; be the random variable of the

number of pairs of edges {e, ¢’} present in the induced subhypergraph H[W, ..., W] with
ene eW; and ¢(e) = p(€).

Clearly, we have

25) t
< 2k

2t 2t (2t — 1)
EXy < || Vil Vikgal® < gy - (2)%
U Lvmwr
and, hence, ]E[Z ISk X ]] < t. Consequently, there exists a choice of sets W; < V; which,
after removing one vertex for every instance counted by X for every J < [k], induces a

rainbow copy of Kt(k)t O

We shall use a variant of Proposition 2.3, where we move away from complete partite
hypergraphs. Instead we start with a partite hypergraph of density d and we are interested
in large rainbow subhypergraphs of similar density.
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Proposition 2.4. Fork > 2 let H= (Vi v...w Vi, E) be a k-partite k-uniform hypergraph

of density d = \V1||~?IV;¢\ > 0 and for § = (0g,...,0r_1) € (0,1]% let p: E — N be a
d-bounded colouring. If for some integer m we have
2k+3 1

for every j =0,...,k—1, then H contains a rainbow subhypergraph of density at least d/2

with vertex classes U; € V; and |U;j| = m for every j € [k].

The proof of Proposition 2.4 parallels the proof of Proposition 2.3. Roughly speaking,
we show that a randomly chosen subhypergraph inherits the density of H. However, for
technical reasons we will refrain from removing vertices from the randomly chosen vertex
sets and instead we require smaller values of ¢, in the assumption (2.6) leading to no

expected obstructions for the rainbow subhypergraph.

Proof. For every i € [k] we choose a random subset W; € V; of size m and these k choices
are carried out independently. Let Hyy = H[W,..., W] be the random subhypergraph
induced on the chosen vertex sets. Again for every J < [k] we consider the random

variable X ; counting the pairs of edges {e, ¢’} spanned in Hyy with
ene eW; and o(e) = ¢(e).

Appealing to the (6, J )—boundedness of ¢ we have

) 2 2k—|J| (2.6) 1
H\v! =D OlVallVial® < - m* V= o

J€J| J‘

and, owing to Markov’s inequality, we arrive at

1
]P(ZXJ>1><§. (2.7)
J<[K]
For the edge density of H), we consider the random variable Y = Y .1, = E(Hy).
Clearly,

k
m
EY = -|E| = dm”
Lt
and we can bound the variance by

VarY <EY + >0 > M E[LI]<EY+ Y m' VL EY <2m'EY.
o#JC[k] eeE  feE o#J[k]
enfeVy
Consequently, Chebyshev’s tells us

1
—]EY) <
5

VarY k2=l 9k+2 (5
< < <
(EY)? dmk

1
PlY —. 2.
( = dm 2 (2.8)
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Owing to the estimates (2.7) and (2.8), there exist subsets U; < V; for every i € [k] each of

size m such that no two edges of H|[Uj, ..., Ug| have the same colour under ¢ and we have

e(H[Uy,...,U]) = dmk/2. O
§3 PROOF THE MAIN RESULT

In this section we deduce Theorem 1.2 from Propositions 2.1-2.4.

Proof of Theorem 1.2. We first address the general case giving a slightly weaker bound
for k = 2 and 3. For a fixed integer k, let t is sufficiently large, set ¢ = 1/2%*1. We fix

auxiliary constants

e\ (2ktk)k—1=i 1\ t* Ifk (2k)k—1=d¢k(k=3)
%= () wd - my= () = (%)

for j =2,...,k—1 and we set

c (2ktk)k_2
=4 = ()
and § = (dg,...,0k_1). Moreover, by assumption of Theorem 1.2 we have
n = ttk2 .

The choices above yield the following order of the involved constants
2<k;<1<t<i<m,€_1<.~<l<m2<l=l<n.
c Ok—1 02 01 do
Besides this monotonicity we shall employ a few more relations between these constants.
In fact, the proof relies on Propositions 2.1-2.4 and their applications will be justified
by the tailored inequalities (3.1)—(3.5) below. These estimates are mainly based on the
facts that for j > 2 we have m; = 6j’tk, that 6,1 = 5]2-ktk, and that we assume that t is
sufficiently large as a function of k.
We shall apply Proposition 2.1 in three different ways and for those applications we rely

on the following three sets of inequalities

50 th—1
01 o\
F A/ 5177, > 2t and (F) n = 2t, (32)
and for j=2,... . k—1
52 /20" 52 /2t
(ﬁ) m; =2t  and (ﬁ) n=2t. (3.3)
Similarly, preparing for an application of Proposition 2.3, we observe
1 1

5k—1 and (Sj < 5k_2 < for j = 0, ey k—2. (34)

T 92kl ¢k
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Finally, for an intended application of Proposition 2.4, we note that forall0 < j < j, < k—1
and 7, = 2 we have
d; 1

§j,mj, > 23 and 5 < m (3.5)
This concludes the discussion of the constants.

We shall show that every colouring ¢: E (Kﬁf)n) — IN yields a canonical copy of Kt(k)t
Let V; w...w Vj be the vertex partition of Kﬁf“)n Given a colouring ¢ we consider several
cases depending on the ‘boundedness properties’ of .

Note that, if ¢ is indeed d-bounded, then in view of (3.4) our choice of § yields a rainbow
coloured copy of Kt(k)t by Proposition 2.3. Consequently, there exists a minimal index
jx € {0,...,k — 1} such that ¢ is not (dj,, j.)-bounded and let J, € [k]¥*) be a set that
witnesses this and without loss of generality we may assume J, = {1,...,J.}.

In case j, = 0, then one of the colours appears at least dyn” times. In view of inequal-

ity (3.1), Proposition 2.1 applied with

d = by, n=--=mn,=n, and ty=---=t,=t,

yields a monochromatic copy of Kt(k)t in this case.

In case j, = 1, then there is a set U < V; of size at least d;n such that every u € U is
contained in at least d;n*~! edges of the same colour and we denote this colour by £(u).

The box principle yields a subset U, < U of size at least 1/d;n such that either all
colours ¢(u) for u € U, are equal or they are all distinct. We consider the k-partite

k-uniform hypergraph H, with vertex partition
U, wVouw...uV,

and
E(H,) = U {e€ Vi ueeandpe) =L(u)}.

ueUx
Since every vertex u € U, has degree at least §;n*!, the hypergraph H, has density at
least ;. Again we apply Proposition 2.1 to H,, this time with

d=6, ni=|Ud=+én, ng=---=np=n, and t;,=---=t, =t,

which is justified by (3.2) and we obtain either a monochromatic or an {1}-canonical copy
of Kt(k)t This concludes the proof for the cases j, < 1.

It is left to consider the case J, = {1,...,J,} for some j, =2,....k — 1. Let U;, <V},
be a set of size at least d;,n’* such that every j,-tuple S € U, extends to at least d;,n*7*
edges of the same colour and we denote this colour by ¢(S5). We consider the j,-partite

Jx-uniform hypergraph G with vertex partition
Viv...vwV, and E(G)=U,,.
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Moreover, we define a colouring ¢ : E(G) — IN through

for all S € E(G). Owing to the minimal choice of j,, a moment of thought reveals that
the colouring g is (5j/5j*,j)—bounded for every j =0,...,7, — 1. In other words, the
.., 05,-1/6;,)-bounded.
In view of the estimates (3.5), we may apply Proposition 2.4 to G with

colouring ¢q of the j,-partite j,-uniform hypergraph G is (50/ d;

* )"

k):j*, d=5j*, (50/5‘7‘*7'-'75@—1/5‘*)7 and mj*.

This way we obtain a rainbow j,-uniform subhypergraph G, of density at least §,, /2 with
vertex classes U; € V; and |U;| = m for every j € [j.].

Finally, we consider the natural k-uniform extension H, of G, on the vertex partition
Uho...olUj,vV,pu...uV;

with

E(H,) = U {e € Viiy: S < eand ple) = 6(5)}
SeE(Gy)
and note that the colouring ¢ restricted to H, is J,-canonical. Moreover, since every
je-tuple S € E(G,) extends to at least &;, "7+ distinct k-tuples of colour £(S) under ¢, the
k-uniform hypergraph H, has density at least (5]2-* /2. Another application of Proposition 2.1
to H, with

2
== 5j *

d :
2

ng=--=Mnj, =m, Njy1 =" ""=N="n, and tlzztk:t7

)

which is justified by the estimates (3.3), yields a .J,-canonical copy of Kt(k ;. This concludes

the proof of Theorem 1.2 for k > 4 and it is left to discuss the better bounds on n for the
cases k =2 and k = 3.

For the case k = 2 one can check that the same proof works for n = t3¢+1 for sufficiently
large t with 6; = 0y = 275¢73. In fact, for graphs the proof is somewhat simpler, since the
case j, = 2 does not arise.

Similarly, for k& = 3 and n = 3 one can check that the choices

1

1
(52: m2:t7t, and 61:50:W

273’

satisfy inequalities (3.1)—(3.5) for sufficiently large ¢ and, consequently, the proof presented
yields the claimed bound in this case. 0
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