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Exercise 1: (3+2 points)

a) Solve the initial value problem

y′ − y = 2 with y (0) = 3.

b) Compute the general solution of Euler’s differential equation

x2y′′ + xy′ − 4y = 0 .

Hint: There exist solutions of the form y(x) = xα with α ∈ IR.

Solution:

a) (3 points)

Compute the general solution of the homogeneous linear differential equation:

y′ − y = 0 ⇒ p(λ) = λ− 1 = 0 ⇒ λ = 1 ⇒ yh(x) = cex.

The ansatz yp(x) = a for a particular solution of the inhomogeneous differential
equation yields

0− a = 2 ⇒ yp(x) = −2.

So the general solution to the inhomogeneous equation is

y(x) = cex − 2.

We use the initial condition 3 = y(0) = ce0 − 2 ⇒ c = 5

and obtain the solution y(x) = 5ex − 2 of the initial value problem.

b) (2 points)

We plug the ansatz y(x) = xα into Euler’s differential equation and obtain:

0 = (α(α−1)+α−4)xα = (α2−4)xα ⇒ α2−4 = 0 ⇒ α1 = 2, α2 = −2.

So a fundamental system is y1(x) = x2, y2(x) =
1

x2
.

Then, with c1, c2 ∈ IR we obtain the general solution

y(x) = c1x
2 +

c2
x2

.
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Exercise 2: (5 points)

Compute the general solution of the following system of differential equations

y′ =

(
2 −1
−1 2

)
y −

(
1
1

)
.

Hint: Note that λ2 − 4λ+ 3 = (λ− 1)(λ− 3).

Solution:

(5 points)

Compute the eigenvalues:

pA(λ) =

∣∣∣∣ 2− λ −1
−1 2− λ

∣∣∣∣ = (2− λ)(2− λ)− 1

= λ2 − 4λ+ 3 = (λ− 1)(λ− 3) = 0 ⇒ λ1 = 1, λ2 = 3

Computation of corresponding eigenvectors by (A− λE)v = 0

Eigenvector v1 zu λ1 = 1:(
1 −1 0
−1 1 0

)
→

(
1 −1 0
0 0 0

)
⇒ v1 =

(
1
1

)

Eigenvector v2 zu λ2 = 3:(
−1 −1 0
−1 −1 0

)
→

(
−1 −1 0

0 0 0

)
⇒ v2 =

(
−1

1

)

Ansatz for particular inhomogeneous solution: yp(x) = a

⇒ 0 =

(
2 −1
−1 2

)
yp −

(
1
1

)
(

2 −1 1
−1 2 1

)
→

(
2 −1 1
0 3/2 3/2

)
⇒ yp(x) =

(
1
1

)

The general inhomogeneous solution with c1, c2 ∈ IR is:

y(x) = c1y
1(x) + c2y

2(x) + yp(x) = c1e
x

(
1
1

)
+ c2e

3x

(
−1

1

)
+

(
1
1

)
.
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Exercise 3: (4 points)

Solve the initial value problem

y′′ + 2y′ − 3y = 7− 6x , y(0) = 0 , y′(0) = 3 .

Hint: Note that λ2 + 2λ− 3 = (λ− 1)(λ+ 3).

Solution:

(4 points)

General solution of the homogeneous differential equation y′′ + 2y′ − 3y = 0:

Characteristic polynomial:

p(λ) = λ2 + 2λ− 3 = (λ− 1)(λ+ 3) = 0 ⇒ λ1 = 1 , λ2 = −3

General homogeneous solution: yh(x) = c1e
x + c2e

−3x with c1, c2 ∈ IR

Ansatz for particular inhomogeneous solution yp(x) = ax+ b,

We plug this into the inhomogeneous differential equation which yields

(ax+ b)′′ + 2(ax+ b)′ − 3(ax+ b) = −3ax+ 2a− 3b = 7− 6x ⇒ a = 2 ⇒ b = −1 .

General inhomogeneous solution:

y(x) = yh(x) + yp(x) = c1e
x + c2e

−3x + 2x− 1 ⇒ y′(x) = c1e
x − 3c2e

−3x + 2

Initial values:

0 = y(0) = c1 + c2 − 1 ⇒ c1 = 1− c2

3 = y′(0) = c1 − 3c2 + 2 = 1− c2 − 3c2 + 2 = 3− 4c2 ⇒ c2 = 0 ⇒ c1 = 1

Solution of the initial value problem: y(x) = ex + 2x− 1
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Exercise 4: (3 points)

Compute the real-valued general solution of the linear differential equation

y′′ + 9y = 0.

Use this solution to obtain all solutions for the corresponding boundary value problem

with boundary values y′(0) = 6 and y
(π

6

)
= 2.

Solution:

(3 points)

Characteristic polynomial: p(λ) = λ2 + 9 = 0 ⇒ λ1,2 = ±3i

Complex-valued fundamental system

e3ix = cos(3x) + i sin(3x) , e−3ix = cos(3x)− i sin(3x) .

Real and imaginary part lead to the general real-valued solution

y(x) = c1 cos(3x) + c2 sin(3x) with c1, c2 ∈ IR ⇒ y′(x) = −3c1 sin(3x) + 3c2 cos(3x).

The boundary values yield:

6 = y′(0) = −3c1 sin(0) + 3c2 cos(0) = 3c2 ⇒ c2 = 2,

2 = y
(π

6

)
= c1 cos

(π
2

)
+ c2 sin

(π
2

)
= c2.

Solution of the boundary value problem: y(x) = c1 cos(3x)+2 sin(3x) with c1 ∈ IR
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Exercise 5: (3 points)

Compute all equilibria for the nonlinear system of differential equations of first order

ẋ = y − 4
ẏ = 4y(x− 1)

and determine their stability properties.

Solution:

(3 points)

Condition for equilibria:

(
0
0

)
=

(
y − 4

4y(x− 1)

)
= f(x, y) ⇒ P =

(
1
4

)
, Jf(x, y) =

(
0 1
4y 4(x− 1)

)

The eigenvalues of Jf(P ) yield the stability properties

Jf(1, 4) =

(
0 1

16 0

)
⇒ p(λ) = λ2 − 16 = 0 ⇒ λ1 = −4 < 0 < λ2 = 4

⇒ P =

(
1
4

)
is a (locally) instable (saddle) point.


