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Separation of Variables
Variation of Constants




Recap

Definition (Ordinary Differential Equation)
An ordinary differential equation of oder 1 (n-th order ODE) for a function y = y(z)
s an equation of ,  and the derivatives of y up to (including) n-th order:

Fla,y, o/ 0", y™) = 0. (implicit form)
If the equation can be solved for the highest derivative in y, then we obtain the
form: Definition (lnitial and Boundary Values):
¥ = flruy' "y ) (explicit form). Conditions on the solution of the ODE that apply to exactly one value of the
We call the function y, solving the ODE solution of intezral of the ODE. independent variable = are called iritial conditions, otherwise boundary

If the solution of an ODE is required to fulfil nitial conditions, we cal this problem
an initial value problem (IVP).

Correspondingly, a boundary value problem (BVP) is given, when the solution is
required to fulfill boundary conditions.

‘ODE of Order 1.

o Let the ODE of order 1 be given in explicit form: o' = f(x.y).

® Pairs z,y € Dy are in the domain of f.




Definition (Ordinary Differential Equation):
An ordinary differential equation of oder n (n-th order ODE) for a function y = y(z)
is an equation of x,y and the derivatives of y up to (including) n-th order:

F(z,y,y,y",...,y™) =0. (implicit form)

If the equation can be solved for the highest derivative in y, then we obtain the
form:
y™ = fz,y, v,y ..., y™ ) (explicit form).

We call the function y, solving the ODE solution or integral of the ODE.
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Definition (Initial and Boundary Values):
Conditions on the solution of the ODE that apply to exactly one value of the
independent variable = are called initial conditions, otherwise boundary conditions.

If the solution of an ODE is required to fulfill initial conditions, we call this problem
an initial value problem (IVP).

Correspondingly, a boundary value problem (BVP) is given, when the solution is
required to fulfill boundary conditions.




ODE of Order 1:

o Let the ODE of order 1 be given in explicit form: y' = f(x,y).

e Pairs z,y € Dy are in the domain of f.




ODE of order 1
with separable variables

Idea:
Let the ODE be given in the orm

g = 92

Y by

We call this differen stion with separable variables,
Let g(x) and h(y) for (x,y) € Dy continuous and hiy) # 0.

 According to existence theorem there exists at least one solution.
* Let
.
Hx) - 1) N 7 (w) = hi
N Ry

primitive functions (antiderivatives) for g and &, and H~" inverse of H (ie.
H\(H(y)) = v)

Solution scheme:
Let an ODE of the form
¢ 9=)
h(y)
be given and let g(z) and h(y) for (z,y) € Dy continuous, k(y) # 0, G(x), H(y)
as before.

1. Write the ODE in form h(y)y’ = g(x) resp. h(y)dy = g(z)dz.
2. Integrate left hand side to y and right hand side to .
3. If possible, solve analytically for y:

« Write the ODE as h(y)y’ = gl) then integration yield the solution: H(y) = G(x) +C.

H(y(x)) = Gx) +C

« Application of the inverse results in

wlx) = H'[H{y(=))] = H[C

If not possible, the solution y(x) is given in implicit form.

o 4. C = Cy = H(yo) - G(zo) yields a solution of the IVP y(xo) = vo.

Example.

Let

¥ = sinzoamy.
@ Note: cosy 7 0 for y # (+ )= (k€ 2).
« Obuain: y o
Lo [ finr

o lategrate: In|tan(§ + )| = —conz + Co.

* Solve for - .
¥iz) = 2arctan(Ce=™7) - 7 CER

* Constant solutions: () = (k + §)x

« Remember spe fdl e
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Idea:

Let the ODE be given in the orm Solut
Let a

) = 9(z)

h(y)
We call this differential equation with separable variables. )
Let g(z) and h(y) for (z,y) € Dy continuous and h(y) # 0. be gi
as be

e According to existence theorem there exists at least one solution.

o Let . y 1.
G(z) = / o(t) dt, and H(y)= /b h(t) dt

primitive functions (antiderivatives) for g and h, and H~! inverse of H (i.e.
H\(H(y)) =) &

e Write the ODE as h(y)y’ = g(x) then integration yield the solution:

H(y(z)) = G(z) + C

e Application of the inverse results in

4.
y(z) = H ' [H(y(z))] = H'[G(z) + C). o




Solution scheme:

Let an ODE of the form
,  g9(x)

h(y)’

be given and let g(x) and h(y) for (z,y) € D¢ continuous, h(y) # 0, G(x), H(y)
as before.

1. Write the ODE in form h(y)y’ = g(x) resp. h(y)dy = g(x)dz.
2. Integrate left hand side to y and right hand side to .

3. If possible, solve analytically for y:
H(y) =G(z) + C.
If not possible, the solution y(z) is given in implicit form.

4. C = Cy := H(yo) — G(z0) yields a solution of the IVP y(zo) = yo.



Example:

Let

Yy = sinzcosy.

Note: cosy # 0 for y # (k + 3)7 (k € Z).

Obtain:

/

Y
cosy

=sinx resp.

I
cosy

Integrate: In|tan(¥ + )| = — cosz + Cp.

Solve for y:

y(x) = 2arctan(Ce

Constant solutions: y(z) = (k + )7

Remember: slope feld!
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Linear ODE of order 1

Definition: (Linear differential equation of first order)
Let

az)y + b(@)y = clx).
Let the coefficients (a(x), b(x). c(x)) be continuous (not necessarily linear) on an Solution Idea 1:
interval I and a(z) # 0. This ODE is called near ODE of 1t order, if it s linear The homogenous linear ODE i + p(x)y = 0 is a special case of an ODE with
w.r.t solution y(x), i.e. a linear combination separable variables!
For y > 0 and y < 0 write
an(a) + finlx) p
v _ =—
of the two solutions yy and y; is again a solution. Y P = = f"" ir+Co
with |y] = eSoe=P2) resp. y = Cele) (€ € R,C #0).
Where P(x) is antiderivative of p(x)
Solution Idea 2: (Varistion of Constants)
For a general solution of the homogencus linear ODE y' + p(r)y = 0 vary C. ice.
132 O = Cla)
o Amsatz
¥lz) = Claje "=,
Example: (Bernoull's Differential Equation) « Substitte
¥+ plady = qlz)y" Clx)e™") = Cla)piale™"") + Ha)Cla)e™") = qlx).
* Eliminate and integrate:
o Cle)e"™ =alx) = Cle)=qlz)e”™
o co= a0 e, 6 mom.ceR,
® Use the Ansatz:
W) = P ((‘I + /'qm,m. a)
= CeM 4o alt)e" dt
= am(T) + pan(x).
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Definition: (Linear differential equation of first order)
Let
a(z)y’ + b(z)y = c(z).

Let the coefficients (a(x),b(z),c(z)) be continuous (not necessarily linear) on an
interval I and a(z) # 0. This ODE is called linear ODE of 1st order, if it is linear
w.r.t solution y(x), i.e. a linear combination

ay1(z) + By2(z)
of the two solutions y; and ys is again a solution.

Remarks:

e Assuming a(z) # 0 (z € I), we have

Y +p(2)y = q(2)
with p(z) = %, q(z) = % both continuous.

e Existence and uniqueness are guaranteed (no singular solutions) if p(z) and
q(x) are continuous in I.

e If g(z) = 0 the ODE is called homogenous, otherwise inhomogenous.

Solution |
The homc
separable

Fory >0

with |y| =
Where P(
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on an Solution Idea 1:
linear The homogenous linear ODE y’ + p(x)y = 0 is a special case of an ODE with
separable variables!

For y > 0 and y < 0 write

d
Zy =p(z)de = Inlyl = —/p(x) dz + Co

with |y| = eCoeP®) resp. y = Ce~P®) (C € R,C # 0).
Where P(z) is antiderivative of p(z).

15.



Solution Idea 2: (Variation of Constants)

For a general solution of the homogenous linear ODE ¢’ + p(z)y = 0 vary C, i.e.
use C' = C(x).

e Ansatz:

e Substitute:
C'(2)e P — C(a)p()e "™ + p(2)C(2)e P = g(x).
e Eliminate and integrate:
C@)e @ =q@) = ') =q)e"®

= C(z) =/ q)ef® dt + C; C) = const.,Cy € R.

0

e Use the Ansatz:

y(z) = e @ (Cl —|—/ q(t)ef® dt)

0

= CreP@ 4 e_P(x)/ q(t)eP’® dt

Zo

= yhom(x) + yinh(x)o

16.



Observations:

e Differentiation proves:
Yinh () = e_P(x)/ q(t)eP’® at
Zo

is a particular solution of the inhomogenous ODE.

e Since
Yhom () = Cre T®@

a general solution of the homogenous ODE, y(%) = Yhom + ¥Yinh () is solution
to the inhomogenous ODE for each C'; € R.

e On the other hand each arbitrary solution §(x) to the inhomogenous ODE is

of the above form. 9
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Example: (Bernoulli's Differential Equation)

n

y 4+ p(x)y = q(x)y".

4

18.



ODE of order 1
with separable variables

Linear ODE of order 1
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