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Solution of ODEs by Transformation
Systems of 1st Order




Recap:
Separation of Variables
Variation of Constants

N Sotion Idua 2 (V1101 .
Solution scheme: For a genwral sclution of the homagencus near ODE ' + p{x)y = O vary . in
Let an ODE of the form

. e Cm Cr)
¢ o 9z
=9 o Ao
¥ ) . iz) = Clr)e "),
be given and let g(z) and h(y) for (x,u) € Dy continuous, h{y) # 0, G(z), H(y) o Subatitute
as before. — "
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1. Write the ODE in form h(y)y’ = g(z) resp. h(y)dy = glx)dz. * Elminate and integrate:
2. Integrate left hand side to y and right hand side to x. Cla)e ™™ mglz) - Cla)=gle)e™™
3. If possible, solve analytically for y: - m,x—/‘www.r-. €, = comt., Gy € R
H(y) = G(x) + C.

If not possible, the solution y(x) is given in implicit form. D)
4. C = Go 1= Hig) — Glza) yields 3 solution of the IVP y(xa) = .
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Solution scheme:

Let an ODE of the form
,  g(x)

h(y)’

be given and let g(z) and h(y) for (x,y) € Dy continuous, h(y) # 0, G(z), H(y)
as before.

1. Write the ODE in form h(y)y’ = g(x) resp. h(y)dy = g(x)dzx.
2. Integrate left hand side to y and right hand side to .

3. If possible, solve analytically for y:
H(y) =G(z) + C.
If not possible, the solution y(x) is given in implicit form.

4. C' =Cy:= H(yo) — G(xo) yields a solution of the IVP y(xg) = yo.




Solution Idea 2: (Variation of Constants)
For a general solution of the homogenous linear ODE y' + p(z)y = 0 vary C, i.e.
use C = C(z).

e Ansatz:
y(z) = C(z)e  P@,

e Substitute:

C'(x)e @ — C(2)p(z)e P@ + p(x)C(zx)e T® = ¢(x).

e Eliminate and integrate:
C'(@)e P =q(z) =  C'(z)=q(z)e’™

= C(z) = / q(t)ep(t) dt+C; Ci =const.,C; € R.

0

e Use the Ansatz:

y(z) = e F@ (Cl —I—/ q(t)ef’® dt)

0
x

= CeP® 4 e_P(x)/ q(t)eP® dt

Zo

= yhom(x) + yinh(x)'




Transformation

Proliminary Remarks:
 Goal: Solution of diverse ODEs of 1* and 2" order
« Type: Consider ODE of the form
Fla,yo")=0

Remark
Let the 2 order ODE be given (note that = does not appear explicily)
Fly/ o) =0

Consider:
Considor: ODE of the form = 9(¥), with = # 0 and & continuous.
‘ODE of the form i/ = d(az + by + ¢), b # 0. Let ¢ be continuous.
Solution Idea:

o Substitution: = = ar + by + ¢ an

atby

V= 5t un

Therefore
2 =a+be{2).

« Separation of Variables: Obtain solution

t+:¢(tl:"" = /— /hﬂ?:nc




Preliminary Remarks:

e Goal: Solution of diverse ODEs of 15t and 2" order

e Type: Consider ODE of the form

F(z,y',y") =0
ldea:

e Substitution: using v := 3’ we obtain ODE of 1% order:

F(z,v,v") =0
e Integration: If v = ¥(x,C) is a general solution to the 15 order ODE, then
y(m)z/\II(C,C) ¢+ C;, C,C;i eR

is a general solution to the 2"¢ order ODE.



Remark:
Let the 2" order ODE be given (note that = does not appear explicitly):

F(y,y',y") =0
Solution ldea:

e Substitution: with v(y) := v’ and the chain rule we obtain:

pw_ d o dvdy

/

= v'(y)v(y)

This yields a 15t order ODE for v: F(y,v,v'v) =0.

e Integration: If v = U(z,C) is general solution of 1% order ODE, then with
v(y) =y’ we obtain
y' =¥(y,C)

an ODE with separable variables for y, with general implicit solution

[ sicey =+ Ghier 2
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Consider:
ODE of the form ' = ¢(Z), with z # 0 and ¢ continuous.

Solution ldea:

e Substitution: u = 2 yields:
y=xzu = Yy =u+zu = ¢(u)

Therefore

zh' = ¢(u) —u = UIZW'

e Separation of Variables: We obtain as solution

dx du
i = ek ©
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Consider:
ODE of the form 4’ = ¢(azx + by + ¢), b # 0. Let ¢ be continuous.

Solution ldea:
e Substitution: z = ax + by + ¢ and 2’ = a + by’ yields:

/

y =—— =9()

Therefore
2 =a+bg(2).

e Separation of Variables: Obtain solution

dz dz
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Euler's ODE

Definition:
Differential equations of the form

.
> ajalyP(z) = f(x),
=

with ag € R (j = 0,...,k) constant, a, # 0, z > 0,
are called Euler's Differential Equations of k™ order.

Solution

The ansatz y(z) = 2" for the homogenous equation, i.e. f(x) = 0, yields:

x
Sagrlr—1)---(r—j+1)=0.
=

We obtain: Solution of this equation are roots of a polynomial in r of degree k.

Computation for case
» Euler's ODE (homogenous): aoy + ayry’ + azay” = 0.
» Substitution yields: ap + ayr + ayr{r — 1) = 0, quadratic polynomial.

« Differentiation proves: y = z” is solution of homogenous Euler's ODE,
if r root of polynomial
 If 5y # ry are real roots of polynomial, then y; = 2”7 and = 77
are solutions of ODE.
o 1 ry.r2 € C are complex raots, then if ry = a + b s root,
isra=r =a—ib

 Complex solution for y = 2"

2048 — lnate

N el xelbing = 29 (cos(hInx) + isin(bln z)]
« For complex solutions of the problem one finds
wix) = 2" cos(blnz) and ya(x) = 2*sin(blnz)
two solutions of the homogenous Euler's ODE.
o General solution: due to linearity the general solution is

ylx) = eya® cos(bln z) + o3z sin(blnx). (4]
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Definition:
Differential equations of the form

k
Y " aa7y 9 (z) = f(a),
3=0

with a; € R (5 =0,...,k) constant, a; # 0, x > 0,
are called Euler's Differential Equations of k™ order.
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Solution Approach:
The ansatz y(z) = =" for the homogenous equation, i.e. f(x) = 0, yields:

k
Zajr('r'—l)---(r—j+1):0.

J=0

We obtain: Solution of this equation are roots of a polynomial in r of degree k.



Computation for case k£ = 2:

Euler's ODE (homogenous): agy + ai1xy’ + azx®y” = 0.
Substitution yields: ag + ai7 + agr(r — 1) = 0, quadratic polynomial.

Differentiation proves: y = x" is solution of homogenous Euler's ODE,
if r root of polynomial.

If 71 # 7o are real roots of polynomial, then y; = 2™ and yy = 2™
are solutions of ODE.

If 71,75 € C are complex roots, then if 1 = a + b is root,
sois rg =71 = a — ib.

Complex solution for y = 2":

wa—i—ib — elnxa-i—ib _ e(a+ib) Inz _ e lnxeiblnw — LEa[COS(b In x) + zsm(b In ZE)]

For complex solutions of the problem one finds
y1(z) = z%cos(blnz) and ya(z) = x*sin(blnzx)
two solutions of the homogenous Euler's ODE.

General solution: due to linearity the general solution is

y(z) = c1z® cos(blnz) + cox” sin(bln ). o
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Differential Equations |

Sckihor i OO by et
panens of 1k ot

Recap:
Separation of Variables
Variation of Constants

Euler's ODE

o

18.



