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Linear Systems of
Differential Equations

Motivation: E: les of Sy of ODEs

® 2-Mass-Oscillation
mzy = —kzy+ka(z2 — 1), (1)
mazy = ka(e1 — x2) — ks, (2)
where 1,z are coordinates of the point masses, my, my masses and ky, ko, k3
spring rates.
e Predator-prey system (Lottka-Volterra Equations)
7 = ke - kano, (3)

7y = kaw1zy — kaza, (4)

where 1, 22 number of individuals of each species (predator, prey, resp.) and
ki (i=1,...,4) growth and mortality rates.

Definition: (Linear System of ODEs of 1% Order)
A linear system of ODEs of 1% order is an equation

Y(2) = Al@)y(z) + 8, Al2) = (a5 (@))ij=1,..n
where the a;;(z) are functions, and y and g column vectors
of n components, depending on .

If g = 0, then the system is called homogeneous,
otherwise inhomogeneous.




Motivation: Examples of Systems of ODEs

e 2-Mass-Oscillation

mizy = —kixz1 + ko(ze — 1), (1)

m2113’2, = k‘z(xl — 2132) — k‘3.’L’2, (2)

where x1, x5 are coordinates of the point masses, m1, mo masses and k1, ko, k3
spring rates.

e Predator-prey system (Lottka-Volterra Equations)

7 = kizq — kexizo, (3)

33',2 = k3$1$2—k4$‘2, (4)

where x1, z2 number of individuals of each species (predator, prey, resp.) and
k; (i=1,...,4) growth and mortality rates.




Definition: (Linear System of ODEs of 1%* Order)
A linear system of ODEs of 1°" order is an equation

y'(z) = A(z)y(z) +8, A(r) = [0 ()]s j=1,...n

where the a;;(z) are functions, and y and g column vectors
of n components, depending on z.

If g = 0, then the system is called homogeneous,
otherwise inhomogeneous.




Solvability

Proposition: (Solvability of linear systems of 1% order ODEs)

Let the elements a;;(x) of matrix A(x) and the components of g be continuous in
intervall |a, b[. Further, let xo €]a,b and yo = (yo1,--.,%0n)  be given arbitrarily.
Then the initial value problem

Y =A@y +g y(xo) = yo,

has a unique solution on Ja, b|.

Proposition: (Solution of homogeneous linear systems of ODEs of 1% Order)
If the elements a;;(x) of matrix A(x) are continuous in |a, b[, then the homogenous
system

y = Al2)y

has exactly n linear independent solutions on |a, b|.




Proposition: (Solvability of linear systems of 15t order ODEs)

Let the elements a;;(x) of matrix A(z) and the components of g be continuous in
intervall |a, b[. Further, let g €]a,b[ and yo = (yo1,...,%on) ' be given arbitrarily.
Then the initial value problem

y' =A(x)y +8, y(zo)=yo,

has a unique solution on ]a, b|.



Proposition: (Solution of homogeneous linear systems of ODEs of 15* Order)
If the elements a;;(x) of matrix A(z) are continuous in |a, b], then the homogenous
system

y' = A(z)y

has exactly n linear independent solutions on ]a, b|.

fundamental system or basis

fundamental solutions
holonomic functions
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Wronski-Matrix
Wronski-Test

Question: Had we found n solutions yi,...,yns (ai; continuous),
could we then decide, if they form a fundamental system?

Proposition: (Wronski Test)
Let y1,...,yn be solutions of the system y’ = A(z)y on |a,b|.
If a;j(x) continuous in a, b[, then

1. W(z) =0 or W(z) # 0 for all z €]a,b[.

2. The solutions y1i,. ..,y form a fundamental system on ]a, b|
if and only if (iff) W(z) # 0.

11.



Question: Had we found n solutions y1,...,y, (a;; continuous),
could we then decide, if they form a fundamental system?

Definition: (Wronski Matrix and Wronski Determinant)
The Wronski matrix Y (x) is formed by the columns of the fundamental system:

Y(z):=[y1y2 - ¥nl-

We define the \Wronski determinant of the system of solutions y1,...,y, of the
system y’ = A(x)y as
W(x) :=detY (x).

13.



Proposition: (Wronski Test)
Let y1,...,yYn be solutions of the system y’ = A(x)y on |a,b|.
If a;;(x) continuous in ]a, b[, then

1. W(x) =0 or W(x) # 0 for all x €]a,b|.

2. The solutions y1,...,y, form a fundamental system on |a, b|
if and only if (iff) W (x) # 0.



Holonomic Solutions

Proposition: (Holonomic Solution)
Let y1,...,¥n be a fundamental system on ]a, b| of

y' = Ay

Then any solution y on ]a, b can be written in the form

i, const.

n
v=3
i=1

This above y is called hol solution of the h

ci€ERor C.

system of differential equations.

Proposition: (Solution from Generalized Eigenvektor)
Let A be eigen vakue of the n x n-matrix A with algebraic multiplicity & and
Vi, Va linearly independent solutions of the linear system
(A-AEY'v=0.

Then

=l

N= MY LA v (k=1,...,0)
=

are linearly independent solutions of the 1* arder system of ODEs y' = Ay.

™

Proposition: (Solution of system of ODES with constant coefficients)
Let A = (ay) 3 constant n x n-matrix with ayy R, A an eigen value (EVa) of A
with fing eigen vector (EVc) v.
y=Mv

s 2 solution of the homogeneous system of ODEs of 17 order y’ = Ay.
IF A has r puirwise different EVa Ay,..., A with comesponding EVE V1,...., Va,
the salutions

yi=Mty, Q=
form a fundamantal system. By bewar combination

y=3ac,

all solutions of the homageseous system of ODEs are given.
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Proposition: (Holonomic Solution)
Let y1,...,¥, be a fundamental system on |a, b| of

y' = A(x)y.
Then any solution y on ]a, b| can be written in the form
n
Yy = Zci}’z’, const. =c¢; € R or C.
i=1

This above y is called ic solution of the homogeneous
system of differential equations.



Remark: The linear combinations are solutions of y’ = A(z)y, sincey = Y., ¢;yi
yields:

y' = Z Ciy; = ZCiA(x)Yi = A(z) Z ciyi = Az)y.
i=1 i=1 i=1
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Proposition: (Solution of system of ODEs with constant coefficients)
Let A = (a;;) a constant n X n-matrix with a;; € R, A an eigen value (EVa) of A

with corresponding eigen vector (EVc) v.

Then

y =e*v

is a solution of the homogeneous system of ODEs of 1% order y’ = Ay.

If A has n pairwise different EVa Aq,..., A\, with corresponding EVc vq,...,Vv,,

the solutions

y; =e %, i=1,...,n

form a fundamental system. By linear combination

n
y = E cieMv;
=1

all solutions of the homogeneous system of ODEs are given.



Remarks: (Application of Linear Algebra)

e Matrices not always have pairwise different EVa, multiplicity > 1 is possible.
Therefore, construction of a fundamental system is only possible, if algebraic
and geometric multiplicity correspond.

e If the algebraic multiplicity ox < n corresponding to EVa \x equals the geo-
metric multiplicity, then there exists oy, linearly independent EVc vy, , . .. s Vg,
and thus oy linearly independent solutions

A A
Yk, = € Vi, ooy Yk, =€ v, .

e In this case for m different EVa Aq,..., A, with multiplicities o1,...,0m,
there are n linearly independent solutions (fundamental system)

A ALT

xr J—
Yer =€ Vs ooy Yk, =€ v, (K=1,...,m),

since Y, _, 0 = n.
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Proposition: (Solution from Generalized Eigenvektor)
Let A be eigen value of the n X m-matrix A with algebraic multiplicity ¢ and

Vi,...,Vs linearly independent solutions of the linear system
(A—AE)°v =0.
Then .
y =eAkZO%(A—)\E)Jvk (k=1,...,0)
=

are linearly independent solutions of the 15t order system of ODEs y’ = Ay.
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sition. (Wronsii Test)

Let ¥1,.., Yo be Solutions of the system y' = A(z)y on Ja,b].

W ayy(2) continuous in o, b], then

L Wiz) = 00r W(x) 0 for ol 2 €]ab].

2 The solutions 1,...., Yo form a fundamental system on Ja.b]
if and oaly i (i) W(z) #0.
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