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Proposition: (Salution of system of ODEs with constant cosflicints)
et A= (a) & constant n x rmtric with o, © R, A an eige value (EV) of A
with corresponding eigen vector (EVE) v.
Then

y=ev
5 3 soluton of the Romogeseous system of ODEs of 1% erder ' = Ay.
I A has n painwise different EVa ..., A with conesponding EVE ¥i, ., Ve
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all solutions of the homogeneous system of ODEs are given.
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Proposition: (Variation of constants for systems)
Let:

® ¥1....,¥x Fundamental system on |a, b,

o Mateix ¥ (2) =y --val.

 Inhomogeneous system y* = A(z)y + & with g component-wise continuous.

Then
yp=VY(z)-elz)

s paticular solution of the inhomogeneous system, where c(z) = [ ¢'(x) dz

and ¢/(x) = (¢} (z),....c(z))" solution of the system of equations

Y(x)-€lx) = g

: (Matrix Exponential Solution)

The mapping y(z) = e"*y(0) is solution of the ODE system

Y =4y,

=
&
A=Y At
k=0




Proposition: (Solvability of linear ODE n'" order)
Let a;(z), i =0,...,n — 1 and g(z) continuous functions on |a, b|.

1. Then there is a fundamental system y1,...,y, on |a, b of
Y™ +ap_1(z)y" D + -+ ag(z)y =0
and each solution yp () of this homogeneous ODE has the form
y(z) = iy (@) + -+ + cnyn ()
with suitable coefficients ¢y, ..., c,.

2. Each n solutions of the homogeneous ODE form exactly one fundamental
system, if W (z) # 0 for all z €]a, b].

3. Let y,(x) for z €]a,b] a particular solution of
y™ +an1(2)y" D + - + ag(z)y = g(x)
If y1,...,yn is fundamental system of the homogeneous ODE, then by
y(@) = yp(z) + c1yi(z) + - + cnyn(z), c €R
all solutions of the linear inhomogeneous ODE of nt" order are given.

4. If £ €la,b[ and 1o, ...,nn—1 € R, then there is exactly one solution y(z) of
the inhomogeneous ODE, which fulfills the initial conditions

y(€) =10, ¥'(€) =11y, y" V() = M1

The solution exists in the whole interval |a, b|.




Proposition: (Variation of constants for systems)
Let:

® yi,...,¥n Fundamental system on |a, b,
e Matrix Y(z) = [y1...¥nl,
e Inhomogeneous system y’ = A(z)y + g with g component-wise continuous.

Then
¥y =Y (2) - c(z)

is particular solution of the inhomogeneous system, where c(z) = [ ¢/(z) dz

and c’(z) = (¢ (x),...,c. (z))" solution of the system of equations
1 n

Y(z) -c'(z) =g.



Proposition: (Solution of system of ODEs with constant coefficients)
Let A = (a;;) a constant n X n-matrix with a;; € R, X an eigen value (EVa) of A

with corresponding eigen vector (EVc) v.

Then

y = ey

is a solution of the homogeneous system of ODEs of 15 order y’ = Ay.

If A has n pairwise different EVa \q,..., A, with corresponding EVc vq,..., vy,

the solutions

yi=e %, i=1,....n

form a fundamental system. By linear combination

n
y = E ;e v,
i—1

all solutions of the homogeneous system of ODEs are given.



Summarizing: (Matrix Exponential Solution)
The mapping y(z) = e*4y(0) is solution of the ODE system

y' = Ay,

where



Reduction Principle

Principle: (Reduction of Order of Differential Equation)
Let u(z) # 0 be solution of a linear ODE of n'" order

Y™ +an_1(@)y™ D + - +ao(z)y = 0.

The the Product-Ansatz y(z) = v(z)u(z) yields a homogeneous linear ODE of
order n — 1 for w :=v":

w®D 4 b,,_l(x)w("-2) + -+ bi(z)w=0.

Ifwy, ..., w,_ is a fundamental system of the ODE of n—1%* order and vy, ..., v,
antiderivatives of wy,...,w,—1, then
U, UV, .. oy UVp—1

form a fundamental system of the ODE of n" order.




Principle: (Reduction of Order of Differential Equation)
Let u(z) # 0 be solution of a linear ODE of n" order

Y™+ an 1 (@)y "D + -+ aoz)y =0

The the Product-Ansatz y(z) = v(x)u(zx) yields a homogeneous linear ODE of
order n — 1 for w :=v":

w4+ b, (2)w™ 4+ .. 4 by (2)w = 0.

If wy,...,w,—_1 is a fundamental system of the ODE of n—1%* order and v1, ..., v,—1
antiderivatives of wq,...,w,_1, then
u,uvy,...,UVp—-1

form a fundamental system of the ODE of n'" order.



Linear ODEs of Order n
with Constant Coefficients

Definition: (Linear Differential Equation of n** Order with Constant Coefficients)
Letay €R k=0...,n—1 Then

¥+ tnoay ™Y 4+ aoy = gla).

is a linear differential equation of n™ order with constant coefficients,
Observation:
» Consider the homogeneous ODE of crder 1.
o vtz Solution Approach:
. wia) = Ivestigating the roos of P()) yields the following cases:
o We have: 341 = fed = MM and y = e £ 0 for 2 €R 1. P()) has n different real roots Ar,..., An.
® Therefore y = €** (g = 0) is solution, iff ) is a root of 2. P()) has a complex root A.

PO =2+ ap W ag. 3. P(A) has a (real or complex) r-multiple root Ay (r > 2).
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Definition: (Linear Differential Equation of n'" Order with Constant Coefficients)
Let ar € R, k=0,...,n— 1. Then

Y™+ an_1y™ ™ 4+ pagy = g(x).

is a linear differential equation of n" order with constant coefficients.

Remarks:

e For linear ODEs or systems of ODEs with constant coefficients we have a
constructive solution theory!

e Define the linear differential operator
Ly == y™ +an_1y™V + - + aoy,
then we can write the equation from the definition in short form L[y] = g(z).

e We call this equation homogeneous of order n, resp. inhomogeneous of order
n (in case of uniqueness).

12.



Observation:

e Consider the homogeneous ODE of order n.

e Ansatz:
y(z) =€

e We have: y¥) = d* Az — \kAT and y = e £ 0 for z € R.

dxk

e Therefore y = e (g = 0) is solution, iff X is a root of

PA) = A"+ an_1 A" 4+ ap.

Definition: (Characteristic Polynomial)
The polynomial P()) is called characteristic polynomial of the homogeneous ODE

Lly] = 0.
The equation for finding roos P(\) = 0 is called associated characteristic equation.

14.



Solution Approach:
lvestigating the roos of P()\) yields the following cases:

1. P(A) has n different real roots Aq,..., \,.
2. P()) has a complex root \g.

3. P()) has a (real or complex) r-multiple root A; (r > 2).



Summary:
If X\ is a root of the characteristic polynomial of the homogeneous ODE, then it
holds:

1. If X has algebraic multiplicity » > 1, then

}\w, 'r—le)\w

yi(z)=¢e"", ..,y (x) =2
are fundamental solutions of the ODE.

2. If A= a+ ib is complex and has algebraic multiplicity » > 1, then

zi(x) =€,z (2) =27 1M and  wi(z) =7, ...,we(x) = 2" e
are complex fundamental solutions. It follows that
y1(z) = e*®cosbz,...,yr(z) = 2" 'e* cosbx
Yrr1(z) = esinbx,..., Yo (z) = 2" 1 sinbx

are real fundamental solutions of the homogeneous ODE.
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Remarks:

e One finds that there exist always n linearly independent solutions y ()
(k=1,...,n).

e These solutions form a fundamental system (proof via W (x) # 0 for solutions

2,

of the form yi(z) = cre?*?)

17.



Inhomogeneous ODE of Order n

Preliminary Remarks:

© As an example, consider Summary: (Solution of the inhomogeneous ODE of 2° order)
¥ +alz)y + by = o(z)- Consider the inhomogeneous ODE of 2 order
o Let 11(x) and pa(x) be lin. independent solutions of the homogencous equa- v+ alel + bely = 9la)-
tion {g(x) = 0). Then the general solution can be written as
o It holds
() ala) e, - [n@e=) ] [ n(z)glz) .n] )
i wil v uo)= [o - [P 0] o)+ [or+ [N ] o)

 The solution of the homogeneous equation i given by

V(o) = Cupa(2) + Caal). e

Generalization: (Solution of the inhomogensous ODE of n™ order)

* o he homogansous sqvaion and a1 Cale)
* Comespondingly, one assumes
ey 4o+ CLlz)yf®) =0 (k=0,....n-2).
® Furthermore. we obtain
i)™ 4+ Gyl = ol)

« This yields 3 lin. system of equations for C{(x)...., Ci(x)

" » e 'y o
i w || n]
RS A0 B W

« Integration yields the solution.
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Preliminary Remarks:

e As an example, consider
y" +a(@)y" +b(z)y = g().

e Let y;(z) and y2(x) be lin. independent solutions of the homogeneous equa-
tion (g(x) = 0).

e It holds

e The solution of the homogeneous equation is given by

(&) = Ciys (@) + Capa(@). e

19.



Summary: (Solution of the inhomogeneous ODE of 2" order)
Consider the inhomogeneous ODE of 2" order

y" +a(x)y +b(x)y = g(x).

Then the general solution can be written as

y(z) = [cl - / yﬁgg‘”) dm] 1 (z) + [c2+ / ylg)(i()x) dw] ya ().

20.



Generalization: (Solution of the inhomogeneous ODE of n*" order)

e For the equation of nt" order we obtain lin. independent solutions y; (), .. . , ¥, ()
of the homogeneous equation and vary C;(z),...,Cy().

e Correspondingly, one assumes
C’{(a:)ygk) +-+C(x)y®) =0 (k=0,...,n—2).
e Furthermore, we obtain

Cl @)y Y + -+ CL ()Y = g(a).

e This yields a lin. system of equations for C{(x),...,C/] (x):

(1 Y2 e Yn Ci 0
Y1 (7 S T4 C} 0
ygn—l) yén—l) o ygn,—l) C;z g(a:)

e Integration yields the solution.

21.



Reduction Principle
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