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Further Methods for Solving linear ODEs




Recapitulation

Summary:
If Xis a root of the isti ial of the ODE, then it
holds:

L. If A has algebraic multiplicity r > 1, then
i) =M, y(a) =2t

are fundamental solutions of the ODE.

.4

If A = a +ib is complex and has algebraic multiplicity r > 1, then

nlz) =, 5(z) =21 and w(z)=

s we(z) =
are complex fundamental solutions. It follows that

(@) = e“cosbr,...,pe(z) = 2" e cosbr
Yesr(@) = e sinbx,... g () = 2" sinbx

are real fundamental solutions of the homogeneous ODE.

(Solution of the i ODE of n** order)

o For the equation of n™ order we obtain lin. independent solutions 1 (x), ..,y (7)
of the homogeneous equation and vary Cy(z), ... Cy(z).

o Correspondingly, one assumes
iz 4+ + Chlapy® =0 (k=0,...,n-2).
o Furthermore, we obtain
Gl 4+ O™ = o).

« This yields a lin. system of equations for € (z), -, Ch (x):

woowm e w (O 0
" Vi o Wa e 0
s e L e e (@)

o Integration yields the solution.




Summary:
If X\ is a root of the characteristic polynomial of the homogeneous ODE, then it
holds:

1. If X has algebraic multiplicity » > 1, then

)\(L', 'r—le)\x

yi(z)=¢e"",.. y-(x) =2
are fundamental solutions of the ODE.

2. If A=a+ ib is complex and has algebraic multiplicity » > 1, then

zi(x) =€, .z (x) =27 e and  wi(z) =7, ... we(x) = 2" e
are complex fundamental solutions. It follows that
y1(z) = e*®cosbz,...,yr(z) = 2" 'e* cosbx
Yrr1(z) = esinbx,..., Yo (z) = 2" 1 sinbx

are real fundamental solutions of the homogeneous ODE.




Generalization: (Solution of the inhomogeneous ODE of n*" order)

e For the equation of n'" order we obtain lin. independent solutions y; (), ..., yn(z)
of the homogeneous equation and vary C;(z),...,Cy(z).

e Correspondingly, one assumes
nw®) o (k) — — _
Ci(@)y, ' +---+C(x)y,” =0 (kE=0,...,n—2).
e Furthermore, we obtain

Cl @)y ™V + -+ CL (@)Y = g(2).

e This yields a lin. system of equations for C}(z),...,C] (z):

(1 Y2 e Un Ci 0
Y1 Ys e Yp C} 0
ygn—l) yén—l) o ygn—l) 01/1 g(x)

e Integration yields the solution.




ODEs with simple
Inhomogeneities

Bolspiel (Case of Resonance)
Remark Comsder an sndamped oscitation problem

Variation of constants a ¥+ oy = Ksinfes).

© Charaktmitic pohynamial (= 0); P(Y) = 37—
 Roots of PO My s = anh.

. o

@ Ansatz (0 # ank 3yl0) = Acoslit) + Bndut)

K
=)= i
i) = o325 vinfet)
« Camnat st o ehamogenecn ot

9l1) = Gy onleet) + Cvinfant) + —_—

Approaches: (Table for dierse right haed sides)
Let R (2). Sia(2), To(2). 30 Qun(z) be potynomials of egres m. For RHS of
the feem.

Rala), Rafe}e™, Ru(z)sin(fs), Ralz)cos(1z)

B Example: (Case of Resonance)
€ R) one may ws the following approache for paricular siutions: 1w = wn. then Acos(wt) + B sin{ut) is solution of the homogeneous system
Tor yp(3] _ Amaai Tor cae of resna o Ansatz: y,(¢) = Atcas(ut) + Btsinfwt)

K
o = uplt) = —5 - cosfunt).
Tole)sinlds]  apy 20
+Qu(r)cos(3z) often much that no summand remains
2 solution to the ea. ® A Case of Resonance occurs, since the amplitude of y, grows like t. The
Combination of _Combination o Apply sbove rule nly 10 thal ‘ frequency w of the RHS (external force) corresponds to the eigenfrequency
systems.

()
Rey(z)sin{Br}
() cond i

e functioms  Uhese appevsches  part of the apprasch, which wq of the undam;
rrecoance.

contains the cam of o

Definition: (Resonance)
If the RHS or 2 summand of the RHS of the ODE

Y a7V b+ agy = glz)

isa solution of the i ODE,
we call this Resonance,




Ansatz:

Let R,,(z) be a polynomial of m*" degree, m € N and let o, 3,7 € R.
Consider right hand sides (RHS) of the form

Ry (z), Rp(x)e*®, Rp(x)sin(Bz), Rp(x)cos(yx).

Then utilize the Approach corresponding to RHS for the particular solution.

1




Beispiel: (Case of Resonance)
Consider an undamped oscillation problem

y" + wiy = K sin(wt).

Charakteristic polynomial (r = 0): P(\) = A% — w?.

Roots of P(A): A\j 2 = Fwyt.

General solution of homogeneous problem: y(t) = Cj cos(wot)+Cs sin(wpt).

Ansatz (w # wp): yp(t) = Acos(wt) + Bsin(wt)

General solution of inhomogeneous problem:

K
y(t) = Cl COS(wot) =+ 02 Sin(th) —+ 5

2 sin(wt).
0




Example: (Case of Resonance)
If w = wp, then Acos(wt) + Bsin(wt) is solution of the homogeneous system.

e Ansatz: y,(t) = At cos(wt) + Bt sin(wt)

K
= Yp(t) = " %m0 cos(wot).

e A Case of Resonance occurs, since the amplitude of y, grows like t. The
frequency w of the RHS (external force) corresponds to the eigenfrequency
wo of the undamped systems.
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Definition: (Resonance)
If the RHS or a summand of the RHS of the ODE

Y™ + a1y + -+ agy = g(2)

is a fundamental solution of the corresponding homogeneous ODE,
we call this Resonance.



Approaches: (Table for diverse right hand sides)
Let Ry (), Sm(z), Trm(z), and Q. (x) be polynomials of degree m. For RHS of
the form

R,(z), Rn(x)e*®, R,(x)sin(Bz), Rpn(x)cos(yx)

(a, B, € R) one may use the following approaches for particular solutions:

9(z) Ansatz for y,(z) Ansatz for case of resonance

) T () If a summand of the ansatz is
R, (x)e*” T (x)e*® solution of homogeneous eq. the
R, (z)sin(Bzx) T (x)sin(Bz) approach is multiplied with z so
Ry (z)cos(Bx)  +Qm(z)cos(Bx)  often such that no summand remains
as solution to the homog. eq.
Combination of Combination of = Apply above rule only to that
these functions these approaches part of the approach, which
contains the case of resonance.
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General Warning

Osservation: (Sonctue of Sohte)
. e

. an
sle = wie) + wie)

Wb 3 ) o cominaion of fundaneses setions and ) 0t 30
e o the mbemageescus ODE.

@ ¥ () = 6 the rder of the OO chargrm aud hen the e (one
Surdamenal s & bt

Observation: (Structure of Equation)
Observation: (Structure of Equation) I
Consider ODE of 1* order

V4ay=x
holds, then this also holds after differentiation, so

V4=
+ Solution of homageneous ODE (separation of variabies): y (x) = or~ %

« Partculr soluton (variaton of constants) i) =1 oyt =1

* General solution: ya) =% 41 .
And y(x) = ce=F + 1 is 3 solution of this ODE of 2" order as well.

(3]

Caution: (Structure of Equation)
When recasting a mathematical model

the solution set must remain the same!

14.



Observation: (Structure of Solution)

e The homogeneous linear ODE of nt" order has exactly n linearly independent
fundamental solutions.

e The inhomogeneous linear ODE of nt" order has general solution of the form

y(z) = yn(z) + yp(z)

with yn(z) linear combination of fundamental solutions and y,(z) some so-
lution of the inhomogeneous ODE.

e So far we considered:
an(2)y™ + ap_1y" "V + - + agy = g(z),

where a,(z) = 1 was assumed. If a,(x) # 1, but a,(x) # 0 for all z € D,
w.l.0.g. one may divide by a,(z) and obtain the above structure.

o If a,(z) = 0, the order of the ODE changes and thus the structure (one
fundamental solution is lost).
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Observation: (Structure of Equation)
Consider ODE of 1% order

Y tay=uz
z2
e Solution of homogeneous ODE (separation of variables): yj(z) =ce™ =
e Particular solution (variation of constants): yp(x) = 1.
x2

e General solution: y(zr) =ce” 7 + 1.



Observation: (Structure of Equation)
If

Y +xy =1

holds, then this also holds after differentiation, so

y' +ty+ay =1

2

And y(x) = ce” = + 1 is a solution of this ODE of 2" order as well.



Caution: (Structure of Equation)
When recasting a mathematical model

the solution set must remain the samel!



Recapitulation

Differential Equations |

B ODEs with simple
General Warning Inhomogeneities

Caution: (Structure of Equaticn)
When recasting & mathematical model

the solution set must remain the samel

19.



