Differential Equations |

Laplace Transformation




Motivation

Idea: Consider the initial value problem of n" order
Y™ a1y 4 agy =1(t), y(0) =y'(0)=--- =y (0) =0,
with suitable right hand side r.

Question: Can we find a transformation Y (2) = T [y(t)] resp. R(z) = T[r(t)], for
which the inverse y(t) = T[Y (2)] resp. r(t) = T[R(z)] exists, such that

Y (z) = F[R(2)], F suitable functional,

is easily solvable? Then the solution y(t) = 7[Y (2)] could be obtained easily.




Idea: Consider the initial value problem of nt" order
y(n) _|_ an—ly(n_l) _+_ . e + aoy p— ']"(t), y(O) — yl(O) — e — y(n_l) (O) — 0,
with suitable right hand side 7.

Question: Can we find a transformation Y (z) = T [y(t)] resp. R(z) = T [r(t)], for
which the inverse y(t) = T[Y (2)] resp. 7(t) = T[R(z)] exists, such that

Y (z) = F|R(z)], F suitable functional,

is easily solvable? Then the solution y(t) = T[Y(z)] could be obtained easily.



Definition
Laplace Transformation

Definition: (Laplace Transformation)
Let f  [0,20|-+ R be a function. Then

F(z)= [ e fin)dt
o

wiith = € C defines a function F called Lsplace Transform of f. The mapping of f
onto F is called Laplace Transformation. We also write L[f(1)].

Definition: (exponential order)
A function  : [0, 00[— R is of exponential order +, if constants M > 0 and 7 € R
exist, such that for all 0 < t < o0

[£(5)) < Me™,

Proposition: (Existence of Laplace Transform)
Let f be piecewise continuous in [0,00[ and of exponential order 7. Then the
Laplace transform F/(z) exists for all 2 € C with Rez > 7.




Definition: (Laplace Transformation)
Let f :[0,00[— R be a function. Then

F(z) = /000 e *tf(t) dt

with z € C defines a function F' called Laplace Transform of f. The mapping of f
onto F'is called Laplace Transformation. We also write L£[f(t)].




Definition: (exponential order)
A function f : [0,00[— R is of exponential order ~, if constants M > 0 and v € R
exist, such that for all 0 <t < o0

[f(t)] < Me™.




Proposition: (Existence of Laplace Transform)

Let f be piecewise continuous in [0,00[ and of exponential order «y. Then the
Laplace transform F'(z) exists for all z € C with Rez > ~.
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Inverse
Laplace Transformation

Propasition: (lmuese of the Liglice Transkermaticn)
Let / e of exponential oder 1. | vanishes fo € < 0 3nd ' picemise continscus
0 R Then for ot 2 = fes >

e -
L e - { " 022
L i [ P st e = o o,
e i w<o

i pariculr, in each poise 1 of continity of [

W= [
s
iti of Laplace i
Let f, and f; be of exponential order 7, fy. f2 vanish for ¢ < 0 and piecewise
continuous in R. Further assume for the Laplace transforms Fi(x) = Fa(z) for
.
Then for each 1, at which f, and f are continuous, it holds:
Ailt) = fal®).
Remarks:
e The two pr ( m a L ce transform
F line int
o The Laplace tra bijectiv
Example

has the unique Laplace transform
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Proposition: (Inverse of the Laplace Transformation)
Let f be of exponential order v, f vanishes for ¢ < 0 and is piecewise continuous
in R. Then for all x = Rez > v

— lim F(2)e*' dz =
2mt A—oo J,_sa

f(t+0)+f(t—0) (t > 0)

1 A . 2 ;
— lim F(x +is)e@ti)t g = f(0+0) (t =0)
2T A—oo A 2 )
- 0 (t <0).
In particular, in each point ¢ of continuity of f
1 $+’&A :
= — li F(z)e*" d
/@) omi A, | FR)eT dz
1 A

= — lim F(z + is)el@Ti)t g
27{’ A—o0 —A

for x > 7.
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Proposition: (Uniqueness of Laplace Transformation)
Let f1 and fo be of exponential order v, fi1, fo vanish for ¢ < 0 and piecewise
continuous in R. Further assume for the Laplace transforms Fj(x) = Fy(x) for

Rez > ~.
Then for each ¢, at which f; and fy are continuous, it holds:

f1(t) = f2(t).



Remarks:

e The two propositions allow computation of f(t) from a Laplace transform
F(z) by a line integral in the Gaussian plane.

e The Laplace transformation f(t) — F'(z) is a bijective mapping.

Example:
f(t) = e

has the unique Laplace transform
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Computing Rules for
Laplace Transformation

Proposition: (Transtermation of Durvatives and lntegrals)
1. Let £ be a3 n the previeus proposition. Then for Res > it hakds
0] 3nd of exponential order 7 (0] = LU0 - 10)

Proposition. (Linearity)
Let f and g piecewise continuous in §
Then for 0,5 € R it holds

Claf(t) + bo(t)] = aLlf(1)] + oLla(t)].

2 Let £ be (&~ 1)-times cont. derenisble md f31) pincewise cont. Let
oo £ b of enpcountial cedar 5. Then fee Rz > 3 % hokds

LU0 = 2] - 2 J(0) = - = f4 V(o)
3 Lat £ b libm i 1 Than for Rz > 7 it hlds

aff 5o et= e

Prepenbion (Luisce Trwbormatn of Protuc weh Power Fucsr)
Lt ) = (1116 00 1 Lapocs sassfmatin weh Lagce trareten (Transtormation of Deshative of Discontinuoss Function) Let £ be
FLzl = (0] Them gn 3 fusction of wposmntial crder 5 with the othe prewguistes of the .,

2% assume 1o have a jump dscontieulty 3t 1= 1 0. Then & hods
LU0 = <ELF0)] - F10) - fla +0) ~ Sla - O™,

e

Propeition: (Lassca Trarsormation o T-perod Fenctions)
Let 7 be T-perodc (1. 1(¢ T) ~ (). pecewse con. and bowndsd.
Then i el o Rz 5 0
1 [T,
W= i [ ) b
oz pa——— .,
weh the srvequienof the pregosteom abow, £ (3 APy
231
1 A damping facr € i the cigin domain resats in 3 trnslaton in the
mage domon
Prapestine (Coninion k) - E
L7124 3 b i f et e 3w ) = it = O £ < 0 L] = Fle ) fiRez 39—
I
e comdeion § 3 e b R 3 4 b 2 Fora >0k hokls
g~ ginh = lse]- it

= 2 e

L) b i et
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Convention: We denote by F'(z) = L[f(t)] the Laplace transform of a function
with exponential order « that is piecewise constant in [0, ool.

17.



Proposition: (Linearity)
Let f and g piecewise continuous in [0, 00| and of exponential order ~.
Then for a,b € R it holds

Llaf(t) +bg(t)] = aL[f(t)] + gLlg(D)]-



Proposition: (Transformation of Derivatives and Integrals)

1. Let f be as in the previous proposition. Then for Rez > ~ it holds
LIf' )] = 2L[f(t)] — f(0).

2. Let f be (k — 1)-times cont. differentiable and f(*~1) piecewise cont. Let
fof', ..., f*~1 be of exponential order . Then for Rez > + it holds

LIFRE ()] = 2FL[f()] — 271 F(0) — - — FF=1(0).

3. Let f be like in 1. Then for Rez > ~y it holds

ol 1) dr] = SL170)



Proof:

1. Follows from definition of Laplace transform by partial integration
) = [ e a
0
A—o0

— Jim e OIS - [ (a0 d
— 10+ T et f(t) dt = 2L{f(1)] - £(0).

2. Apply above partial integration k-times.
3. Apply 1. to the function h(t) = fot f(r) dr.
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Proposition: (Transformation of Derivative of Discontinuous Function) Let f be
again a function of exponential order v with the other prerequisites of the prop.,
and assume f to have a jump discontinuity at ¢t =1 > 0. Then it holds

LIf'@)] = 2L[f ()] = £(0) — [f(a +0) — f(a — 0)]e"**.
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Satz: (Damping-Translation, Stretching) Let f be a function of exponential order,
with the prerequisites of the propositions above, F(z) = L[f(t)] = [, e *f(¢) dt,
Rez > 7.

1. A damping factor e~ in the origin domain results in a translation in the
image domain:

Lle=f(t)] = F(z+a) fiir Rez > v —a.
2. For a > 0 it holds

L[f(at)] = %F(Z) fir Rez > a - 7.



Definition: (Convolution)
Let f and g be functions. The convolution (product) of f and g is defined in general
as

(f*g)(t / ft—7)g(r) dr, teR.
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Proposition: (Convolution Rule)

Let f and g be functions of exponential order v with f(t) = g(t) = 0 for t < 0.
Let f be continuous and g piecewise continuous in R. Then the Laplace transform
of the convolution f * g exists for Rez > « and it holds

LI(f*g)@)] = LIf()] - Lg(?)]



Proposition: (Laplace Transformation of T-periodic Functions)
Let f be T-periodic (i.e., f(t —T) = f(t)), piecewise cont. and bounded.
Then it holds for Rez > 0




Proposition: (Laplace Transformation of Product with Power Function)
Let g(t) = (—1)"t"f(t) and f Laplace transformable with Laplace transform
F(z) = L[f(t)]. Then

Llg(®)] = L[(-1)""f(t)] = F"(2).
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Solution of ODEs by
Laplace Transformation

Idea: Let the IVP of n'" order be given
Y +anoay™ D+ agy = (), y(0) =y/(0) =--- =y "V(0) =0,
of exp ial order.

I3

with 7 pi
Set

Y(z) =L[y(t)], and R(z)=L[r(t)].
The Laplace transformation of the IVP is derived from the rules above:

= R(2)

(2" + @po12™ 14+ + ag) Y (2)
) =: G(z)R(z2).

= Y(z)=(" +an_12"! +~~-+aﬁ)'1R(z

If one finds a function g(t) with L[g(t)] = G(t), then

Llyt) = Y(z)=F(2)R(z) = LIgW)L[r(t)] = L[(g*)(2)]
> ¥ = (@00 = [ gt-0re) dn
o
The function K (t,7) := g(t — 7) is called Green's Function. o
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Idea: Let the IVP of nt" order be given
Y™ +an1y™ Y+ faoy = (), y(0) =y (0)=---=y"V(0) =0,

with r piecewise continuous function of exponential order.
Set
Y(z) =L[y(t)], and R(z)=L[r()].

The Laplace transformation of the IVP is derived from the rules above:

(2" 4+ an_12"" 4+ +ag)Y(2) = R(2)
= Y()=0E"4+a 12"+ +a)) 'R(z) =: G(2)R(2).

If one finds a function g(t) with L[g(t)] = G(t), then
Lly@)] = Y(2) = F(2)R(z) = Lg(#)]L[r(t)] = L[(g *7)(?)]
= w0 = (e = [ gt-r() an
0

The function K (t,7) := g(t — 7) is called Green's Function. o
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Laplace Transformation
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