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Recap
Laplace Transformation

Idea: Consider the initial value problem of ™ order
¥ Faay™ T e ay = (), w0 =y/(0) = =y"N(0) =0,
with suitable right hand side r.

Question: Can we find a transformation Y'(z) = Ty(t)] resp. R(z) = Tlr(t)], for
which the inverse y(t) = T[Y (z)] resp. r(t) = T[R(z)] exists, such that

Y(z) = F[R(z)], F suitable functional,

is easily solvable? Then the solution y(t) = ’f’[Y(z)] could be abtained easily.

Idea: Let the IVP of n'™ order be given
B e ™Y o bagu = r(t), w(0) =y(0) = ="V 0) =0,
with r oiecewise continuous function of exponential order.
st Y{z) = Cult)], and Riz)=£[r(t).
The Laplace transformation of the IVP is derived from the rules above:

R(z)
Glz)R(2).

(2" 4 @no1z™ e+ ag)Y (2}
= Y(z)=("+an12"" 4 dag) T R(2)

If one finds a function g(t) with £[g(t)] = G(t), then
Lyt = Yi)= F)RE) = Lab]Lio)] = Lo (0]
!
S W) = = [ oot
0

The function K{t,7) i= gt — 7) is called Green's Function.
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which the inverse y(t) = T[Y (z)] resp. r(t) = T[R(z)] exists, such that

Y (2) = F[R(z)], F suitable functional,

is easily solvable? Then the solution y(t) = T[Y(2)] could be obtained easily.



Idea: Let the IVP of nt" order be given
Y™ 4 ano1y" Y 4 oy = r(t), y(0) =y'(0) = =y"7V(0) =0,

with r oiecewise continuous function of exponential order.

Set
Y(2) =Ly(t)], and R(z)=L[r(t).

The Laplace transformation of the IVP is derived from the rules above:

(2" +ap_12" P+ +ag)Y(z) = R(2)
= Y()=0E"4+a 12"+ +a)) R(z) =: G(2)R(2).

If one finds a function g(t) with L[g(t)] = G(t), then
Lly®)] = Y(2) = F(2)R(z) = LIg(O)]|L[r@)] = L](g *7)(t)]
5w = @O = [ gt-r() dn
0

The function K (t,7) := g(t — 7) is called Green's Function.




Motivation

Idea:

1. Which additional transformations could we use to solve a given ODE?
2. Recall Power Series (simplifying sin, cos, exp!).

3. Derivative can be computed easily (component-wise).

(1




Idea:

1. Which additional transformations could we use to solve a given ODE?
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Power Series Approach

Summary:
Consider the IVP

y" +y=cos(2z), with y(0)=0,3/(0)=1

1. Use the power series approach: y(z) = ap + aja + aga® + aga® +--+ =
Yigakrt.

. Compute ' and y" from this series.

W

. Obtain ag and a, from initial values.
. Insert series in ODE, use the power series for cos.

. Compare coefficients and obtain i as a pwer series.

[= BT Y

. If possible, obtain closed form for i from power series.

Remarks.
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Summary:
Consider the IVP

o o &~ Wb

y" +y =cos(2z), with y(0)=0,y'(0) =1.

Use the power series approach: y(z) = ag + a17 + azx? + azx® + - --

> e o akx”.

Compute ' and y” from this series.

Obtain ag and a; from initial values.

Insert series in ODE, use the power series for cos.
Compare coefficients and obtain y as a pwer series.

If possible, obtain closed form for y from power series.



Remarks:

e If non-zero initial conditions y(xg) = yo,y (x0) = y1,20 # 0 are given, use
the approach

y(z) = ap + a1(x — x) + az(z — 20)* + -+ = Zak(a: — x0)".

e In general a closed form cannot be expected. Then the power series of y(x),
or even just the first members of it, need to suffice.

e The main advantage of the power series is its “simple” derivation!
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Taylor Series

Idea:
Consider the IVP

¥ =[(zy) yw)=w
Use the Taylor polynomial

" (z0)

(ml
Tal@) = ylao) + ¥/ (@o)w = 20) + L7 r = 20)? 4 -+ ”T(f”)

(z —z0)".

—-

Then obtain y(zq) = .

Lod

Compute 3 () from the formula 4/ (2q) = flxo. y0).

. Obtain y" by differentiation: " = %(r, ).
In order to obtain y"(xq) compute:

w

' (aw) = G o) + S o iy (o).

=

. Continue successively.
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Idea:
Consider the IVP

y, = f(xay)u y(fl?o) = Yo
Use the Taylor polynomial

T(2) = y(z0) + ¥/ (@) & — 70) + L ED (5 — ) 4. 4 ¥ 20)

1. Then obtain y(zo) = yo.

2. Compute 4/(xg) from the formula y'(z¢) = f(zo,y0)-

. . . d
3. Obtain 4" by differentiation: 3" = %(m,y).
In order to obtain y”(xo) compute:

Y (z0) = %($O-QO) + %(xoa’yo)y'(ﬂ?o)-

4. Continue successively.
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Idea:
Consider the IVP

y, = f(xay)u y(mﬂ) = Yo
Use the Taylor polynomial

y(™ (z0)
n!

y" (o)

o (T —m0) 4

Tn(z) = y(xo) + y'(wo)(z — o) +

(z — xo)".
1. Then obtain y(xp) = yo.

2. Compute 4/(xg) from the formula y'(z¢) = f(zo,y0)-

3. Obtain 4" by differentiation: 3" = %(m,y).

In order to obtain y”(xo) compute:

Y (z0) = %(%-3}0) + %(xoa’yo)y'(ﬂ’o)-

4. Continue successively.

(2
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Bessel's
Differential Equation

Consider: Bessel's Differential Equation of order n:

2y +xy + (@ —nly=0, 0<nek

Ansatz:
Use a general power series approach

[=< o0
y(z) =a" Zakz‘k = E apa® T
k=0 k=0

with ag # 0 and r € R.

Comparison of Coefficients:
Substitute ints ODE and compare coefficients of the power series =", =" !, =™
(k=2,3,...) yields the following:

e

f=nfay = 0
(r+1P-nPar = 0
(etrin)ktr—njagtaes = 0, k=23,

Since ap # 0 we have r = n or r = —n (ag then arbitrary!).
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Consider: Bessel's Differential Equation of order n:

2y + zy’ + (.cc2 —nz)y =0, 0<nek.
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Consider: Bessel's Differential Equation of order n:

2y + zy’ + (.cc2 —nz)y =0, 0<nek.
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Ansatz:
Use a general power series approach

y(x) = Z ziakkarT

with ag # 0 and r € R.



Comparison of Coefficients:
Substitute into ODE and compare coefficients of the power series =", x
(k=2,3,...) yields the following:

r—l, xr—l—k‘

(r? =n®ag = 0
(r+12=n%a; = 0
(k+r+n)(k+r—n)ax+ax—2 = 0, k=2,3,...

Since ap # 0 we have r = n or r = —n (ag then arbitrary!).



Recursian
* Frum a0 and = . ollows whth eomparisen of ceoffcenss: 5, = .
 Fusthermars,the fobiwing recursin hods

ey
g A 2d

- Backntt 4, = 0, 40 6 with o i i i = 0

o One chusis
=
7w i)
I ee— T
Utilization of Gamma Function: Use the propertics of the Gamma function
Formal Solution: We abtain the formal Solutian Fla+1) = #T(s] (z > 0) and Tk + 1) = k! (k = 0.1,2,...). Then
—_— 1 - 1 _ +1)
viz) = ooz 1\(v=+ D' +=\(n+1)(n+z')(2] N HneT ek~ FEF I k=T
+ M(n+l) e ] ™
The series in square bracksts is indsfinitely convergent (for all x € R). - R [ o
@) at Eckl[n{»l)" [EEil

et

" S (S =
= a2 Tin+ ”Em(i]

Bessel Function of n'" Order of First Kind:
Choose ay = W(LTF Then
-3 e
“T(k+1)l(n+k+1)"2
is a solution of Bessel's ODE

2y + 2y + (2 - nfy=0.

19.



Recursion:

e From ap # 0 and r = n it follows with comparison of coefficients: a; = 0.

e Furthermore, the following recursion holds

ak—2
—__Ok=2  p_93
T T k2t k) 35

e Because a; = 0, all ax with odd index vanish: asgr_1 = 0.

e One obtains
%
22(n+1)’
ao
22(n+1)(n+2)"
(—1)* -
22kl (n+1)(n+2)---(n+ k)’

as ==

a4 =

in general a9, =

20.



Formal Solution: We obtain the formal Solution

1 x
1!(n+1)(§
1
n+1)---(n+k)

1 T
21(n +1)(n + 2) (5

(3)2’”'“

) +

y(x) = agz™ |1—

+ (—1)F T

The series in square brackets is indefinitely convergent (for all z € R).

)4_|_...



Formal Solution: We obtain the formal Solution

1 x
1!(n+1)(§
1
n+1)---(n+k)

1 T
21(n +1)(n + 2) (5

(3)2’”'“

) +

y(x) = agz™ |1—

+ (—1)F T

The series in square brackets is indefinitely convergent (for all z € R).

)4_|_...



Proof of indefinite convergence: Set

v = ()% and

(VRS

1

= T D R

For the series Y-, bxu® it holds

5| =(k+1)(n+k+1), so lim 1| =
b1 koo |br41|

According to proposition (2" term) the series converges for all u € R and thus for
all z € R.

23.



Utilization of Gamma Function: Use the properties of the Gamma function
Nz+1)=2al(z) (x>0)and I'(k+1) =k! (k=0,1,2,...). Then

1 B I'(n+1)
Kn+1)---(n+k) T(k+DI'(n+k+1)

Therefore

(:E) _ aﬁni (_1)k (%)2]@
/ LR (nt k) 2

ao2"T'(n + 1) Z (L (£)2k+n
Tkt 1)l(n+k+1) 2




Bessel Function of nth Order of First Kind:
Choose ag = Then

2nr( 1)

i )k ( )2k—|—n
—~ k'—l—l (n+k+1)"2

Is a solution of Bessel's ODE

z?y"” 4+ 2y’ + (2% — n?)y = 0.

25.



Recursion:

* With r = —n we seek a solution of the farm
) =Y o
=1

 From ag # 0 and comparison of coefficients we have: o, =0,
 Furthermare, the following recursion hokds

[T

ey kR

(Required: 1,322 )

Formal Sokution; Analogeous to proceure for £ = 1 we abtain

Lntrl=

3 =1 =,
L eesuta

= The formala b S 1 £0,1,2. ..
@ i ) e owo linaary independant schuions of Bessl's GOE. 5o
3 Tunzamental sszen.

B e — e i
WE) = clha(2) + cad_al®) (o100 R)

= For selutions bounded fo £ —+ 0.2 = 0 i eguired, sinee o [2) = Oz 7).

Vi Sl

= O e . 1.1 e i .

General Solution of Bessel's ODE:
) = crflz) +ea¥alz) (o102 € R)
is general solution of Bessel's ODE

Y 4oy + (= - nlly=0,

5 (-1~ T tn
) = Lm0
Yifal = iy RSSO Il

26.



Recursion:

e With r = —n we seek a solution of the form
oo
y(x) =2 " Z apx”
k=0

e From ag # 0 and comparison of coefficients we have: a; = 0.

e Furthermore, the following recursion holds

Ag—2
k(k —2n)’

k=23, ...

ar — —

(Required: n #1,35,2,2,...).



Formal Solution: Analoguous to procedure for »r = n we obtain

Tonle) =3
i T+ 1)D(-n+k+1) 2

)Zk—n

The formula holds forn # 0,1,2. ...

Jn(x) and J_,(x) are two linearly independent solutions of Bessel's ODE, so
a fundamental system.

e Forn>0,n+#0,1,2... a general solution to Bessel's ODE is given by:

y(z) = cldp(x) + cad—n(x) (c1,c2 € R).

e For solutions bounded for x — 0, c; = 0 is required, since J_,, () = O(xz™").



Bessel Function of nt" Order of Second Kind:

Question: Solution forn =10,1,2,...7
Ansatz: Sset —n in J,(z).

Observe: for0 <k <n—1itisI'(—n+k+1) = oo. Then set the coefficient
to zero!

Obtain:

= (—1)* T
kz_; L(k+ D)L (—n+k+ 1) (5

J_n(.’IJ) _ )2k—n

> —1)k T\ oktn n

k=n

Fundamental System: Since J_,(z) in this case lin. dependent, we need
to expand J,(z) to a fundamental system (Bessel funktion of second kind, or
Weber function, or Neumann function):

Yo (x) = lim Jy(z) cos(vm) — J_,,(a:)_

v—=n sin(mr)

One can show: lim exists and J,(z), Y, (z) form fundamental system.

29.



General Solution of Bessel’'s ODE:

y(x) = c1dn(x) + c2Yn(x) (c1,c2 € R)

is general solution of Bessel's ODE

z’y" + xy’ + (2° —n?)y =0,

where
J (CE) — i )k ( )Qk‘-l-n
" Oﬂk+1 (n+k+1)"2 ’
Vi) — i P@)eoslvm) — ()

v—n sin(v)

30.
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