Differential Equations |

Boundary and Eigenvalue Problems




Recall:
Powerseries Approach

Summary:
Consider the IVP

" +y=cos(2z), with y(0)=0,5'(0) = 1.

1. Use the power series approach: y(z) = ag + a1z + apz® + aga® + -+ =
Yiloaa*.

. Compute 3’ and y” from this series.
. Obtain ay and a; from initial values.
. Insert series in ODE, use the power series for cos.

. Compare coefficients and obtain y as a pwer series.
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. If possible, obtain closed form for y from power series.

Remarks
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Compute ¢’ and y” from this series.

Obtain ag and a; from initial values.

Insert series in ODE, use the power series for cos.

Compare coefficients and obtain y as a pwer series.
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If possible, obtain closed form for y from power series.




Remarks:

e If non-zero initial conditions y(zo) = yo, vy’ (z0) = y1,x0 # 0 are given, use
the approach

y(z) = ag + a1(x — x9) + az(x — 20)* + -+ = Zak(a: — x0)".

e In general a closed form cannot be expected. Then the power series of y(x),
or even just the first members of it, need to suffice.

e The main advantage of the power series is its “simple” derivation!




Boundary Value
Problems

Definition: (Differential Operator of 2*¢ Order)
Let 1 C R be 3 closed intenvall and ag(z) # 0, ai(z), as(x). r(x) continuous

functions. Then
Dl = ag(eW"(x) + an (e (2) + ap(elo(z) ko Soundary Conditors)
Dly] = r(z)
be given as before. Furthermore, let
Ri(y) = oayla) + Brv/(a),  Ra(y) := oay(b) + Bav/ (0),

defines 2 differential operator that maps twice differentiable functions y{x) o I
into continuous functions Dly]

with ax, B, € R, of + 52 > 0,k = 1,2,
Then the ODE may conform to the Sturm boundary conditions

Rily)=m (k=12).

Remark: (Linear System of Equations)
Question: Sohabilty of the ODE with boundary conditions.
whare

* el Sclution: y(x) = exn(x) + eam(z) + y2).
{1,332} fundamentl system of the s OE Dl =
particular solutin of the inhomogeneous ODE Diy] = (x).

o Derivative: /() = cupi(e) + cavh () + o} (x).

 This ek for the boundary conditions:

mleim(e) + avala) + o)l + Al (e) + caila) + gl = m
aslenn(b) + canalb) + (6] + Bl () + (B + 50 =

o Reformulation
(oun(a) + Figi(@)es + (aumala) + Buflaies = - aumpla) ~ Fuw(a)
(o () + Syl (W)es + (@am(®) + Bw(Ber = 2 = aam) ~ Bl (b)-
© Use definitions for Ry, fiy and

(@) = Bu () 2= — oy (8) — Fanf8)

(mio) R ()= ()
o e . thn o OO ks By s

sohable. Thun o -
) ()
de (it o) #0 (2]




Definition: (Differential Operator of 2" Order)
Let I C R be a closed intervall and ag(x) # 0, ai(x), az(z), r(z) continuous
functions. Then

Dly] == ao(z)y" () + a1 (x)y'(z) + az(x)y(z)

defines a differential operator that maps twice differentiable functions y(x) on I
into continuous functions D[y].

Remarks:
e Consider the ODE D|y] = r(z).

e With initial conditions

Y& =10, Y€)= €I, 4,7 €R,
there is a unique solution on I according to the proposition.

e Question: What if apart from position ¢ conditions at other positions are
required?
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Remark:
Boundary problems (other than initial value problems) are not always solvable!




Definition: (Sturm Boundary Conditions)
Let the differential equation

Dly] = r(z)
be given as before. Furthermore, let
Ri(y) == a1y(a) + B1y'(a), Ra(y) := a2y(b) + B2y’ (b),

with ag, Bk, 7x € R, Oz% —I-B,z >0, k=1,2.
Then the ODE may conform to the Sturm boundary conditions

Re(y) =7 (k=1,2).
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Remark: (Linear System of Equations)
Question: Solvability of the ODE with boundary conditions.

e General Solution: y(z) = ciy1(x) + caya(z) + yp(z), where c1,c2 € R,
{y1,y2} fundamental system of the homogeneous ODE D[y] = 0 and y,
particular solution of the inhomogeneous ODE D[y] = r(z).

e Derivative: y/(z) = 1 (z) + cays(z) + yp ().

e This yields for the boundary conditions:

aie1yi(a) + caya(a) + yp(a)] + Bileryi (a) + caya(a) + y,(a)] = m
az[c1y1(b) + cay2(b) + yp(b)] + Baleryy (b) + caya (b) + y,,(b)] Y2

o Reformulation:

(a1y1(a) + iy (a))er + (aayz(a) + Prya(a))cz
(a2y1(b) + oy (b))er + (a2ya2(b) + Bays(b))ca

Y1 — a1yp(a) — 1y, (a)
Y2 — a2yp(b) — B2y, (D).

e Use definitions for Ry, Ry and

r1 =7 — a1yp(a) — Biyy(a), 12 =72 — azyp(b) — B2y, (b)

obtain linear system of equations
(Rl(yl) R1(y2)> <C1> _ (ﬁ)
Rao(y1) Ra(y2)) \c2 r2

e If the linear system is solvable, then the ODE with boundary conditions is

solvable. Thus,
Ri(y1) Ra(ye)) '
det (RZ(yl) Rz(yz)) 70 e

11.



Self Adjoint
Differential Operators

Dedinition: (Adjoint Differetial Operator of n'* Order)
Let

Diylim 3 anteie

Note: (Oiflerental Operators)
o s et
e 2 lineae differantial operator of 1™ ceder, a,(x) 3 given (n — v)-times differ-
Do YR W antiable functions cn I, sy(x) # 0. which is applied to pir). an arbitrary r-times
)t i ot ot 1 e LA

W is2 set of concinunus funcions,the image domain of D) "
Dl = 31" oulehate)
=

Definition: (Self Adjoint Differential Operator of '™ Order)
A diferental operator Diy] is called s/l acoint, if

D[y = Diy]
holds for all n-times diferentiable functions y on 1.

Definition: (Sturm.Liouville Differential Operator)
Let px) be continuously differentiable and positive on interval I = [u,, () and
2() continuous on 1. We call

Ligl = (pl=)y') + a(z)y
Sturm-Liouville differential operator and
Ly = =(=) : (5]

Sturm-Liouville differential equation.
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Note: (Differential Operators)
Consider differential operators

D :C?*([a,b],R) = W
e C?([a,b],R) is the set of twice differentiable functions on interval I = [a, b].

e W is a set of continuous functions, the image domain of D.



Definition: (Adjoint Differential Operator of nt" Order)
Let

Dly] == ay(z)y™"

be a linear differential operator of nt" order, a,(z) a given (n — v)-times differ-
entiable functions on I, ag(z) # 0, which is applied to y(x), an arbitrary n-times

differentiable function on 1.
The adjoint differential operator corresponding to D]y]| is defined by

n

D*[yl =) ()" ¥(ay(z)y(z))" .

vr=0
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Example: n = 2
Dly] = ao(2)y" + a1(x)y" + az(z)y

D*[y] (ao(z)y)” — (a1(x)y)" + az(z)y

ao(z)y"” + (2a9(z) — a1(x))y’ + (ag(z) — ay(z) + az(z))y.

18.



Definition: (Self Adjoint Differential Operator of nt" Order)
A differential operator D|y]| is called self adjoint, if

holds for all n-times differentiable functions y on 1.



Example: A self adjoint differential operator for n = 2:
We already computed:

Dly] = ao(x)y" +a1(x)y + az(x)y
D*ly] = (ao(z)y)” — (a1(z)y)" + az(x)y
= ao(x)y" + (2ap(z) — a1(x))y’ + (ag(z) — aj(z) + az(z))y.

With D*[y| = D]y] it follows:

2a0 —al=a1 = ay=a

/! / /! /
apg — a1 +a2 =a2 = Qay = a.

One obtains

Dly] = (ao(z)y")" + az2(x)y. 9
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Definition: (Sturm-Liouville Differential Operator)
Let p(z) be continuously differentiable and positive on interval I = [a,b], ¢(x) and
z(x) continuous on I. We call

Lyl = (p(z)y") + q(x)y

Sturm-Liouville differential operator and

Sturm-Liouville differential equation.

21.



Examples: (Bessel's Differential Equation)

1. For the ODE
y//+ewyl+$y - O

s(w):/e ;Odm:ex,

one obtains

and so the self adjoint form
(e o) — ze® y = 0.
2. For Bessel's ODE
2,1

22y +xy + (2> =0y =0, (z>0)

one obtains

s(z) = / ‘ _2xda: = —Inz,

$2
i.e., the ODE is multiplied with e*(®) = 1; then the self adjoint form is

12 / n2 N/ n2
zy’ +y +(w—;)y=(wy) +(w—;)y=0-

22,



eneralization of
Self Adjoint
Differential Operators

Raru: ing P o e Oeren)
et ot e < ot oo 5 Observation: (lntegral relation of self adjoint differenial operators)
X For saf adjaint differential operators L the conditions simpiy. We have:
o

[ .
- @) = [y + oo ax

A
= [ ) do il

s

= ) e < ol

o Vi e he i o g = (w, Lfo]) + Ip(u'v — o).
[Ep

[ The retation (L{u), ) = (s, Liel) hokds, if
e e

[Pz} (2)olz) = ulz) (2))); = 0.

o oo, e combrn s ety bt (e . (o] =
B = o0 =) Then

0. 0%0)

Consider: (Boundary Value Problem)
Propostin: (S Me S st Bn Ve Prten) Let s sk the solution on interval 1 = [a, ] of
et Liy] = (2)y/Y+ax)y be the Sturm. Licuwile dfferereial operator for s € fo,

h com. o, function ) reon o] and com. “Lll = e(x)y,
T S e e i o b SE B> 048 217 Riy) = aylo) +A/(a) =0,
Lip) + Mataly = 0. aizfa) + Sip'te) = O @usfd) + s/ (8) =0 Raly) = o)+ 5/ ) =0;

PR h
Non-trvial sektiors v} commponding 1o gves paramears X ar caie

s (H they ext) The conasandin arameters A e clled .11
Ehe St Lisuite iges v secblon.

Sturm-Liowvie differential operator, A € R 2 paramater, ay, 5k € R with
ol + 32 >0 (k = 1,2), w(x) a positive continuous function on I

Assume C?([a, ¥, R) a5 domain of L, more precisaly the subset M C C%([a, b, R)
of functions fulfiling the boundary conditions!. The elements in M are caled (-t

Definition: (General Self Adjoint Differential Operator)

Let L be a self adjoint differential operator of 2 order on I = [a, ], and M C
C*([a, b, R) the set of all functions fulfilling given boundary conditions z = a and
z = b (test functions).

1 for all u,v € M it holds that

(£fu). o) = (o, LI,

joint differential ops

o on M. The corresponding
boundary value problem is also called self adjor

23.



Remark: (Integral Relation of Differential Operators)

e Use the scalar product for two on I = [a, b] continuous functions f,g : I — R:
b
(1.9) = [ @) do.

e By partial integration (twice) one obtains

b
(D[u],v) = / [aou” + a1’ + agulv dz
a

b
= / u[(agv)” — (a1v) + agv] dz + [u'agv]’} + [ua1v]’ — [u(aov)]®

= (4, D*[v]) + [u'agu]; + [ua1v], — [u(aov)';.

e We may generalize the relation from linear algebra

(f(x),y) = (%, f*(y))

for linear mappings f : R® — R™ and their adjoint f* with Euclidean scalar
product to differential oberators, if

[w'agv]? + [uaiv]® — [u(aov)’)} = 0.

e Thus u, v, ag, a; need to conform to specific boundary conditions (e.g., u(a) =
u(b) = v(a) = v(b) =0). Then

(D[u],v) = (u, D*[v]).

24,



Observation: (Integral relation of self adjoint differential operators)
For self adjoint differential operators L the conditions simplify. We have:

b
Lhdy) = [ (o) + qulv do
b
— / (—u'pv’ + uqv) dz + [pu'v]®

b
_ / ul(p') + qu] da + [pu'v]’, — [upv');
— (u, Llv]) + [p(w'v — w)]E.

The relation (L[u],v) = (u, L[v]) holds, if

[p(2) (v (z)v(2) — u(z)v'(z))ls = 0.

25.



Consider: (Boundary Value Problem)
Let us seek the solution on interval I = [a, b] of

—Lly] = Jw(z)y,
Ri(y) = oaxy(a)+ Ay’ (a) =0,
Ra(y) = oaoy(b) + B2y’ (b) = 0;

with L Sturm-Liouville differential operator, A € R a parameter, ag, 8 € R with
ai + B2 >0 (k=1,2), w(z) a positive continuous function on I.

Assume C?([a, b],IR) as domain of L, more precisely the subset M C C?(]a, b], R)
of functions fulfilling the boundary conditions!. The elements in M are called test
functions.

26.



Definition: (General Self Adjoint Differential Operator)
Let L be a self adjoint differential operator of 2" order on I = [a,b], and M C
C?([a,b],R) the set of all functions fulfilling given boundary conditions z = a and

x = b (test functions).
If for all u,v € M it holds that

(Llu],v) = (u, L[v]),

we call L (general) self adjoint differential operator on M. The corresponding
boundary value problem is also called self adjoint.
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Remarks: (Sufficient Conditions for Self Adjoint Differential Operators)

1. If all functions in M fulfill boundary conditions R;(y) = R2(y) = 0, then L
is a self adjoint operator on M.

2. Let p(a) = p(b) > 0 and M the set of all functions that fulfill periodic
boundary conditions; i.e.,

y € M = y(a) =y(b) and y'(a) = y'(b).
Then L is a self adjoint operator on M.

3. If p(x) > 0 for x €]a, b] and p(a) = p(b) = 0, then L is a self adjoint operator
for all u,v € C?%([a, b],R).

29.



Proposition: (Self Adjoint Sturm-Liouville Eigen Value Problem)

Let L[y] = (p(x)y') +q(z)y be the Sturm-Liouville differential operator for z € [a, b]
with cont. diff. function p(z) > 0, cont. diff. function g(x) and cont. function
w(z) > 0, A € R a parameter and g, Bx € R with o2 + 32 > 0 (k = 1, 2).

Then the Sturm-Liouville eigen value problem

Lyl +  w(z)y =0, oa1y(a)+ 1y'(a) =0, azy(b) + B2y'(b) =0
is self adjoint.

Non-trivial solutions y)(z) corresponding to given parameters A\ are called eigen-
functions (if they exist). The corresponding parameters \ are called eigenvalues of
the Sturm-Liouville eigen value problem.

30.
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