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Consider: (Boundary Value Problem)
Let us seek the solution on interval 1 = (a, b] of
Ly = izl

Riw) = aipla) +Giy'(a) =

Raly) = oap(d) + 5/ (0) =
with L, Sturm-Liouville dferential operator, X € R a parameter, ay, 4 € R with
af + 4 >0 (k=1,2), wlx) a positive continuous function on I
Assume C*(ja.b], R) s domain of L, more precsely the subset M C C*(a . ®
of functions fuliling the boundary conditions!. The clements in M are called

Pmpuhhn (Sef Adjoint Sturm-Liouville Eigen Value Problem) Definition: (General Seif Adjoint Differential Operator)

Let Liy) = (pl=)y'Y +alz)y ] Let L be a self adjoint differential operator of 2 order on I = [a,t], and M C
with cont. 4.« fonction plx) > 0, cont. diff. function g{z) and cont. function €*([a,b], R) the set of all functions fulfilling given boundary conditions z = a and
w(z) >0, Acnapmmmnndn € Rwith o + 8% >0 (k=1,2) @ = b (test functions)

Then the 1 for all u,v € M it holds that

Liy) + Awlx)y =0, anylo) + Su/(a) = 0, auy(b) + Zy/(4) = 0 (L[u),v) = (u, Lfx]),

s self adjoint. we call L (general) self adjoint differen  on M. The coresponding

boundary value problem is also called -

Non- b sohmms ualx) corresponding to given parameters X are called
u exist). The corresponding parameters ) are called « zen
lh: lum»l.nouville eigen value problem.




Consider: (Boundary Value Problem)
Let us seek the solution on interval I = [a, b] of

—Lly] = Jw(z)y,
Ri(y) = oaxy(a)+ Ay’ (a) =0,
Ra(y) = oaoy(b) + B2y’ (b) = 0;

with L Sturm-Liouville differential operator, A € R a parameter, ai, 8 € R with
ai + B2 >0 (k=1,2), w(z) a positive continuous function on I.

Assume C?([a, b],R) as domain of L, more precisely the subset M C C?(]a, b], R)
of functions fulfilling the boundary conditions!. The elements in M are called test
functions.




Definition: (General Self Adjoint Differential Operator)
Let L be a self adjoint differential operator of 2" order on I = [a,b], and M C
C?([a,b],R) the set of all functions fulfilling given boundary conditions z = a and

x = b (test functions).
If for all u,v € M it holds that

(Llu],v) = (u, L[v]),

we call L (general) self adjoint differential operator on M. The corresponding
boundary value problem is also called self adjoint.




Proposition: (Self Adjoint Sturm-Liouville Eigen Value Problem)

Let L]y] = (p(x)y') +q(x)y be the Sturm-Liouville differential operator for z € [a, b]
with cont. diff. function p(z) > 0, cont. diff. function ¢(z) and cont. function
w(z) >0, A € R a parameter and ay, Bx € R with a3 + 87 > 0 (k = 1,2).

Then the Sturm-Liouville eigen value problem

Lyl + Mw(z)y =0, ary(a)+ f1y'(a) =0, azy(b) + B2y'(b) =0
is self adjoint.

Non-trivial solutions yy(x) corresponding to given parameters \ are called eigen-
functions (if they exist). The corresponding parameters \ are called eigenvalues of
the Sturm-Liouville eigen value problem.




Orthogonality

Definitions:
o Introduce  <alar product on the vector space C2([a, b, R): )

(,0) o= / * u@olx)u) d. )

 With w : [a,5] - R an integrable and in Ja, b[ positive weight function. . f
© Two elements u, v € C?([a, 5], R) are called orthogonal, if (u,v) = 0.

Proposition: (Orthegonality in Sturm-Liouville Eigenvalue Problems)
For the coefficient functions of the homogenous Sturm-Liouvill differential equa-
- Lly) +Awy = (px)y')' + glx)y + Iy =0
with A € R 3 paramater, assume:

o For x & [u,b] let p(x) be continuously differentiable,

« let g(z), w(z) be continuous.

» For z €]a, b let plz) > 0 and w(z) > 0.
Then two non-trivial solutions y(z), wa(x) € C?(ja.b,R) coresponding to two
different parameter values A = Ay and A = Ay are orthogonal i e.,

(ww) = f n(@wl)wiz) dz =0,

1. 11 and g satisfy the homogeneous boundary conditions R (y) = 0 = Ra(y)
s gl s s

A
ouville eigenvalue problem, or
2. the coeffcient function p{) fulfill the condition p(a) = pit) = 0. o




Definitions:

e Introduce a scalar product on the vector space C?([a, b], R):

e With w: [a,b] — R an integrable and in ]a, b[ positive weight function.

e Two elements u,v € C?([a,b],R) are called orthogonal, if (u,v) = 0.




Recall: (Orthogonality in R")

o If {e1,ez,...,e,} is an orthonormal basis of R™ ((e;,ex) = d;x), then each
vector x € R™ can be written:

n

X = E Cr€L.

k=1

e For the coefficients it holds: ¢; = (x,e;), 7=1,...,n.




Proposition: (Orthogonality in Sturm-Liouville Eigenvalue Problems)
For the coefficient functions of the homogeneous Sturm-Liouville differential equa-
tion
Lly] + dwy = (p(2)y')" + q(z)y + Awy =0
with A € R a parameter, assume:
e For z € [a,b] let p(x) be continuously differentiable,
e let ¢(z),w(x) be continuous.

e For x €]a,b[ let p(z) > 0 and w(x) > 0.

Then two non-trivial solutions y1(z),y2(z) € C?([a,b],R) corresponding to two
different parameter values A = A\; and A = Ag are orthogonal i.e.,

b
(1, 2) = / (@) (@) ) s = 0,

1. y; and yo satisfy the homogeneous boundary conditions R;(y) = 0 = Ra(y)
i.e., A1, A2 are eigenvalues corresponding to eigenfunctions 1, Yo of the Sturm-
Liouville eigenvalue problem, or

2. the coefficient function p(z) fulfills the condition p(a) = p(b) = 0.



Expansion with
Eigenfunctions

Proposition: (Sequence of Eigenvalues and Oscillation of Eigenfunctions)
Let 2 Sturm-Liouville eigenvalue problem with boundary conditions be given:

Liy) + dwy = 0, Ry (y) = ary(a) + Aiv'(a) = 0 = equ(b) + 820/ (6) = Ra(v),

with p(z) > 0 and w(z) > 0. Then the eigenvalues of this eigenvalue problem
are easily computed and form an infinite sequence of real values Ay < Az < -,
tending towards oo. Each eigenfunction corresponding to , has exactly n roots in
Jab.

Proposition: (Expansion)
Let (yn(z)) be a of

Motivation: (Camped Mebeane)
Bt dfierental scuations

Lol = ) + = e ol =yi0) =0

represents the caciltion of  (ring-3haped) membrane, fxed (clamped) at the
boundary. where a s the inner radius and b the cuter radius and p 3 materil

. e

< - with uf - % (k - o),

3 the sigen frwummcin of the membrane

o i the number of the wawe maxims n radial diracticn

to eigenval-

ues A, of the eigenvalue problem

~L[y] = wwy, Rr(y) = 0 = Ra(y)

with coefficient function p(z) > 0 and weight function w(z) > 0 on [a,b]. Thus, it

holds:

Wies Y5} = -

Then each i ly diffe

iable function f,

isfying the boundary conditi

of the eigenvalue problem, can be represented as function series

£(@) = Y (f vn)yn(a).
n=1

and

(2]

The series in [a,b]
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Proposition: (Sequence of Eigenvalues and Oscillation of Eigenfunctions)
Let a Sturm-Liouville eigenvalue problem with boundary conditions be given:

Lly] + Awy = 0, R1(y) = ewy(a) + 1y’ (a) = 0 = a1y(b) + B2y (b) = Ra(y),

with p(z) > 0 and w(x) > 0. Then the eigenvalues of this eigenvalue problem
are easily computed and form an infinite sequence of real values \{ < Ay < ---,
tending towards co. Each eigenfunction corresponding to \,, has exactly n roots in
la, bl.



Motivation: (Clamped Membrane)
Bessel's differential equations

_ _ AV n_2 _ 2 _ _
Lly] = (py)+py—wpy, y(a) =y() =0

represents the oscillation of a (ring-shaped) membrane, fixed (clamped) at the
boundary, where a is the inner radius and b the outer radius and p a material

property.

e According to the Proposition there is for each n € N a sequence of eigenvalues
wd < w? < - with w? — 0o (k — 00).

e wy are the eigen frequencies of the membrane.

e k is the number of the wave maxima in radial direction.

Idea: (Expansion by Eigenfunctions)

e These states of oscillation are to be represented by the (dominant) frequencies
(eigenfunctions).

e Due to the orthogonality relation of eigenfunctions the (solution) functions
can be represented by eigenfunction series with suitable boundary conditions!
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Proposition: (Expansion)
Let (y,(x)) be a sequence of normalized eigenfunctions, corresponding to eigenval-
ues A\, of the eigenvalue problem

—L[y] = wwy, R1(y) =0 = Ra(y)

with coefficient function p(x) > 0 and weight function w(z) > 0 on [a,b]. Thus, it
holds:

(YksYj) = Okj-

Then each continuously differentiable function f, satisfying the boundary conditions
of the eigenvalue problem, can be represented as function series

Z fsYn)yn(z

The series converges in [a, b] uniformly and absolutely.



on-Linear ODEs

Motivation: (Pendulum)
» The equation describing the motion of  pendulum is given by
@+ ksing = 0.
» Observation: this equation is oo nearl
» For small displacements it holds sin ¢ = 5.

‘» One obtains an appracimate linear ODE

Ftke=0.

R (Systen offet Ont)

o e of ok b

. Remark: (Initial Value Problem)
B

Fors i e &= P )t he il conditon
o b 2100 = 8 200 = /1) 2206 =510
« The ol spen & = Fix. () wih x(te) = %o
=Tt - - b given. Wi cbtain an sl vl prosienn (IVP)
= (2102l 30 B 1) = (P Pl ), s called N - Pl

St

= equtden 5 the COE of 3 ke v

Proposition: (Existence and Uniqueness of Solution of an Initial Value Problem)
Let:

o Functions Fy..

F, be partially integrable for ;..
« Partial Derivatives be continuous on a rectangular domain B C R™1,
o Point (xg, t)) be located in the interior of B.

+Tn:

Then there is an interval |tg — h,tq + k], in which a unique solution x(t) of the
dynamical system % = Fi(x,t) satisfying x(t) = xq exists.

(Astonomous Systam)

IF the mapping F of the dynamical system doss not depend on ¢ i,
*=Flx)

with F - R -5 R, then the system is caied 301

16.



Motivation: (Pendulum)

e The equation describing the motion of a pendulum is given by
® ~+ ksinp = 0.
e Observation: this equation is -linear!

e For small displacements ¢ it holds sin o ~ .

e One obtains an approximate linear ODE

@+ ko = 0.



Definition: (Dynamical System)
Consider the mapping

F:R"™ - R" und x:R—R"
x differenciable. The system of differential equations
x = F(x,1),

with x(t) = (z1(t),...,2,(t)) " and F(x,t) = (F1(x,t),..., Fu(x,t))", is called
dynamical System.

The space of solution curves x(t) is called phase space and the solution curves phase
curves.
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Remark: (System of first Order)
In analogy to the linear case, an ODE of n'" order can be reformulated as a system
of n equations of first order:

o Let: y™ = f(y,y',y",. ..,y 71, 1).
o Introduce: z1(t) = y(t), z2(t) = ¥/ (1), ..., zo(t) = y(*~D ().
e The dynamical system x = F(x,t) with

(8 (=)

:.UQ I3

X = = =:F($1,...,£En,t)

\CB;:) \f(a:l,x;,v.n..,a:n,t))

is equivalent to the ODE of nt" order above.
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Example: The system

r1\ X2
.’i)g o —k sin L1
is equivalent to the ODE of 2" order

» + ksinp = 0.
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Remark: (Initial Value Problem)
For a dynamical system x = F(x,t) let the initial condition

X(t()) = X0

be given. We obtain an initi (IVP).



Proposition: (Existence and Uniqueness of Solution of an Initial Value Problem)
Let:

e Functions Fi,..., F,, be partially integrable for x4,...,x,.
e Partial Derivatives be continuous on a rectangular domain B C R™**1,
e Point (xq,tp) be located in the interior of B.

Then there is an interval |to — h,to + h[, in which a unique solution x(¢) of the
dynamical system x = F(x,t) satisfying x(to) = x¢ exists.



Definition: (Autonomous System)
If the mapping F of the dynamical system does not depend on t i.e.,

x = F(x)

with F : R™ — R"™, then the system is called autonomous system.
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Orthogonality

Non-Linear ODEs
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