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Recapitulation

Remark: (System of first Order)
Definition: (Dynamical System) In analogy to the linear case. an ODE of n*" order can be reformulated a5 a system
Consider the mapping of n equations of first order:

® Lot y™ = flyo/ 0"
o Introduce: 1 (t) = y{t). z2(6) = ¥'(t). ... 2alt) = 4" 1(1)
» The dynamical system % = F(x,1) with
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F:R"' S R" und x:R—RY, )

x differenciable. The system of differential equations

x = F(x,t),

i T2
iy zy
with x(t) = (z1(t),....24(t))7 and F(x,t) = (Fy(x,t),...,Fp{x,1))7. is called =] : |= B = F(Z1,..0,Tnut)
dynamical System. dner B
The space of solution curves x(t) is called phase space and the solution curves phase &n S(@n 22, 2ut),

curves,

s equivalent to the ODE of ™ order above.

Definition: (Autonomous System)
If the mapping F of the dynamical system does not depend on ¢ i.e.,

x = F(x)

with F : R* — R", then the system is called autonomous systemo




Definition: (Dynamical System)
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Definition: (Autonomous System)
If the mapping F of the dynamical system does not depend on t i.e.,

x = F(x)

with F : R™ — R"™, then the system is called autonomous system.o




Stability of Linear
Autonomous Systems

Romak: (Liear Ausensmous Systen)
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Definition: (Equitbrium State)
1F % = Fix) with F : R + R* s 20 autoromous system, then values Xy € R*
‘with the property

Flxg) =0

are catid quilibrium or equllieium state of the system.
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Definition: (Equilibrium State)
If x = F(x) with F : R® — R"™ is an autonomous system, then values xy € R"

with the property
F(Xo) =0

are called equilibrium or equilibrium state of the system.

Remark: (Equilibrium)
Obviously x(t) = x¢ is a constant, time-independent solution of the autonomous
system, for which the system rests in equilibrium.




Fundamental Question: (Stability)
Does a phase curve, starting close to an equilibrium xg, remain in its vicinity?
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Remark: (Linear Autonomous System)
e Consider the autonomous system x = F(x).
o Let A € R™ ™ be a matrix and set F = A.
e Then xg = 0 is an equilibrium.

e If A has the n pair-wise distinct eigenvalues A, then the general solution of
the autonomous system is

x(t) = creMte; + -+ -+ cpette,,

with ey the eigenvectors corresponding to \g.
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Definition: (Properties of Equilibria)
Let x¢ be equilibrium of the autonomous system x = F(x). Then xq is called

1. attractive, if solutions x(t), starting close to xo converge towards the equi-
librium:

35 >0 tlim x(t) = xo, Vx(t) with |x(0) — xq| < 4,

— 00

2. stable, if solutions x(t), starting close to x¢ remain in its vicinity:

Ve > 0 36 > 0 with [x(0) —xo| < § = [|x(t) —xo| <€Vt >0,

3. asymptotically stable, if attractive and stable,

4. unstable, if there are solutions that — although started close to xy — deviate
away from equilibrium:

de > 0and t; > 0:V6 >0 with [x(0) —x¢| < § = |x(t) —x0| > €, t >t;.
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Proposition: (Stability of Linear Autonomous Systems)
The equilibrium x( of a linear autonomous system x = F(x) = Ax is

1. , if all eigenvalues of A have negative real parts,

2. , if no eigenvalue of A has positive real part and for eigenvalues with
real part zero we have: geometric = algebraic multiplicity.

3. , if an eigenvalue of A has positive real part or there is an eigenvalue
with real part zero and geometric < algebraic multiplicity.



Stability of non-linear
autonomous Systems

Proposition: (Stability of Non-Linear Autonomous Systems)
The equilibrium xg of a i System x = F(x) is

1. , if all eigenvalues of the derivative matrix F’(xo) have
negative real parts,

, if at least one eigenvalue of F'(xg) has positive real part. 0
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Motivation:
e Most interesting problems are non-linear.

e Since we study the behavior in a neighborhood of an equlibrium, we may
linearize.

e Linear Approximation (Taylor-Expansion):
Lx = F(x0) + F'(x0)(x — Xo),
with F/ matrix derivative of F.
e If F sufficiently smooth, we see

F(x) ~ F(xq) + F'(x0)(x — xq).

e If xg is an equilibrium, we see
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Proposition: (Stability of Non-Linear Autonomous Systems)
The equilibrium xq of a non-linear autonomous System x = F(x) is

1. , if all eigenvalues of the derivative matrix F/(xg) have
negative real parts,

2. , if at least one eigenvalue of F/(xq) has positive real part. 9
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