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Motivating
Example in 1D

Preliminary Remark:
Consider the one-dimensional boundary value problem (Poisson’s Equation)

(oo 78
u(0) = u(l)

flz), 0<z<l
0

Remark: (General Appraximate Solution of 10 Poisson’s Equation)
® Let the one-dimensional boundary value problem be given

{ -T$Y = [f(z), O<z<l],
wo) = ull) = 0.
« Appraximate the right hand side f(x) by a finite Fourier series fy(x):
¥

fute) = Y ensin (7).

wia ?:“. (*T)
« The Fourier coefiicients are (1 = 1.....N)

P
= f/; /(.v)sn.('l:f) dz.

© Then an approximate solution of the boundary value problem is given by:

N
m-m:;mm(T). e




Preliminary Remark:
Consider the one-dimensional boundary value problem (Poisson’s Equation)

{ —Tey flx), 0<z<l
u(0) = wu(l) 0




Remark: (General Approximate Solution of 1D Poisson’s Equation)

e Let the one-dimensional boundary value problem be given:

{ —TEy — f(z), 0<z<l,
u(0) = u(l) = 0.

e Approximate the right hand side f(z) by a finite Fourier series fy(z):
Al nrx
fn(z) = nz;l Cp, Sin (T) :
e The Fourier coefficients are (n = 1,..., N)

Cn = %/Olf(x) sin (@) dzx.

e Then an approximate solution of the boundary value problem is given by:
N

12¢c,, . /nmx
un(z) = T3 sm( l ) : e

n=1




Fourier Method
for the Heat Equation

Remember: (Heat Equation) Consider the initial boundary value problem of the

heat equation:
Ue = Uzx O0<z<l, 0<t<T,

u(z,0) p 0<z<l,

u(0,t) = u(li) =0 : 0<t<T.

We look for a solution in form of a Fourier series:

un(z) = iu"(t)siu ("lﬂ) .
=

Solution Approach:
 For the coafficents of the solution represantation we have

=2 vuxl)-h —
Linear System of Decoupled ODEs: anlt) = 7 f wtestyin () de

« Obtain a decoupled linear system of ODEs: o Th right hane ide (Inhomogansty) 1z, () can be writte
dnthaan=cn n=12,... fat)= Jen (M55) withea(6) = ';‘[ Seutyvin (%)
with k, = =57
* Compute temporal and spatial derivatives of the solution appraach for w:
® The solutions can be given directly: =
P = Do yvin (55)
d ' 2w T
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Remember: (Heat Equation) Consider the initial boundary value problem of the
heat equation:

Ut —Uze = [flax,t)  O<x<l, 0<t<T,
u(x,0) = g(z) 0<z<l,
u(0,t) = wu(l,t) =0 : 0<t<T.

We look for a solution in form of a Fourier series:

= 3 anftysin ("22).

n=1




Solution Approach:

e For the coefficients of the solution representation we have:

2 nmwT

l
e The right hand side (Inhomogeneity) f(z,t) can be written
= . [(nTX ) 2 [ . /nTXx
f(wvt) = ; Cn(t) Sin (T) , with Cn(t) = 7/0 f(;(,',t) sin (T) dzx.

e Compute temporal and spatial derivatives of the solution approach for u:

. = dan , .. .
a—;‘(x,t) Y %(t) sin ("lﬂ)

n=1
a o0
B—Z(x,t) - ;an(t)’”‘l—”cos(”?—“’)
0%u N = > tn27r2, nmwL
pr®t) =~ en(t) g sin ()




Comparison of Coefficients:

e Obtain for left hand side of heat equation

=, [ Oan n?m?\ . /nmx
Ut + Ugy = Z (W(t) + an,(t) 7 ) sin (T) :

n=1

e Comparison of coefficients with Fourier series for f(x,t) yields a system of

ODEs: 5 )
an, nemw
%0 (1) + an(t) 7~ = enlt).
e Coefficients a31(0),az(0),... are obtained from initial conditions u(z,0) =
g(z):
= . (NTX 2 [ . (NTX
g(x) = ;bnsm (T), by, = T/o g(x) sin (T) dx
= ap(0) = b,, n=12,...




Linear System of Decoupled ODEs:
e Obtain a decoupled linear system of ODEs:

an + knan, =¢,, n=12,...

. 2 _2
with k, = %55—.

e The solutions can be given directly:

an(t) = by exp (—ky - t) —I—/O exp (—kn - (t — s)) cn(s) ds.



Fourier Method:
Properties, Boundary Conditions

Observation:
o For T 0 fixed, the a,(¢) decay exponentially fast (n — oc)

o For n fixed, the a, (1) decay exponentially fast (¢ — o).

Example:
Conider tha inhamogeneous intil boundary vabie probiem

<10<tsT

e = 0
Perlogic Boundary Conditions w0l = u(lg) =0 : 01T

Let the irtil boundary vake problem be gven on interval The with the grevious resuls we have:

dom2

17 both sides

11.



Observation:

e For T > 0 fixed, the a,(t) decay exponentially fast (n — o0).

e For n fixed, the a,(t) decay exponentially fast (¢ — 00).



Example:
Consider the inhomogeneous initial boundary value problem

U — Upy = X O<zr<l1l 0<t<T,
u(z,0) = 0 r 0<x <1,
u(0,t) = wu(l,t) =0 : 0<t<T.

The with the previous results we have:

And therefore

13.



So far:
Initial boundary value problems with homogeneous boundary conditions, i.e.

Ut — Uge = fl(a,t)  0<zx<!l, 0<t<T,
u(z,0) = g(x) : 0<z <],
u(0,t) = wu(l,t) =0 : 0<t<T.
Question:
What if

1. (onesided) Neumann boundary conditions

ou
u(0,t) =0, 8_x(l’t) = 0;

2. periodic boundary conditions

w(0,1) = u(l, t), g—Z(O,t) - %(z,t).

How do the corresponding Fourier methods look like? o

15.



If both sides are (heat) isolated, then we obtain the initial boundary value problem

(U — Uz, = flz,t) @ O0<z<l, 0<t<T,
u(z,0) = g(x) : 0<z<]|,

! w(0,t) = 0 . 0<t<T,

| uc(l,t) = 0 : 0<t<T.

In this case the functions

u(xz,t) =1, wu(z,t) = cos (7rl_x)

satisfy the given Neumann boundary conditions.

A solution approach therefore reads

u(z,t) = bo(t) + i bn(£) cos (Zﬂ)

n=1



Periodic Boundary Conditions

Let the initial boundary value problem be given on interval [, ]:

(U — Uz, = flz,t) @ —l<z<l, 0<t<T,
u(z,0) = g(x) . =l <z<l,
Y w(=L,t) = u(l,t) : 0<t<T,
| ue(=1,t) = ug(l,t) : 0<t<T.

Periodic functions on [—[,] are

1 nmwx nwm)

Y(z) = 2 Y(x) = cos (T) ., 1(z) = sin (T

satisfy the given Neumann boundary conditions.

A solution approach using Fourier series thus reads

nmx

u(:c,t):ao(t)+i(an(t)cos( : )+bn(t)sin<nlﬂ)).

19.



With series expansions

fla,t) =colt) + 3 (cn(t) cos (@) + dn(£) sin (
n=1
nwT nwx
o(e) =po+ 3 (pncos () +ansin (7))
we obtain the ordinary differential equations
dao
E(t) co(t)
da,, n2m?
ﬁ(t) + l_2an(t) = cp(t)
db,, n2m?

E(t) + l—zbn(t) = dn(t)
with corresponding initial conditions

ao(0) =po, an(0) =pn, b,(0) =gy

20.



Fourier Method
for the Wave Equation

Idea: Seek solution analogously to heat equation
Consider the initial boundary value problem

= f(z1) P 0<z<l 0T,
glx) : 0<z <l

z) P02l
ul0.1) = u(lt) =0 : 0<t<T.

Now, seek a solution of the form
- nar
u(rt) =3 anft)sin ().
2 wtsn ()

The Fourier series expansions for f(z,t), a(z), and h(x) yield ODEs for the coeffi-
cients a;(t), i =1,2,...

Example:
The solution for the initial boundary value problem

bty = 0 D 0<T<l0<tET,
u(x,0) = gfx) s o<r<l
w(,0) = hiz) s 0<r<l,

w0,) = w(lg) =0 : 0SL<T.

is given by
et = 3 [ (1) + 2t ()i (*57)
‘where b, are the Fourier coefficients corresponding to the series expansion for ini-

tial conditions u(x,0) = g(x) and d, the corresponding coeflicients for condition
we(x,0) = hiz).

21.



ldea: Seek solution analogously to heat equation

Consider the initial boundary value problem

( Uy —Uze = f(z,1)  O<z<l, 0<t<T,
u(z,0) = g(z) : 0<zx<|,
) ut(z, 0) h(x) : 0<z <,
L u(0,t) = wu(lt) =0 : 0Zt<T.

Now, seek a solution of the form
u(z,t) = Y an(t)sin (”lﬂ) .
n=1

The Fourier series expansions for f(z,t), g(z), and h(x) yield ODEs for the coeffi-
cients a;(t), i =1,2,...

22.



Example:
The solution for the initial boundary value problem

[ U — Uy = O  O<ze<!, 0<t<T,
u(xz,0) = g(x) : 0<z <,
ut(z,0) = h(x) : 0<zx <,
L u(0,t) = wu(l,t) =0 : 0<t<T.
is given by
> nm d,l . /nm . /nTx
u(a:,t) — Z [bn COS (Tt) + oy Sin (Tt)] sin (T)

n=1

where b,, are the Fourier coefficients corresponding to the series expansion for ini-
tial conditions u(z,0) = g(z) and d,, the corresponding coefficients for condition
ut(z,0) = h(z).

23.
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